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BBEJIEHUE

Bo Bropoii monoune XX Beka MPOU3OILIO 3HAMCHATCIBHOS COOBI-
THE — OBLIO OOHAPYKEHO MATCMATHUCCKOEC COACPKAHNE B THUITHYHBIX, BCIOAY
CYLICCTBYIOLIMX H MOBCEMECTHO HAOMIOAAEMBIX MATCPHATIBHBIX OOBEKTAX, B
X TCOMCTPHH, CTPYKTYPE W HOBCACHHH. 3a3Bydana Hacs (QpakTaabHOU
reometpun [Ipupoxer. Ecim yuects, uto (U3HMKO-MareMaTHuecKas Hayka
BCsAUECKH M3berana mogoOHOTO HATYPANH3Ma, KOHLCHTPHUPYACh HA CHHIY-
JSIPHBIX M U30IUPOBAHHEIX OOBEKTAX, TO 3HAYCHUE 3TOrO COOBITHS — BBEIC-
HHUE B KPYT HAVYHBIX MOHATUH U NPEACTABICHUN (HPaKTATBHOW FCOMETPUH —
TPYOHO MEPCOLCHUTb.

@dpakTanpHas reoOMEeTpHUs AOITO OCTABANACh, H BO MHOTOM 3Ta TCH-
JCHLMS COXPAHACTCS U MOHBIHE, B TCHH UJCH CBEACHHUS BCCX HAYUYHBIX JHC-
LUIUTAH K MaTeMaTHUecKod (prsnke. DTa UAes U COCTABIAIA COACPIKAHHC
«HOBOH (M3UKN» — KHOCPHETHKH, MPOrPEMEBIICH U yraclie napaiicibHO
¢ HapacraHueM (HPaKTATBHBIX HACH BO BTOPOH mojioBuHe XX Beka. Jluiib
MO 3aBEPLICHUH 3TOTO 3Tana CTaN0 OYCBHIHBIM, YTO TC 3aJa4H, KOTOPHIC
VCTOSITH IEPe], KWOCPHETUKOH, MOTYT UMETh U MHBIC OCHOBAHUS AJISl CBOETO
peleHus — OOIHOCTD (PAKTANBHONU CTPYKTYPBl MATCPHH.

Paseurie naeu gpaxTanbHOCTH MAaTEPHM MPHUBEIO K TOMY, YTO TEP-
MHUH (pakTaisl CTan MOHUMAThCS KaK CHHOHHM CCTCCTBCHHOCTH, KaK CIU-
Has TOMOJIOTHS OOBCKTOB U SIBICHUH €CTCCTBCHHBIX HayK. M 31ech BO3HUK-
Ja HeoObIUHAS MO3HABATCIbHAA AWaeMMa. [IpHHATO cuMTaTh, YTO 3aKOHBI
[Tpupoawr umeror Marematiueckuii Bua. Ho torga uro penars? Cnexyet mu
CYHTATh CCTCCTBCHHBIC OOBEKTHI BHCIIPUPOIHBIMH HUJIH HX MAaTeMaTHUE CKOE
OIMHCAHHUE HEANCKBATHBIM? |

Maremaruueckoe coaepkaHue (pakTaabHBIX (PCHOMEHOB B HACTOS-
miee BPEeMs MOYTH MOTHOCThIO COCTOHT M3 (H3MUCCKUX mpeactasneHuid. K
KIIacCUKe (ppaxTambHOH TEOPUM CETOAHS OTHOCAT TE €€ CTOPOHEBI, KOTOPHIC
YAAIOCh CBECTH K OMHOW M3 CTAHIAPTHBIX TCOPHM MATCMATHUCCKON (DU3NKH
— CTaTHCTHYECKON MEXaHHKE, TCPMOANHAMUKE, TCOPHH OPOYHOBCKOTO JBU-
JkeHus U T.0. B TeHu ¢usnku ¢pakranos moka octaércs OYpHOE pa3BUTHE
Teopernieckol nHbopMmatuku (theoretical computer science — TCS). He-
CMOTpPS Ha TO, YTO MOHATHC WH(GOPMALUH MPOYHO YTBEPIHIOCh B HAyKE U
CErOIHS MPOUCXOOUT KOHBEPICHLMS METOAOB MATEMAaTHUCCKOH (H3UKH U
WHPOPMATHKH, TI0 WHEPLIMHU 3Ta «KOMITBIOTCPHAS HAVKA» PaCcCMaTpPUBACTCS
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0onee Kak BCIIOMOTATENbHAS ANCLMIUIMHA, NPU3BAHHAS pa3padaTeiBarh aj-
TOPUTMBI M TIPOTPAMMBI A7 BOILIOIICHUS (PH3MICCKIX TCOPHIL.

KomnerorepHele MeToap! reHepanuy (pakTaibHBIX 00pa3oB MOKa HE
MOJHATHI OO CCTCCTBCHHOIO SBJICHUS, AOCTOMHOTO 3aHATh MECTO B PAAY
¢dvaaamenTanbHbIX Teopuil [Ipupoapl. Taxke He momy4ymna IUAPOKOH W3-
BECTHOCTH raybokas MbIcap . JhkeiHca, IMEIOIAs HEMOCPESACTBCHHOE OT-
HOLICHHUE K MATCPHUATIOBSACHHIO, O TOM, YTO KOMITBIOTEP Kak (prznueckas
CHUCTEMA JOKCH OBITh COITIACOBAH CO CTATUCTHICCKOW (PH3HKOH, TCPMOIU-
HAMHKOH, KBAaHTOBOH TeopucH u Teopueci napopmaruu [1].

Komnprorep kak ¢usuueckoe SBICHHE MOXHO BOOOIIC paccMarpu-
BaTh Kak npumep (paxramproit Teopun marepun. LipdpoBrie koMITBIOTEPHI
— 3TO yceu€HHbIC, NPUOMMKEHHBIE (paKTambl, MO3TOMY OHH HACICAVIOT
MOYTH BCE M3 apceHana (PPaKkTanbHOW TCOPUH. 3ASCh CKCHIHHI, HIH Mac-
mra0Has HHBAPUAHTHOCTh, IPUHUMACT, C OJHOU CTOPOHBI, BHJ MUHHATIO-
PH3ALMH €T0 MaTCPUATBHOU Oa3bl, ¢ APYrOi CTOPOHBI — 3TO HE3AaBUCHMOCTD
OCHOBHBIX HH(OPMALIMOHHBIX OMECPALHA OT MATCPHATIOB H/HIH MX MacIiTa-
ooB. Ilo pesynprary paboThl mpoOrpaMMbl HEBO3MOXKHO OMNPESACIUTh HA Ka-
KO MarepuaibHOUM 0a3¢ OHA BBHIMIOMHSIACH, TAK K¢ KaK MO MUKpodoTorpa-
¢un  (Ppaxrana HEBO3ZMOXKHO OMNPEACTUTh €r0  (UIHKO-XHMUYCCKYIO
MPHUPORY, SABISCTCH OH MATCPHATBHBIM HITH MATCMATHYCCKHM.

JTa YHUBEPCATBHOCTh LHU(GPOBEIX KOMITBIOTEPOB HMEET TCOPETH-
YECKYI0 OCHOBY — BBIYHCIUTEIBHYIO VHUBEPCATbHOCTh MAIUIWH |hIOpUHTa.
CerogHs OHa BOIUIOLICHA B MX MPEAMETHON VHHBEPCATIBHOCTH U Pa3HO00-
pasun ¢yHKIui. CBOUCTBO MPEIMETHOH H CHUTYALIMOHHOH THOKOCTH KOM-
MBIOTEPOB, TO €CTh UX CIOCOOHOCTh MOPOXKAATH THOOBIC TCKCTHI M BBITION-
HATh TMOOBIC BBIUHCICHHS — 3TO TO, YEro BCELAa HE XBaTalOo TCOPHIM
«TIagKkod MareMaTukhy. MOMKHO BCIIOMHHTB HAYaNO PA3BHTHS BBIYHCIH-
TETBHOM TEXHHKH, KOTJA HEAOIroc BpeMs LU(poBbIe, TO ecTh (Pppaxrais-
HBIC, KOMITBIOTCPEl KOHKYPUPOBAIH C aHATOTOBBIMH, CO3AaHHBIMU HA HICE
BomwtomieHus TU(GCPSHIIMANPHBIX YPABHCHUH MAaTCMaTHUCCKOW (Pusuku.
Pesynprar ceromHs oueBUACH — ()VHKLHMH aHATOTOBBIX MOMIOLICHBI U(PO-
BBIMH.

Takke OYCBHOHO TO, YTO PA3BHTHEC MAaTCPHAIbHON 0a3bl BBIYHC-
JUTCIBHOW TEXHUKU KaK YBEIMYCHHUS AMANA30HA CKEHITUHTA, HMPUHSIBLICTO
BHJ MUHHATIOPU3ALMN MATCPHATIBHBIX KOMIIOHCHTOB, 32 MOCICAHUE ACCH-
THJICTHS MPHUBEJIO K THTAHTCKOMY PACLIMPCHHIO ¢€ BO3MOXKHOCTCH, MPHUIeM

HE TONBKO B 00BEME MaMATH U OBICTPOACHUCTBHH, HO 00JIEE BHIPA3UTEIBHBIX
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«HECUUTAOIUX» e PYHKIMH — crocodax IEHEPaluH, BU3YAIBHOIO MOJAC-
JMPOBAHHUI M HUCCIEAOBAHUA O0OpPa30B MPHPOAHBIX SBICHUHA. JTa BETBb UI-
pacT OONBLIYIO POk B MEAUIIMHE, reorpaduun, reooruu, ouonorun. B tex-
HUKE OHA COCTAaBJSCT OCHOBY ABTOMATH3ALIMU NPOCKTUPOBAHUS CIIOMKHBIX
CHCTEM.

Hnsa maremaruuaeckoil Gu3uke HHpOpMATHKA SBIIETCS TEM JKE, UTO H
¢uznka a8 WHOQOPMATHKH — BCIOMOTATCIbHON aucumriiuHOW. [lpunuaém
OYCBHIHO, YTO MPOUCXOANT B3AMMHOE 00OTAINCHHIE 3THX JUCLUIUTAH TEOpe-
THYCCKHMH pe3ynbraramu. Paseutie martepuanbHON 0a3bl KOMITBIOTCPOB
CIOCOOCTBYET 3BONIOLNH MATCMATHYCCKUX TCOPHH, KOTOPHIC, B CBOIO OYE-
peap 00eCIeurBalOT MaTCPHATBHYIO HayKy HOBBIMH MeTomamu. Hemuoro
MPEYBEIHYHMBAS, MOXKHO CKa3aTh, YTO CETOAHS KOMITBIOTEP — 3TO MaTCpHs,
CKOHCTPYUPOBAHHAS M3 CBOUX TCOPHH M CBOWCTB. [103TOMY KOMIBIOTEPEHI
JEMOHCTPHUPYIOT TOT (PaKT, YTO MaTepusi MOXKET OBITh MOHATA KaK CHHTE3
TCOPHH, OMUCHIBAIOLINX €€ PA3THYHbBIC MPOSBICHHS.

Bonpockl, k KOTOpEIM MOABOIUT 3TO SBICHHE Mapanienusma (ppaxra-
JIOB U KOMITBIOTEPOB, MOKHO C(HOPMYITHPOBATE CACIYIOIIUM 00Pa3oM — Kak
MOXET HOJOOHAs BE3ACCYLISCTh W YHHBEPCAITBHOCTh OBITH BHE 3aKOHOB
mpupoasi? Y, odpaTHo, BO3MOXKHO JH B HCCICIOBAHUN MATCPUATBHBIX O0b-
CKTOB HCIIOJb30BaTh BeCh HAOOp Teopui — (Ppu3MUecKUX U WHPOPMALMOH-
HBIX, KOTOPBIC MPEACTABISET COBPEMECHHBIN KOMITBIOTED?

C TOUYKH 3pEHUS XUMHUYESCKOH HAyKH H MATCPHATOBEICHHS U3bSH CO-
BPCMCHHOU (pakTalIbHOW TEOPHH B TOM, 4YTO MaciuTaOHAas HHBAPUAH-
THOCTB, TO €CTh OAHOPOIHOCTh TEOMETPHUECKUX CBOMCTB, KOTOPas MIHPOKO
SKCIUTYaTHPYETCS, B XUMHH CONPSDKEHA ¢ OOPATHBIM SIBJICHUEM — MacIITal-
HOW JETCPMHHHUPOBAHHOCTBIO, TO €CTh 33aBUCHMOCTBIO XHMHYCCKHX
CBOMCTB BCIICCTB OT BCAWYMH M AuarasoHa macmradbos. O4eBHIHO, UTO
HMCHHO B 3TOM JHANA30HE XHMHS HCCICAYET CBOHCTBA MATCpHAIOB Kak
3G QEeKT COBMECTHOTO ACHCTBHA PAa3NUYHBIX (PHIHMUCCKHX TCOPHH. ITOT
¢hakT OBLT OTMEUCH B OMBITC MPUMCHECHHS (PpakTambHON I€OMETPUH B XH-
MHH, HO Pa3BHUTHS, HACKOIBKO M3BECTHO aBTOPaM, HE TOTYUMIL.

Touka 3peHMs npeaIaracMoi padoThl U COCTOUT B TOM, YTOOBI MTOKA-
3aTh BO3MOXKHOCTH (DOPMATBHOTO OMHUCAHUS 3TOW MaciuTabHON 3aBHUCH-
MOCTH CBOHCTB MaTE€pHAIOB. JTa 3aBUCUMOCTh €CTh HE UTO HHOE, KaK 3aBU-
CHMOCTh CBOHCTB BCIIECTB OT Pa3MepoB 4YacTHL. B XuMHH H3BECTHO
npexnokenne M.B. Tananaesa cumrars pasvep 9acTHIl YETBEPTHIM H3ME-
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peHHEM, CTONb K€ (YHIAMCHTATBHBIM, Kak OOBEM, AABICHHEC WU TEMIIE-
parypa.

dopmanmzanus 3TOM HACH COCTABIIACT CYTh BBEICHHSI KOOPIWHATHI
JEAMOCTH BEIECTBA KaK OTACIBHON CTCNCHH CBOOOIBI H3MECHEHHS pazMe-
POB U OoNUCcaHue TeX (POPMATBEHBIX MATEMATHICCKHX METOAOB, KOTOPHIE OKa-
3BIBAKOTCS MPHYACTHBIMH K 3TOH KOOPAHHATE. JMIMPHUCCKHM, 3KCIICPH-
MCHTAIBHBIM 0a3HUCOM CITyKaT GakThl PpakTaTbHOH rEOMETPHH.

OcHoBaMm (hpaKTATBHOW TCOPHH MOCBAIICHO MHOIO MPEBOCXOMHBIX
KHHT Pa3HOTO YPOBHS Kak 0o0mIero miaxa [2], Tak u Oonee crneruaibHbIX [3].
Kpome Toro B MHOrOUHCIICHHBIX CIICHATBHBIX MOHOTPa(UsIX U CTAThIX Ha-
JWYECTBYIOT IVIABBI, TIOCBAIICHHBIC (PPaKTANIBHBIM BepcHsIM Teopuid. Dpak-
Tadbl YacTO TMOSBIAIOTCS B CBA3HM C PCHOPMIPYINOBBIMH METONAMH, YHH-
BEPCATBHOCTHIO M KPHUTHUYCCKMMHU SBICHHAMH B (Da3oBBIX NEPEX0Aax,
CTAaTUCTHYCCKOH (DPUBHKE M HEYMOPSAOUCHHBIX cucTeMax. dpaxraibHas Te-
MaTHKa 3aHUMACT 3HAYUTCIBHBIA OOBEM B HEAABHO BBIICALINX OJHIH-
KIIOTICAMSX HCIMHCHHOM HAVKH U CTIOKHBIX CHCTEM [4].

[TosToMy knaccHuke mpeaMeTa B AAaHHOU paboTe VACTSAETCS HEMHOTO
BHUMaHUS. B OCHOBHOM 3TO 0030pHas uMHGOPMALUS, HPU3BAHHAS MPO-
JEMOHCTPUPOBATh SKCTCHCHBHO-WHTCHCHBHYIO JBOMCTBCHHOCTb HPUPOIBI
(hpakTagoB, COUCTAOMIYIO NMPOTHKCHHOCTh MATCPHH € €€ JCTUMOCTBIO, U
c(hopMHPOBaTh TOUKY 3PCHUS, U3 KOTOPOH BIMSHHE Pa3MEPOB HA CBOHCTBA
BCILICCTB CTAHOBUTCS MPO3PAYHbIM. DTa TOUKA 3PCHUS SIBISACTCS OTIPABHON
J71 JaTbHEUIINX ocTpoeHnd. buHapHOCTE dpakTaloB yXOOUT KOPHSMH B
AHTHYHOCTH U CBs3aHa ¢ uMeHeM [lnaTona u amopusmMu 3eHOHA, KOTOPHIC B
COBPECMCHHOM Hayke NproOpend BHJ MapagoKCOB TCOPHH MHOXKECTB U
«IPOTIACTH MEXKAY JUCKPETHBIM W HENPEPHIBHBIMY OTIHCAHUSIMH B (DH3HKE.
HHTepec k 3T0M ApeBHEH TEME HE MCUE3ACT, UEMY CBHAETEIBCTBO OCTOSH-
HOC TOSBICHUC MyOIUKALMH, aHATH3UPYIOIHX ¢ C CAMBIX PA3HBIX MO3U-
LU — OT UCTOPUH HAYKH IO COBPEMEHHBIX Teopuii pusnku [5].

OCHOBHOH aKLEHT H3MOXKCHUS TEPEHECEH HA OMUCAHUC B3aHMO-
aerictBus pusnky v HHGOPMATHKH, KOTOPOE MPOXOIUT MO KOOPAMHATE pas-
Mepa WM JETUMOCTH MAaTCPUH KaK BHYTPEHHEH CTCIECHU CBOOOMBI BEIICCT-
Ba. B xauecTBe BBEIEHUA B OCHOBBI IOAXOAA MOYKHO PEKOMEHIOBATh KHUTY
[6], conepxamyto noapobHOE N3N0KeHHUE PU3NUECCKHUX U HHOPMALMOHHBIX
TCOPHUH, COCTABIIOIIUX MPOOIEMY CIOKHOCTH (PAKTAIBHOH MATCpHH H
CBSI3CH MEXTy HUMHU.



1. MEKAUCHUIVIMHAPHOCTD MATEPUAJIOBEAEHUA

Marepust SBASETCS OAHOW U3 OCHOBHBIX KATCTOPHUU B XKH3HH H ACH-
TETBHOCTH YeI0BeKa. YenoBeueckoe MO3HAHNE BCEraa ObIIIO HAMPABICHO HA
MOCTHKECHHUE e MPOSBICHUH U cBOMCTB. PazHooOpasue MaTepHalbHbIX 00b-
CKTOB MPOCTHPACTCS OT KOCMHYCCKHX M TCOIOTHYSCKHUX MAcImTalboB 10
MHUKpO- 1 HaHoyposHi. Hayka o marepmamax ABISeTCS OXHHM H3 CTOJNIIOB
COBPEMCHHOU ITUBHIH3ALMH, ODCCICUNBAs MPOTPEcC W PELICHHE CAMBIX
pasHbix npobnem. [Iporpece TeXHUKH, CO3AaHNE HOBBIX MEIULIMHCKUX MpeE-
[1apaToB, Pa3BUTHE CPEJCTB CBA3HM M KOMMYHHUKAIIHH, CTAHOBICHHE U BBIXOJ
Ha MPAKTHYECKUE HYKIBl KOCMUUECKOH TEXHUKH — BCE 3TO HEMBICTMMO Oe3
pa3BUTOM HAyKH O Marepuaiax.

CoBpEMECHHOE PA3BUTHEC MATCPHATOBCICHHS, €rO BBIXOA Ha PyOeKH
HaHOMAcIITa0OB MOCTABHIO 3Ty HAYKY B LICHTP 3KOIOTHUSCKUX, T'VMaHH-
TapHBIX H MOTUTHYCCKUX mpobiaem [7]. X HOBH3HA, CIOXKHOCTh U MHOTO-
ACHEKTHOCTh COOTBETCTBYIOIIUM 00Pa30M OTPAKAIOTCS B HAYKE O MATCPHH,
KOTOpas HOCHT CYIIECTBEHHO MYIBTHANCIMILIMHAPHBIN XapaKkTep.

Hapsany ¢ xnaccuueckumu (PU3HKO-XUMHYCCKUMH METOIAMH HCCTIC-
JOBaHUs HAOIIONACTCS CTAHOBICHUC M PA3BHTHE TCOPUH CIOXKHOCTH, IPH-
3BaHHON VCOBEPIICHCTBOBATh TEOPETHUYCCKUE IPEJACTABICHHA O MaTrepuu
MOCPSACTBOM CHHTE3a MATCMATHYCCKUX METONOB [6]. OTauuuTenpHas 0co-
OCHHOCTB 3TOTO HAINPABICHHS COCTOUT B PACIIMPCHUH METOJ0B HCCIICAOBA-
HUH HEKJIACCHYECKUM amllapaToM — FeéOMETPHEH HEepapXUUECKUX CTPYKTYP
U (paKTanos, TCOPHH JUHAMUYCCKHX CHCTCM M CHMBOIUYCCKOH AHHAMHKH,
TCOPETHICCKON NHPOPMATHKH H (POPMATBHBIX SI3BIKOB, HMHTALTUOHHBIX MO-
JIeTeH U KIIETOIHBIX aBTOMATOB, KOMITBIOTEPHBIX CHCTEM.

Haunbonpinyro H3BECTHOCTh B 3TOM HAaNpaBICHHH momyuuna uzaes P.
dcliHMaHa 0 MOACTHPOBAHHM (PU3MKH HA KOMIBIOTEpaxX M HHQUHHTE3H-
ManbHBIX MamuHax [8], koTopas ¥ mpusena, cCOOCTBCHHO, K CTAHOBJICHHUIO
HayKH O HaHOMaTrepuaiax v, B 0ojee MHPOKOM IUIaHe, HU(pPOBOMY Halpas-
geHuo B Qunocopum n duzmke Marepuu (digital philosophy, digital
physics-anen.). IlpakTuka peaqu3anyy 3TOH HICH NMOKA3BIBACT, YTO KIACCH-
YecKue (PU3HYecKHe METOIB — MEXaHUKH CIUIOLIHBIX CPEJ, CTATHCTHUCCKUC
U BEPOATHOCTHBIC TCOPHH UMCIOT O0INYI0 00IacTh ¢ METOAAMU TCOPECTHYC-
ckoli THPOPMATHKU — TCOpUCH (OPMANBHEIX S3BIKOB H AITOPHTMOB, TCOPH-

CH amTOPUTMHICCKOHN CIOKHOCTH, MAaTCMATHICCKOH Toruku. M ceromas yxe
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HE KKETCS VIUBUTCIBHBIM MOSBICHUEC paboT, B KOTOPBHIX KBAaHTOBAs MEXa-
HUKa, HAIPHUMEP, UCCIACAYETCA METOAAMHU TCOPHH BBIYHCIHTEIBHBIX CTPYK-
Typ. HenaBHo Ob110 00HApYKeHO WHPOPMALIMOHHOE COACPIKAHUE B KOCMO-
JOTHH W (U3MKE BBICOKHX JHEPIMH, KOTOPOC CTAlO0 H3BECTHO Kak
royorpahUueCKHi MPUHIMI — (PU3HICCKUC MPOLIECCH B HEKOTOPOM 00BEME
BEILIECTBA MOTYT OBITh TIOPOKACHBI U 3aKOAUPOBAHBI HH(OPMALTUCH, 3aIu-
caHHOH Ha ero rpanune [9]. DToT npuHUMO B QU3HKE KOHICHCHPOBAHHOU
cpeapl UMCEET aHAJIOTHH W HANpPaBiICH HAa peanu3ainuio HHOOPMaLHMOHHOU
HACH B OOBIYHBIX MaciuTadax H ypoBHIX sHepruu [ 10].

IIpocroe mepeuncneHue pazaeioB MATEMAaTHIECKUX METOIOB, yIacT-
BYIOLIUX CCTOMHS B MATCPHATOBCACHHH U MPU3BAHHBIX OTOOPA3HUTh CIICKTP
CBOWCTB BCIIECTB, MMOKA3BIBACT, UTO HAYKA O MATCPHH JOKHA HOCHUTh CHH-
TETHYCCKUH XapakTep, KOTOPHIN MO3BOIII Obl CBA3aTh PA3IUYHBIC MaTCMa-
THYCCKHE TCOPUHU IS AACKBATHOTO OMUCAHMS (U3UUCCKU CBI3AHHBIX H
KOPPETHPOBAHHBIX MPOSIBICHUN €€ CBOMCTB HA BCEX MACIITAOHBIX YPOBHIX
U BO BCEM TIOJIC MEIKAUCITUTTIMHAPHBIX MPHI0KCHHH.

TpaguiuoHHAs MEXaHHKO-MaTeMarmdecKkas MapaiurMa OpUBena K
(hparMEHTHPOBAHHBIM TCOPUAM B MATCPHUATIOBEACHHH H OKa3aj1ach Manodd-
(hexTHBHOHM Ay (OPMATBHOTO OTOOPAKEHHS BCCH IIMPOTHI CIICKTPa MPO-
6rmem u cBolicTB Marepud. CTaHOBICHHE M Pa3BUTHC (PPAKTATBHBEIX MpPEa-
crapaeHMd o wMarepund [l1] OTkpeIBaeT HOBBIE BO3MOMKHOCTH  JUIL
paspalbOTKH CHHTETHYCCKHX Teopuil. byayum emwHOH, TpaHCIUCLUILTH-
HAPHOH T€OMETPUECH OOBEKTOB M MPOLIECCOB Pa3HOM NpUponbl, (ppaxraisl
ABILIIOTCS MPEIACTABUTEIAME (POPMANBHBIX CTPYKTYP CO CTOJb K€ YVHHBEP-
canpHBIMH cBoMicTBamH. [lo cBOEMYy MaTeMaTHYECKOMY COACPIKAHHUIO (pak-
TaJbl ABIIOTCS OOLIMMHU AT ABYX IMIABHBIX BETBCH HAYKH O MaTepuH — Qu-
3HUKE M TCOPETHUCCKON HH(OPMATHKE .

Llenp HacTosmeH pabOTEL — OUEPTHTh KOHTYPHI 3TOTO CHHTE3a, VKa-
3aTh €ro obmeHay4yHOE, (M3MIECKOE M MATEMATHUECKOE COACPIKAHUE B
MPUMCHCHHH K 3a1a4aM HayKHU U TCXHOIOTHH O MaTCpHaax.

2. HAYYHAHA INTPOBJIEMA CO3JAHUSA MATEPHAJIOB

B nacrosmee BpeMs MaTeMaTnucCKOC MOACIUPOBAHHIC B MAaTCPHAIO-
BEACHUM TPOXOAUT MHPH MOCPESIHHUCCKOW ponu ¢usuku. B Hayke oucHb

OompIION Bec MMeEeT KcrepuMeHT. [IpHHIMNHAIbHOE OTIHYHE SKCIEPH-
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MEHTA OT KJACCHUYCCKON TCOPHUU B TOM, UTO OH JaéT BO3MOXHOCTh H3MEpE-
HUSL WJIM TOTYYCHUS 33JaHHON XaPAKTCPUCTHKU KaK (PYHKIIUH COBOKYITHOTO
JCHUCTBHUS Pa3HOKAYCCTBCHHBIX M (DOPMAIBHO HECBOAMMBIX APYTY K APYTY
(hakTOpOB — TCILIOBBIX, MCXAHHUCCKUX, MOJCBBIX, JUCKPSTHBIX. JKCICPHU-
MCHT MPU3BAH BOCMOIHATh HEAOCTATKH U C1a00CTH TCOPUU, OH UMECT CHH-
TETUUECKUI XapakTep, KOTOPBIM JOMOJHIET B3aUMHYIO HU30JUPOBAHHOCTH
(opMabHBIX TCOPHI, AAMIIUX TOJIBKO (PparMeHTapHOS omucaHue (CM.
[Tpunoxenue 1).

B texHOMOrMM MarepuaioB €CTh ABS OCHOBHBIC 3aaa4u. lepsas 3ana-
4a €CTh CMOCO0 CO3MAHUS M0 METOAY «CHHU3Y BBEPX» — CBOHCTBA LIEJIOTO 00-
pasua 3aBHCAT OT €ro CTPOCHHS M COcTaBa. Bropas — «CBEpXy BHH3» —
BHYTPCHHSISI CTPYKTYPA, 3aBUCHT OT MOBSACHUS LICJIOTO U €10 OKpykeHus. C
OOIICHAYYHOM TOYKH 3PCHUS 3TH 334344 MATCPHAIOBESICHUS CCTh BAPUAHT
mpobnemsr Eaunoe-Muoroe, chopmyauposantoii [lnatoHoM 1 H3BECTHOM B
COBPEMCHHON HayKe Kak mpobieMa «JacTu u neioro». Ee popmymuposka B
Pa3IHUYHBIX BAPUAHTAX CBOAUTCS K CACAYIOIICH!

«Tpebyemcsa chopmanvio onucame, CMOOETUPOSANb B3AUMO3ABUCUMOCHTb
ceoticmes yejoco 06pa30861H1/lﬂ u e2o wacmeti, noocucmem. Kax unmezcpaiibrbvle xa-
PAKmepucmuKy Cucnembl 6O3HUKAIONM U3 JIOKAJIbHbIX U, 06pamH0, Kak ceoticmea Ha
MUKPOVPOBHE ONpeOeNomcs UHMeSPATbHbIMU Y.

B marepuanoBeacHUN OHA MPUHUMAST B 330a491 HaXOKACHUS (op-
MaJIbHOM CBSI3U CBOWCTB BEIIECTBA CO CBOMCTBAMHM €ro aroOMHO-MOJE-
KyJSIPHOH CTPYKTYpel. B cydae moaoKUTEIbHOTO PEIICHUS OHA MOTIIA Obl
chopMupoBaTh eUHBIN TOAXOA K PEIICHUIO ABYX OCHOBHBIX 3aaa4. B du-
3WKC aHANOTH4YHAs MpoOieMa M3BECTHA Kak 3axada Tpéx u Oomee ten. Ho
CUTyaIUs B XUMHUCCKON TEXHOJOTHH CYIICCTBCHHO ClioskHee. Jlj1st moiHOTOo
PELICHUS 330a49H HEOOXOAUMO, OUYCBHIHO, BKIIOUCHUE B MOJACSIh HH(pOpMA-
LMK O CBOWCTBAX, COACPKAIMUXCsS B mepuouucckoit tadmuue .M. Men-
aeneesa. HepeméHHOCTS 3TOH MPOOICMBI MATECMATHUCCKUMH CPSACTBAMU
OTPAHUYHBACT BO3MOXKHOCTH TCOPHH-KAHAUIATA.

OmneiT pemenus 3agauu Exnnoe-Muoroe caeayromuii. [lnaton mpu-
IIC]T K BBIBOJY, YTO LICIOCTHOS 0OPA30BAHUE MOIKHO OBITh OMHUCAHO ABYMS
HECBOIUMBIMU JPYT APYTY U HEOTACTMMBIMH IPYT OT Apyra crocodamu —
CILIOMIHOCTBIO, TO €CTh CAMHCTBOM, U JUCKPETHOCTHIO, UJIH MHOKCCTBCH-
HOCTEIO [12]. U vixe B Hame Bpems1, BO BTOPOi TOMOBHHE X X BEKA, B TICPHU-
on OypHOH MaTeMaTH3allMH HAYK, PA3BUTHS KUOCPHCTHKH U CHUCTEMHOIO
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aHanu3a, Koraa Obliia MPEANPUHATA MAcIITa0HAs TIOMBITKA CO3JAHHS HOBOU
(UBHKH, TO €CTh CBEACHHS BCETO CCTCCTBCHHO-HAYYHOTO 3HAHMSA, B TOM
YHCIIC U XUMHH, K Pu3nke, mpodiaeMa J4acTH U LENIOro OKa3anach B LICHTPE
BHHMaHNA. Kak mokasan ombIT, pelIcHUE 3TOH 3a0a4u METONAMH MareMaTH-
YeCKOH (PH3UKH HE JOCTHUINIO LCITH.

[TpuariHa BUOUTCA B TOM, YTO €€ PELICHHE NMPCANPUHUMANOCH B €BK-
AUI0BOM, (PU3UUECKOM HPOCTPAHCTBE, KOTOPOE, COrMacHo teopeme lempm-
rojpra [13] momyckaeT Juine TC ABWXKCHHUS U MPEOOPa3oBaHUS OOBEKTOB,
KOTOPHIC OMMCHIBAIOT MEXaHUKY Aedopmupyemoro TeEpaoro Tena. [pmaem
3TO ONMUCAHUEC HUMECT JIOKATBHBIM XapakTep, TO €CTh CHPaBCIIUBO «B Ma-
oMy, 1 pU3HIeCKu OSCKOHEUHO Maioro o0béMa. JBrKeHuUs 4acTeH 3TO-
ro Manoro o0oréMa, ero B3anMOACHCTBHEC C PA3THYHBIMHU MacmrabaMu Mpo-
CTPAHCTBA, POSBICHUC PA3TUYHBIX (PH3UKO-XUMHUECKUX CBOUCTB HUKAK HE
OTPAXKAKOTCS TCOPHEH.

[Ipobnema EmuHoe-MHoroe sBnseTcs HE TONBKO MpoONeMON Mare-
PHATOBEACHIS, HO W WH)KCHECPHBIX, T'YMAHHUTAPHBIX, COLIUAIBHBIX HayK,
JVHIBUCTUKH, Ononoruu U T.A. C Touku 3peHus QpakTambHOH CTPYKTYPHI
MaTEPHH HEYCIEX «HOBOHM (QU3UKN» OOBIACHACTCS TEM, UTO HE ObLIa YUTCHA
OHHAPHOCTD MaTEpUH, KOTOPYIO CETOMHSI MOJKHO PAacCMATPUBATh KaK CHHO-
HUM CCTECTBCHHOCTH, OOIIVIO TOMOJIOTHIO BapHaHTOB mpoOnemel Eamnoe-
MHoroe.

TeM cambIM, HOMECTUB 3a0a49y O KOHCTPYUPOBAHUU MaTCpHATIOB B €&
KOHTCKCT, Mbl OKa3bIBACMCS B HEPA3PBIBHOHM CBI3M C HUMH H TOMAJACM B
MIEPEKPECTOK MEKAVCIHIIMHAPHBIX CBA3cil. B 31O ceTn cBsazelt TexHOmO-
THYCCKHUE MPOOJICMBI MOTYT OKA3aThCsl YacThiO Oosice oOmIeH mpobieMbr —
COLIMAIbHOM, MOIUTHYECKOM, MEIULIMHCKON, KONIOTHYECKON U BBICTYIIATh

KAK OPTaHU3YIOIIUC LCITH.

3. AHTUHOMMSA MATEPUN: AITOPUU 3EHOHA,
HAPYHIEHUE CUMMETPUH

Paccmotpum kak Breimmgaur npodrema ExnHoe-MHoroe noapoOHee.

B ucropun Hayku OHA M3BECTHA KaK anopHH 3€HOHA JNCHCKOrO, KOTOPBIHA

NpHIal ¢ BHA IOTHYCCKUX NApaJOKCOB HIH AHTHHOMHH. JTHMOJOTHS

CJI0BA «AHTUHOMHMS» HE €CTh «OLIHOKa», «HEPa3pELIMMOCTh IMPOTHBOPE-
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yust». Ero TOUHBIH mEpeBo] — «IIPOTHBOPEUHC ABYX 3aKOHOBY». TeM caMbIM
MyTh K PCLICHUIO STOH MPOOIEMBI 3aKIH0YACTCA B HAXOKICHUN U (OpMaTH-
3aliH ABYX 3aKOHOB, JBYX NPUYMH, GOpMUPYIOIUX 00BeKT. B Hamewm ciy-
4yag — ()paKTATBHBIN OOBEKT.

[Ipobnema Eaunoe-Muoroe B popMyTupoBke 3¢HOHA BHITILANT TaK:
«3CHOH, MIEPEAAIOT, TOBOPHJL, YTO €CJIU KTO-HUOYIb OMPEICIIII €MY, YTO Ta-
KO€ €OUHOC (M3 KOTOPBIX COCTOHT MHOTOE), OH MOT ObI CKa3aTh, YTO TAKOS
cymee» [14]. Tem cambim 31a mpobiaema cyTh mpodiaema GopMaIbHOTO CO-
BMEIICHUS Pa3IClICHUS U CBA3aHHOCTH, AWCKPETHOCTH U HENPEPHIBHOCTH,
HEJICTUMOCTH (IICJI0r0) — ASTUMOCTH (€TI0 JKe).

C ToukM 3peHHs MATCMATHKH allOPUM 3CHOHA CBOAATCS K Mpodieme
COITACOBAHMS ABYX COCOOOB 33JaHUs MHOMKECTBA, KOTOPOE ABIICTCA Gop-
MaNbHBIM SKBHBAICHTOM MAaTCPHAIBHOTO 00bekTa. M3BECTHO, YTO MHOXKE-
CTBO MOXKHO 33JaTh KaK «CBEPXY BHH3», KaK LICJOE, OMMCAHHEM CBOWCTEA,
o0IIero ero SIEMEHTaM, TaK M «CHH3Y BBEPX» — MCPCUHCICHUCM €ro
snemeHTOB. M 3TH cIoCO0BI 0Ka3aIUCh HECBOAUMBI K KAKOMY-THOO OJHOMY
13 HUX.

CTaHOBUTCS OYECBHIAHBIM, YTO B (hOPMATH3ALMN NPOOIEMBI «4acTh U
[enoe» HegocTaéT (JOPMATBHOTO OMHCAHUS MPOLECca ACTICHUS LEIOCTHOTO
oOpazoBanus — BeIecTBa, cucteMbl. Ho 3TOT mporiece He gBseTcs npocTon
apudmernueckoii onepanueii. [loscaum 3to. Paccmorpum auct Oymarw,
BBIKPAIICHHBIH ¢ OXHOW CTOPOHBEI B YECPHBIH LBET. 3anyCTHM (MBICJICHHO)
MPOLIECC €T ACICHHS, AUCKPETH3ALMN WM KBaHTOBaHUA. OUEBUAHO, MBI C
YaCTAMH JTHUCTA TPOWIEM MO IIKAJIC YMCHBIIAIOIIHXCS PA3MEPOB €ro YacTeH,
MOJICKY/I, aTOMOB... Bompoc: kyaa mpu 3TOM ACBACTCS €ro JBYXIBETHOCTH?
M B xaxoii MOMCHT, Ha KAKOM HMHTCPBAJIC PA3MEPOB €T0 YaCTCH, VPOBHE HC-
papxuu AesicHus oHa ucuesHeT? OMUCAHHBIN MPOLECC S€CTh MATCPHAIOBEI-
4YeCKUH BapuaHT 3eHOHOBOH anopuun «luxoromusy. B ucxomHom BapuaHTe
KCYE3aCT ABMKCHUC, B HAIIICM MPUMEPE — CBONCTBA (LIBET).

Hamee. Bospmem oOpasell BeIIecTBAa, OTIMYAFOIICTOCS HYKHBIMH
CBOMCTBAMHU — MPOYHOCTHIO, TCIUIONMPOBOAHOCTBIO, ICKTPONPOBOIHOCTHIO.
[IpoaenaeM TOT k€ MBICTICHHBIH 3KCIICPUMEHT U JOMICM IO 3JICMCHTAPHBIX
yactun Marepun. Kyaa u xoraa ucuesHyT cBoictsa BemecTsa? OueBHAHO,
YTO IpU 0OPATHOM IBIKCHHH — «CHH3Y BBEPX» BO3HHKACT BONPOC — OTKYAA
1 KOTZ2 BO3HUKAIOT HOBBIC CBONCTBA BEIIECTBA?
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JTa yOpoIueHHAsS BEPCHsI AaHTUHOMHUH €CTh HILUTIOCTPALUS K OJHOH 13
OCHOBHBIX 3324 MATCPHAIOBCACHHUS — MO3HAHUIO pa3MEpHBIX P dEKTOB B
CTPOCHHH M CBOWCTBax MarcpuaioB. B Hayke 3tor 3ddekT usBecTeH Kak
HApYLICHHAS CUMMETPHA B crocode (opManu3alpiyd — OKa3aloch HEBO3-
MOXKHBIM, TIOCIC PEAYKIHMH OOBCKTa K €ro SJICMCHTAPHBIM 4acTsM (op-
MaJIbHO BBIBECTH M3 HHX €r0 CBOMCTBA KaK LICIOCTHOTO oOpasoBanus. MHeI-
MH CJIOBaMH, Ha Pa3HBIX MaciuTa0ax pa3MEpPOB BCIUECTBO IPOSBISCT
pasnmasble cBoiicTsa [15]. Mepapxmus xak reomMeTpusa ASIUMOCTH MaTepHH
oKka3piBacTCsl (prusmucckuM (akTOpoM, ACTCPMHHHPYIOIIUM €¢ CBOMCTBA
[16]. CnoxHOCTB CUTYalMU B TOM, YTO HEpapXus HE BXOIUT B HaOop ¢usu-
YCCKHUX TMCPCMCHHBIX, HEC ACTCKTHUPYETCS MPHOOPaMH, ACIUMOCTh HE pac-
CMAaTpUBACTCS U HE (POPMATH3YETCS MATCMATHICCKH KaK OTACIbHAS CTCIICHB
CBOOOABL.

ITH TOTHYCCKHE TYTH «CHU3Y BBEPX» U «CBEPXY BHH3» THIIHYHBI 15
BCEX €CTCCTBCHHBIX Hayk. Ha omHOM momoce npeBaaupyeT MaTepHaIbHOCTD
— MOJCKYJISIpHAS OHONMOTHs, (PUBHKO-XHUMHUYCCKHE METOIbI B ICOJIOTHH, (H-
3UYCCKUE MCTObI reorpad)iu, KOJHICCTBCHHBIC MCTOABI B SKOHOMHUKE H T.[.
[MpoTHBOMOMIOKHEIN TOIIOC pasMepoB (GOPMHUPYETCS KAICCTBCHHBIM Pa3HO-
o0pa3ueM — TCOPHSIMH SBOTIOLMOHHOTO XapakTepa B HayKax.

ITH pacCy:KACHHUS MOXKHO MPOWUTIOCTPUPOBATh CACAYIOIUM O0pa-
3om. Dpaxranbublii 00bEM BemecTsa (puc. 1, BBEepXy) npeactasnsaet coboil,
€ OZIHOH CTOPOHBI, CILIOIIHOE HEASIUMOE CIUHOE 1eno¢e (CIeBa), a ¢ APyrou
— MHOTOE, TO €CTh COCTaBHOC oOpa3oBanue (copasa). B ¢pusuke u marepua-
JIOBCACHUH COCTaBHBIC OOBEKTHl OOBIYHO HA3BIBAIOTCS aHCAMOISIMH YACTHILL
HIJTH aTOMHO-MOJICKY/ISIPHBIMH CTPYKTYpamu. B 3tom ciyuae ucxoaHbie 00b-

o o

Puc. 1. AuTHHOMMS MaTepUX

CKTBI HA3bIBAIOTCA KIIACTCPAMU.

COOTBCTCTBCHHO TCOPUU ACIATCA Ha ACTCPMHUHUPOBAHHBIC U CTAaTU-
ctuueckue. [IpoOneme ux cormacosanus nocesmeHsl padoter W.P. [Tpuro-
JKHUHA.
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Ureparust 310l aHTHHOMHH YBOJHUT BITIyOb MATCPHH — «3JICMCHTAp-
HBIM» YaCTHLAM, COCTOSIIUM H3 «00JIee 3MEMEHTAPHBIX», KOTOPHIE, B CBOIO
ouepenpb, COCTOAT w3 eme Ooee (PYHAAMCHTANBHBIX M T.J. (PHC. 2, CIcBa
HAIMpPaBO, CBCPXY BHU3).

Puc.2. AaTHHOMUS MaTepuH (TIPOJODKEHUE)
(Lipscomb S. Fractals and Universal Sets in Dimension Theory. Springer 2009, Ch.2.)

4. @PAKTAJIbI: KOOPAUHATA JEJIUMOCTH MATEPUHN

C nosBricHHEM TEOPHH (PPAKTAIOB CHUTYaLUs NOIYYHJIA HOBBIM HM-
nynasc. beina 3aukcupoBaHa TUITHYHOCTH (PPAKTATBHOTO CTPOCHHUS KAK Ma-
TEPHATBHBIX OOBEKTOB, TAK H (Ja30BBIX MPOCTPAHCTB MATEMATUICCKUX TEO-
puii. OpakTanbl OKa3aaucCh OOmMM O0OBEKTOM AN (PU3UKU M MATEMATHUKH,
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TO €CTh HX MPHUPOAA OKa3ajaachk ONHAPHOW — MarepuaIbHO-CHMBOIBHOH. JTO
3HAYUT, YTO JBOWHEBIC, ()PAKTANBHEIC MPEACTABICHUSI MaTCPHAIBHOTO 00b-
€KTa, OVAYYHM OCHALICHBI COOTBETCTBYIOIIMM MAaTCMATHUCCKUM aINapaTroM,
JAIOT HAJCKAY HA PEIICHHE. 3AeCh BO3HUKACT moaxoasdmas armocgepa, B
KOTOPOU YacTh U LIENOE, BEMIECTBO U €r0 aTOMHO-MOJICKYISApHAs CTPYKTYPA
OKa3bIBAIOTCS CBI3AHHBIMH PUIHHHO-CIICACTBCHHBIMH CBA3SIMH.

®paxran B NEpPeBOAC € JATHHCKOTO O3HAYACT «IPOOUMBINY, «dpar-
MCHTHPOBaHHBIH». DpakranbHOE MHOXKECTBO MOHHMACTCH Kak (GopMaib-
HBIH MPEACTABUTENE ACTUMOrO MAaTCPHATIBHOTO OOBEKTA, YACTH KOTOPOTO, B
CBOIO OUepenb, JCIUMBI — U Tak A0 OcckoHeuHocTH. Ha aemumocts Marepun
Kak 0coboc €€ CBOMCTBO BHUMAHHE OBLIO OOpAINEHO THINL HEAABHO, KOTAA
MOSBHICA PAn 0000ImaromuX paboT Kak B paMkax (ppaxranbHOH TEOpHH,
TaK | ¢ O0IICHAYYHBIX o3uLmii [17].

Hedopmansaoe ommcanue ¢(pakranoB CBOIZUTCA K CIACAVIOLIEMY.
®dpakTanpHOE CTPOCHHUE MAaTEPHH YHUBEPCATBHO U HE3aBHCUMO OT (PH3HKO-
XHMHYECCKOH TPUPOIBl OOBEKTOB — 3TO U OHONOTHS, U HEKUBAS MATCPHUSL.
YHUBEPCATBHOCTE NPOJOIDKACTCS M HA MaTEMaTHUSCKUE CYIIHOCTH — YHUC-
na, ¢pyHkuuM, ¢azoBeie mpocTtpaHcTBa. ToHKoAWCHEpcHAs Matepus (finely
divided matter- anen.) AMEET Ty kKe TCOMETPHIO, UTO M 3CPHUCTHIC, IPaHy-
JUPOBaHHbBIC (coarse — grained space-anen.) MareMaTHdecKue (a3oBbiC
npoctpancTa. [loaromy psaay pu3HUCCKUX pa3MEpoB «arperar — KiacTep —
MOJICKYIIa — aTOM — 3JCMCHTAPHBIC YACTHLBD» COOTBETCTBYET psd (pak-
TaIBHBIX ([TOT)MHOKECTB YMEHBIIAIOIIETOCS THAMETPA.

Takyio mapannenp MOxHO cuurtarb oOHanéxkusaromeH. [logobuo To-
MY, KaK VIIOOOONCHUE ABIKCHHS TUIAHET OBIDKCHHIO MATCPHAIBHBIX TOUCK
WM WACATBHBIX [IAPOB MPHBEIO K MPOTPECCY AaCTPOHOMHH, 3BYKOBBIX SB-
JICHUH, BOJTHOBOMY JBIDKCHHMIO BO3AYXa — MPOTPEecCy aKyCTHKH, CBETA —
3NEKTPOMATHUTHOMY TIOJIO, TOSBHIACH KBAHTOBAS MEXAHHKA, CXOACTBO
(hpaKkTaIbHOrO CTPOCHUS MAaTCPUH M MATEMATHUKH MOXKHO TOIBITATHCS Pas-
BUTh B (POPMATBHYIO TCOPHIO. ITO OOIIUI MPUHIIMIT MATEMATHICCKOTO MO-
JCIHUPOBAHMS PCATBHBIX CHCTEM — MOJCTbh WM PACUCTHAS CXEMa JOTKHA
BOCITPOU3BOAUTH (B HACANC) MK ObITh MOAOOHOH (roMOMOP(HOLM) reoMeT-
puu uccnexyeMoro oonsexra [18].

OpaxranbHBIF XapakTep CTPOCHHS HE 3aBUCHT OT MacITa0OB — IO
Mukpodororpadhu HEBO3MOKHO OMPEACAHUTh MACINTald HAOMIOACHUS H
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mpupoay marepun. O0pasei BeIecTBa J00H GU3NICCKON MPUPOABI U XH-
MHYECKOTO COCTAaBA SBILICTCS TOPOH B MHUHHATIOPE.

[To OTHOIIEHHIO K TMPUBBIYHEIM CHOCODAM NPEACTABICHHS OOBCKTOB
(pakTanbl MOXXHO YIOTOOUTH CICAVIOLIEMY IIATY B MATCMAaTHUECKOM OIIH-
CaHHUH — «HABCACHHIO PE3KOCTH» HA EBKIHAOB 00pa3, KOraa CTAHOBITCS BCE
6omnee OTUETITUBBIMH JETAH €r0 BHYTPEHHErO cTpocHHs (puc. 3). 10 sB-
JICHHUE HM3BECTHO KaK MaciuTaOHas CHMMETPHS B (DH3MKE M KaK CKCHJIMHI,
«3arfsaplBaHUE BrIyObY» (zZooming in — auen.) WId yrIyONeHUE B ACTANU B
TCOpHH (HPAKTATOB.

A -
A A & > ALALLLLLL

Puc 3. HaBesienue peskocty, IOSBICHUE JICTAIEH CTPOSHHUS (CXeMa)

Opakranpl — ABOHHON B3mIsLA Ha OOBEKT. OOBCKT BUACH LICITHKOM,
kak EmuHoe, u B getamax, kak MHOroe, CBOCro CTPOCHMS (CTPYKTYPHI) U
OKpYyKeHUs (BHEIIHUX CBsi3ei). OOBIYHO 3TH JBa B3IV U3YUAKOTCS B (-
3UKO-MaTeMaTHIECKUX HayKaxX pasgenbHO. PpakTanibHOCTh BOZHHKACT MPHU
OJHOBPEMCHHOM BOCTIPHATHH /U3MEPEHUM/ W3VUCHUH MOJCITUPOBAHUH B
JBYX PEKHMaxX — Kak LENoro oObEKTa, TaK M €ro CTPOCHHS Cpasy Ha He-
CKONBKHX Macmrabax (B mpeaeiac — BO Bcex Macmradax). IToMY BIDIAAY
COOTBETCTBYET OCHOBHAS Iapa TEOPUH — MEXaHHKA CIUIOIIHOW CpEJbl U CTa-
TUCTHYCCKAs (PHU3MKA.

5. ®YHKIIMOHAJIbHAA ACUMMETPUSA B TIPUPOJE
N ®PAKTAJIBI

Mer Bcerma HabmomacM 00beKThI Kak Obl AByMst criocobamu. [lepserit
— MBI BHIUM €TO ICIIUKOM, BBIACICHHBIM U3 OKpyskeHus (puc. 4). Bropoit —
MBI MOJKEM Pa3JIMYaTh B €10 CTPOCHHH ACTAH, YACTH, CKOTUICHHS MOJICKYI,
aTOMOB. DTH YaCcTH, B CBOIO OUCPE/Ib, TIPH YBEAWMUCHUH Pa3PEIIAOIICH CITo-
coOHOCTH HAOMIOACHUS MPESACTAIOT Kak cocraBueie. M Tak ganee. B 3aBu-
CHMOCTH OT MPHUPOABI BEIECTBA MOAOOHBIN MPOIECC MOKET MPOTOIKATHCS

16



Oonee WM MeHee AJTUTENBHBIM 00pazoM. TeM cambIM mepea B30pOM Hpea-
CTaeT KapTHHA YePEeNOBAHUS LETOCTHOCTH M JUCKPETHOCTH, HEMPEPHIBHO-
CTH H JEIMMOCTH, PACCESTHHUS ¥ KOHIIEHTPALIHH.

Puc. 4. Tunmassiit hpaxran

B 1aHHBIX BCEX €CTECTBEHHBIX HAYK MOKHO OOHApYXKHThb 3TH JBa
MPOLeCcca, KOTOPBIE W3BECTHBI MO PA3TMUHBIMA UMEHAMH . KOHBEPTEHIUS U
JUBEPTEHIINS, SHTPOIHMS — HETIHTPOITHSI, IUCIIEPTHPOBAHNE — KOATYIISIIHSL,
mudy3ust — arperanus, CrylleHne — pa3pekeHne, TOMOreHu3anus — aug-
depenumanus. X coBMECTHOE MPOSIBIIEHHE W Ja€T KapTHHY AETUMOW Ma-
TEPHH, JeaeT BO3MOXHBIM HAONIOACHHUE C PA3IMUYHON pa3peliaroimei crmo-
COOHOCTBIO.

KonBepreHius co3naer MIOTHBIE OOBEKTHI, 3TO MyTh CHH3Y BBEPX.
JluBepreHTHBIE MPOLECCHI — M3MENBYAlOT, APOOST, PacCeHBaIOT HX — 3TO
myTh CBepXy BHU3. U o nanHoMy oOpasily Marepuana HEeBO3MOXKHO CKa3aTh
Kak OH ObLI 0Opa3oBaH — TO JIM KOHBEPIEeHTHBIMH, TO JIK ITHBEPTEHTHBIMH
mporeccaMd. JTa mapa MpOLEecCOB MeOMETPHUECKH H300paXkeHa Kak CXOo-
JIIIAECs CTPEJIKH K BEPIIUHAM M KaK pacxonsiiuecs (puc. 5).

vV A

Puc. 5. KoHBepreHuus — JUBEPreHLUs

Takast cuTyanust ©3BeCTHA Kak MOP(OIIOTHUYECKAst CAMMETPHSI — OHH
TOKIECTBEHHBI 110 TEOMETPHH — W (PyHKI[MOHAJbHAs aCHMMETPHsS — OHH
MPOTUBOMNONIOXKHBI O AeUcTBHIO. [IprueM Kax bl U3 3TUX MPOLECCOB SIB-
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JSIETCS YCIOBHEM CYLIECTBOBAHMS Apyroro. HempepblBHOCTh €CTh yCIOBHE
OCYIIECTBICHHS JCIUMOCTH, ACTHUMOCTb — MPEANOCHUIKA HEMPEPBIBHOCTH.
Ota yHHBEpCaibHAsS Mapa o0pa3yeT YHHBCPCAIBHYIO KE TCOMCTPHIO —
(dpakTaTbHYIO TCOMETPUIO NPUPoabl. EE u3BeCTHBIC 00pa3bl — YCCUEHHBIC,
¢duznuecckue Pppaxransl. JuBepreHTHEIC TPOLIECCH BEAYT K BCe Oonee AMc-
OCPrupoBaHHbIM CpCAaM, KOHBCPI'CHTHBIC — K IIJIOTHBIM O6’bCKTaM. B kon-
BCPIrCHTHBIX O6’b€KTaX MOXHO pPasnuiIuTh COCTABHYHO JUBCPICHTHYHO
CTPYKTYPY, AUBSPTCHTHBIC OOBCKTHI COCTOST M3 IUIOTHBIX dacTuil. MHBapu-
AHTOM ABJIACTCA (I)I/ISI/I‘IGCKa}I curyanusa — TCia, Opr>KéHHbI€ IOJIAIMHU U CO-
ACpKAIMUC MOJId BHYTPHU CC6$I. Taxkumu OPUMHUTUBAMUA ABJIAOTCA, HaIlpU-
MEP, aroM — SIIPO, OKPY:KEHHOE SICKTPOHHOU O0OJIQUKOM, KIETKA — SIpO,
MOrPYyKEHHOE B MpoToIriasMy. B Teopuu 310 AeTepMHHHUPOBAHHOE OMUCA-
HHUE, COMPSUKEHHOE ¢ HEOOXOAMMOCTBIO yuéTa (PIVKTYALMH, CIyYaiHBIX
BO3MYILCHUH.

IMostomy mpupogHbIE OOBCKTH MMCIOT HCHPABHIBHBIC, HETIAIAKHC
(dopMBI M QUEPTAHMS — KAKIBIH YYACTOK, KAXKIAsh THHUS BHIITCS COCTaB-
HBIMH. DTO U €CTh (pakTanbHas reOMETPHS — MHBAPHAHT ACHCTBHS Naphl
VHHBEPCATIBHBIX MPUPOIHBIX Mpoueccos. [eiicTBUE TOMBKO OXHOTO AMBEP-
TFCHTHOTO IPOLICCCa MPUBOAUT K TOUHBIM (bpaKTanaM — HYJIBMCPHBIM MHO-
JKECTBaM, TO €CTh OOBEKTaM, KOTOPHIC HE HMCIOT HUKAKUX (DH3HYECCKUX
CBOIICTB — OHH HCBUAUMBI U IIOTOMY HeO6Hapy>KI/IMbI AJId TIPAMBIX U3MCPC-
HUI.

Tem cambiM (ppakTadbHOE MPOCTPAHCTBO Kak OBl COACPIKHUT B ceOe
BO3MOXKHOCTHU PEaTU3ALMN TEXHOJIOTHU CO3NAHUS MaTepHaioB. JusepreHT-
HBIC TPOLCCCHI ABJIAOTCA NPUIUHHOCTBIO KCBCPXY BHU3Y», KOHBCPICHTHBIC —
«CHU3Y BBEpX». B HacTosmee Bpems 3TH CIOCOOBI OCTAIOTCH BHE MOJS
(dhopMaNbHOHN TCOPHUH M MPUHAICIKAT IKCIICPUMEHTATPHON HAYKE, MOCKO/Ib-
Ky, KaK 6LI.]'IO OTMCUYCHO BBIIIC, ACIUMOCTh HC BXOAUT B YHCIIO ,Z[BI/DKCHI/II\/'I,
JOIyCcKaeMBIX TeopeMoi [ enpMronbia.

OtaenpHO paccMOTPHM BONIPOC O CBOMcTBax Marepuanos. HetpyaHo
BHACTh, YTO € VBCIUUCHHEM VPOBHS Pa3pellCHUs HAOMIOACHUS, T.€. YMCHb-
LICHHEM pa3Mepa YacThLl MATCPUH, MCHSIOTCA €€ CBOHCTBA. TeM caMbIM KO-
OpAMHATA pa3Mepa BBIACIACTCA KaK OTACIbHAS CTCICHb CBOOOIBI B HUCCIC-
JAO0BaHUU MarcpUalIOB. HpI/I ABHKCHHUN BCIICCTBA IIO HCH npoucxoauT
HU3MEHECHUE €T0 CBOMCTB OT MEXAHUYECKHX, YIIPYTUX, MOJCKYISPHBIX, ATOM-
HBIX A0 KBAHTOBBIX. 3TI/I ABJICHUA OTpaXaroTCd B TCOPUU PA3JINIHBIMU Ha-
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3BAHMAMH NAPAMETPOB — PA3MEPHOCTAMH (PU3HMUYCCKUX BEITHUYUH, Pa3ind-
HeIMU ypaBHeHHAMH. [loaToMy koopamHara pazmepa — 3TO €IIe U KOOPIH-
HaTa CBOMCTB YaCTHI] MATCPUH, BHYTPCHHAS CTETICHb CBOOOIBI BEIICCTRA.

B nanHOM oOpasue mpu (PUKCHPOBAHHBIX YCIOBUAX HPOSBIISIOTCS
Cpady HECKOIBKO MacmTaboB, AMANA30H Pa3MEPOB U CBOUCTB, KOTOPEIE,
OYCBUIHO, MMPUHAAICIKAT K PA3IUYHBIM 00IACTIM TCOPETHUCCKOH Hayku. B
3TOM W 3aKJIIOYACTCS BCSA CIOXKHOCTh TCOPHU MATCPHH U COOTBETCTBCHHO
TEXHOJIOTMH MarepuanoBeacHus. MHbpIME cloBaMH, mpoOnemMa YacTH | Lie-
JOr0 B MAarcpHaIOBEACHHH SIBISACTCS IBYMEPHOU MO cMBIcTy. B Hel Beae-
JSIOTCS BE JMHUH — YHMCTIOBAS M KAYCCTBCHHAS, KOTOPHIE, K TOMY JKE, OKa-
3BIBAKOTCS B3AUMOCBI3aHHBIMH.

6. ®PAKTAJIbI: SMIINPHYECKOE PACCMOTPEHMUE

Opaxranam Kak aenuMol, GparMeHTHPOBAHHOW MaTepHU B MareMa-
THKE COOTBETCTBYIOT TAKHC JKE ACTUMBIC ()pAarMCHTUPOBAHHEIE MHOMKCCTBA.
ToHkoAMCTIEpCHAS MaTepUsl IMECT aHANIOT B BUAC Pa3PE:KEHHBIX, HYIbMEP-
HBEIX [0 TEPMHHOJIOIMH MAaTeMarWKH, MHOxecTB. Kak okazamocek, yHHBEp-
CanTbHOCTH (PAKTATOB COOTBETCTBYET HM3BCCTHAS B MAarTCMATHUKE YHHUBEP-
CaTBbHOCTD HYJIBMEPHBIX MHOJKCCTB.

OObekTEl U GOPMBL, KOTOPHIC MPUBEIYHO OIMUCHIBAIOTCS INAAKHUMU
(VHKUMAMY, TpH ONMDKAHIIEM PacCMOTPEHHH SIBISFOT COOOM HEPEryIip-
HBIC, TOPHUCTBHIC, TPAHYIUPOBAHHBIC, CCTCBBIC CTPYKTYPBI, KOTOPBIC MpHU
VBSJAMUCHUH PA3PEIIAOIICH COCOOHOCTH HAOMIOACHHUS HE CBOASTCS K TO-
MOTCHHBIM, OXHOpPOAHBIM oOpaszaMm. [lostomy moseacHue (u3MIecKux Be-
JVYUH HAa HUX OTJINYACTC HEOAHO3ZHAYHOCTBIO U OTPAHHYCHO, KaK IPABUIIO,
onpeaeIEHHBIMY MPOCTPAHCTBCHHO-BPEMEHHBIMH PAMKAMH.

IHpumep 1. PaccMoTpuM, HanpuMmep, U3MEPCHHE KaKOH-THOO YAENTb-
HOH BemuuHbI (oTHOCTH) Bemnectsa [ 11, p.8]. Mar BeraemsieM hU3NICCKH
OCCKOHEUHO MaIblil 00beM V Macchl m B Marepuasie U MOACUHUTHIBACM ILIOT-

m
HOCTb O = ? . Homoxwmm V' — 0.

HerpyaHo moHsTh Kax mwioTHOCT OyaeT BectH ceOst. O0macTs A = x; — X,
— 3TO O0NAcTh TaK Ha3bIBACMOM MPOMEKYTOUHOU AaCHMITOTHKU, LIS UMECT
CMBICT TIONB30BaThCA p Kak (usnucckoll BeawmauHoi (puc. 6). B obnactu
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V' <A cka3piBacTCsl aTOMHO-MOJICKYJISIPHAST CTPYKTYPA, M COOTBETCTBYIO-
e VPaBHEHMSA WM COOTHOINCHH, COAEPKAIIME IUIOTHOCTh MAacchl, IO-
MIPOCTY TEPAFOT CMBICI.

: aE

Puc. 6. IIpomexyTouHas acCHMIITOTHKA

IHpumep 2. (obpazosanue gopm). Kax MBI BBIICHUIH, MATCPUATBEHEIC
0OBEKTEl MOT'YT OOPa30BBIBATECS ABYMS MYTSAMH, ABYMS COBMECTHO ACHCT-
BYIOLIMMU MPHYIUHAMH CONY — diV, «CBEPXY BHH3» WM «CHH3Y BBepx». Kak
sameri C. Yimam, pasnet 4acTul] MpH ACACHUH W/HINA CIHUSHUEC WX [PH
VIUIOTHCHHUH, TO €CTh B KOHBCPICHTHOM MpOLECCE, MOYTH BCEraa OyayT
MPOUCXOOUTh O HernmaakmM, HeaupdepeHmpyeMbiM TpacktopusMm. CTomb
K€ HETHIIMYIHO TO, YTO, CTATKUBAICH, YACTHLIBI OVAYT Pa3ieTarbes, B AUBEP-
TCHTHOM MPOLECCE, MO ITIaJKUM TPACKTOPHSM, YTO OBIJIO 3aMEUCHO NEPBO-
OTKphIBaTeieM OpoyHOBCKOro asmkeHus [lepporom (puc. 7). B utore myTs
YacTUIBI B CPEAC, OKPY)KCHHOH JOPYTUMH 4YacTHULAMHU, BBIISAOUT IIO-
PasHOMY TPH PA3MUYHBIX YBEIHUCHUAX — IMAIKAs TPACKTOPHUSA HPU OTHUX
BPEMEHHBIX MaciiTabax HaOMIONCHHS NPU UX YMCHBIICHHH CTAHOBHUTCS H3-
JIOMAaHHOU, TOYHO TaK K€ KaK MOSBISIOTCS HOBBIC ACTANH NMPH HABCICHHUH
PE3KOCTH.

TeM caMbIM €CTECTBCHHOE 00PA30BAHUEC HEMPEPBIBHBIX JTUHUN HOpM
U TPACKTOPUH IBWKCHHS MOPOKIACT W3IOMAaHHBIC, Hernagkue, Hexudde-
peHIupyeMbie PyHKIUU. ITOT BaKT UMEET TOYHOS COOTBETCTBUC B MaTeMa-
THKEe — Teopema banaxa-MasypkeBuua yTBEPKAACT, UTO «IOYTH BCE HEMpe-
PBIBHBEIC (DYHKLUH OKa3bIBAIOTCS «Hexu(depeHuupyeMbMm». [aakocts u
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JubepeHINPYEMOCTh €CTh UCKIIOUUTEIBHOC ABJICHHE KaK B IPUPOIE, TaK
U B MAaTcMaTHKEC — KOHTPMAaTeMarmdecKas, Kazajaock Obl, MPHPOJA ECTECT-

BCHHBIX OOBCKTOB HA CAMOM ACHIC ABIACTCS TUITUIHO MaTCMAaTHYIC CKOM.

N
/A

*—

Puc. 7. Tpaexkropun yacTurl. J[unamideckas mpupoia QppakTarbHOi reoMeTpun

[TostomMy (uzHUecKUEe BEIUYNHBI, NapaMeTpbl U QVHKIUH COOCPIKAT
B ccOc MHOXKECTBA HPPETVAPHOCTEH, 0COOBIX TOUCK, PA3PHIBOB MPOU3BOA-
HBIX, POITb KOTOPBIX HAPACTACT MPH YBEIMUCHUH Pa3peIlaroIici crnocoOHo-
CTH M KOTOPBIE MCHSIOT CBOH (DPM3HUYCCKUI CMBICT HA Pa3HbIX MaciuTadax.
TaK, HapuMmcep, IIOTHOCTh MacCChl WM 3apsada NCpexoauT B INUIOTHOCTH
pacnpeaciacHust BepositHoCcTeH. OOBEMBI TICPEXOIAT B MOBSPXHOCTH, IIO-
BCPXHOCTU — B JIMHUH, TUHUU — B TOUYKHU. HOSTOMy A1 CCTCCTBCHHBIX O6’b-
CKTOB UMCIOT TOYHBIH CMBICI Takue MeTadophl Kak «BCICHEHHBIH 00BEMY,
«ITOBEPXHOCTD, COCTOAIIAS U3 TIOBEPXHOCTCH», «TOICTHIC JIMHUWY, (KIACTEC-
pb» BMECTO MaTEPHAIBHBIX TOUEK, TBEPABIX TEJ, HNOBEPXHOCTEU paszcia.
WNHeiMu cnoBaMu Ha MakpoypoBHE (pakTam — 3TO TEIO, HA ME30YPOBHE
(pakTagpHBIH 00BEM COBIAAACT CO CBOCH MOBEPXHOCTHIO, & B MpEACc Ac-
J'IGHI/IH/ KBaHTOBAHUA — € 3JICMCHTAPHBIMHA YaCTULAMU.

Bxkmrouus oOpaszoBanue (opM B NPUUMHHHYIO arMocdepy mporeccos
AUBCPTCHLMUN — KOHBCPICHLIMU, MBI TCM CaMbIM HCABHO BKIHOYACM B pac-
CMOTPCHHUE CBOMCTB MarepHy B3aMOACHCTBHS, OKPYKAOIIYIO CPEAY W/HIN
BHYTPCHHIOK CTPYKTYPY U IJHUHAMHUKY TEN, OOBCKTOB W MPOLECCOB. ITO
SHAYUT, 9YTO MbI OKa3bIBACMCA B O6J'IaCTI/I HCCTALMMOHAPHOCTH, «BIAa/IN OT
pasHOBecus». EcrecTBeHHBIC (paKTanbl JAFOT MHOTOUHCICHHBIC MPHUMEPHI,
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MOATBEPKAAIOLINE 3TY TOUKY 3peHHs. PaccMoTpuM THIIHUHYIO OCpEeroByio
JIVHUIO, OJUH W3 IOMYSIPHBIX IPUMEPOB PPaKTATEHONH FeOMETPHHL.

Puc. 8. Turmunas Geperosast TUHUS

Mbl BHAMM KpaifHE HM3IOMAHHYIO TPACKTOPHIO KaK JHHHIO pasicia
JBYX B3aUMOACHCTBYIOIMNX CPe — MOPS M cymH. Eciu MBI OTBIEUEMCS OT
reorpa)Uueckoro CMbICIA PUCYHKA, TO MEPEA HAMHU OKQXETCS IPAHULA Pas-
gena aByX (a3 — npocavyHBaHMs, MCPEMCLUIHBAHHUS OXHOU (a3bl B APYIVIO.
JTa IPOMEKYTOUHAS 00NACTh U €CTh 0071aCTh PpaKTanoB, WK Kak ¢¢ HA3bI-
BAIOT «TPAHHLCH WM JIe3BHEM Xaoca». Ha crieayromiem pucyHke mokasaHa
Gonee pa3BUTas KapTHHA.

Puc. 8.1. Jle3Bue xaoca
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Kak OpI10 yCTAHOBICHO MHOTOYHCICHHBIMH HCCICAOBAHHUSAMH B Ma-
TECPHATOBCACHHH, BHOUMBIC, ¢u3nueckue (pakraibl, €CTh CICAB HECTa-
LUOHAPHEIX MPOLECCOB B3aMMOICHCTBHUS, TO €CTh UMCIOT AMHAMHYCCKYIO
mpupoxny [19].

Tem caMbIM ¢pakTanpHasg Marepus SBILICTCS NOPOKICHUCM MPOLEC-
COB B3aMMOJCHCTBHS, B KOTOPBIX YUACTBYIOT MEXaHUUECKOEC ABIDKCHHE BMC-
CTC ¢ YHUBEPCAIbHOH mapoii opMooOpasyroIIuX MPoLEeCCOB conv-div, co3-
JAIIUX ¢ «CHU3Y BBEPX» U «cBEpXy BHH3». CneIOBaTCIbHO, pPealbHbIC
MaTepHaibl CYLICCTBYIOT HA TPAHHLC Xa0ca U MO3TOMY OHHApHOCTh HX
ctpoenus ecrectBeHHa. LlInpoko m3BecTHEIC MaTeMaTHUeCKHE (DPAKTaTbl U
METOJBI UCCICIOBAHUI UX CBOHCTB B TOM BHAC, KaK OHH MPEMIOAHOCATCS B
PYKOBOACTBAX, OTOPBAHBI OT 3TOM KapTHHBI B3anMoaciicTeui. [loatomy nx
3HAUCHHUE A MPAKTHKA MAaTCPHATOBEICHUS OIPAHIICHO.

HetpynHO MOHATE, YTO MOMYYHTCS, €CITH AOMONHUTH MOCTOSHHOC
JCHCTBUE CHI conv — div MPOLECCaMH MEXaHHYECKUX nepeMemenni. Tpa-
CKTOPHH 3THX TPEX MPUYHH 00Pa3yIOT CETh, V3Bl KOTOPOH B CBOKO OUEpeab
JOJDKHBL PaccMaTpuBarbes (MOJ YBETHYCHHEM) KaK KIAacTephl, TO €CTh CO-
CTaBHBIC, MPCACTABMISMIONNEC COOOM TAKHUE KE CETH. ITO MPOCTPAHCTBO HAa-
3bIBACTCA MacITaOHO-UHBAPHAHTHOM CETHIO (Scale-free network- anen.) nnn
JEPeBOMOAOOHOM peréTkoi (puc. 9).

Puc. 9. MacmraGHo-uHBapuaHTHas ceTh. OOMIHI BT

B »TOM mOpOCTpPaHCTBC TOYUKH SBISIOTCS KJIACTCPAMH, KOTOPHIC, B
CBOIO OYCPEAb, MPEACTABIIIOT M3 CE0S MacmTAaOHO-WHBAPUAHTHBIC CETH
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(puc. 10). Haubonee uzsecTHbIN mpumep — ceth MaTEpHET. AOGOpeBHarypa
WWW — «BcemupHas nayTHHa» uMmeeT Taioke cMbica Worlds Within Worlds
— «MHPBI BHYTPH MHPOB).

Puc. 10. MacmrrabHo nHBapuaHTHas ceth. OCpazoBaHUE KIIACTEPOB
(Meyers R.A. Encyclopedia of Complexity and Systems Science. Springer, 2010)

B CNOXHBIX TETEPOreHHBIX Cpeaax €H COOTBETCTBYIOT CIIy4aiHBIC
rpadsl. B Teopun koHaeHcHpoBaHHOH matepuu — rpadel Komm, pemmerku
Bpass. Cetu mponomkaroT YHUBEpCAIbHOCTh (PaKTaIoB B (PH3HMKE HA reo-
METPHUIO B3aUMOJCHCTBUA W, B TCOpUH, Ha mHGpopMaruky. OHH SBISIOTCA
VHHUBEPCATbHBIMHI BBIYHCIHTCIBHBIMUA CTPYKTYPAaMH, SKBHBAJCHTAMH Ma-
mvH ThIOPHHTa M KICTOYHBIX ABTOMATOB M COCTABJIIOT OAWH M3 Pa3AcioB
«uupposoii punocodun» ¢ e€ uneeii nporpammupyemoii marepuu [20]. Ce-
roJHA 3Ta NapajiurMa MpeAcTaBIeHAa HEUPOKOMIIBIOTEPAMH, HEUPOCETEBOU
HUJCOIOTHEH MOAECIUPOBAHUSL.

Cetu ABISIOTCS CTOJb K€ BE3ACCYLIUMH, Kak U (pakransl. OHH 110-
SIBIIIIOTCS B (PU3UKE, OMOJIOTHH, COLUATIBHOMU chepe, sxkoHoMuKe [21].

[IpencraBum cebe, ITO MBI MOMECTUIUCh B TAKOU CETCBOH MHp, TO
€CTh BKIIIOYWIIN BHYTPCHHIOID KOOPIUHATY pasdMepa B ONMHCAHUE NPOCTPaH-

24



c¢TBa U Marepun. YTO MOKET MPOUCXOAUTh C KJIACTEPOM (ppakTanbHOH, TO
€CTh ACTHMOM, Marepuu? B 3aBHCHMOCTH OT €ro MpHPOABI BEILICCTBA BO3-
MOKHBI CJICAYIOIIHNE IBIKCHHS

® TICPEMEIICHUE MO AYTaM Kak LEI0€, MCXaHHICCKOE JBIKCHHE,

o nedopmanms, H3MEHEHUE CTPYKTYPH U POPMBEL;

® IBIKCHHE BLIyOb, AUCICPrHPOBAHKC, KBAHTOBAHUC C H3MCHCHHEM

CBOMCTB;

® IBIDKCHHE BBEPX U CIMSHHUE C APYTUMH KIACTEPaMU, POCT U 3aXBaT;

® VIUTOTHCHHUE CITUSHHEM 3JICMCHTAPHBIX YaCTHL, POKICHIE

® PACCESHHUE MATCPHH U3TYUCHHEM 3JIEMCHTAPHBIX YACTHII.

TeM cambIM MBI HA KaU€CTBCHHOM VPOBHE, UCIOIb3YS JAHHBIC (QU3H-
KW, CMOIVIM VBHACTH BO3MOXKHBIC TpaHc(opManny MaTepuanbHEIX 00paso-
BaHUH, PacUIUPUB TCOPHIO | e1pMromena nmpoueccamMmu, KOToprie creruud-
HBl JUII XUMHYCCKOW HAyKH — H3MCHCHHE CBOMCTB, MOTEPS M 3axBar
3MEKTPOHOB, U3MECHEHHE CTPYKTYPHI U TOMOIOTHH, POCT U T.A.

B 3toM, cOOCTBEHHO, M 3aKIFOUACTCH (hPAKTAIBHBIA CIOCOO HAOIIO-
JCHUS. BHACTh OOBCKT B JBYX PEKHMAX — INA3aMH U PyKaMH Kak LEI0c U
«BOOPYKEHHBIM» YMOM, TCOPETHUCCKH — KaK YacTH U B3aUMOJCHCTBHA, T.C.
KaK COCTaBJICHHBIM Napoi cony — div. ®pakranbHbI 00BEKT MOXKHO YIIOTO-
OuTh VueOHUKY (H3UKH, KOTOPBIH YCTOBEK ACPKUT B PyKax. JaKPBITHIH —
OH SBJSICTCS MPEIMETOM € MCXAaHHUYSCKUMH CBOUCTBaMHU. OTKPBITBIA — MO-
TPYKaET B IPOCTPAHCTBO CBOMCTB Marepuu. B 310l ABOMHON ONTHKE MBI U
OvaeM u3ydath PpaxTansl IPUMECHUTEIBPHO K MATCPHATIOBEACHHIO B OTIHIHC
OT MPSIMOTO MPUMEHEHHS (PU3HUCCKHUX TCOPUH K (PaKTaANbHOH IreOMETPHU

PCATBbHBIX MaTCPUAIIOB.

7. ®PAKTAJIBI 1 HEJTUHEMHASI IMTHAMHAKA

Mpsl onmcanu BBIIC SMIMPUYCCKUU, OMBITHBIA MyTh, KAKUM MOHO
MPUATHA K OOBSICHCHHIO (PCHOMEHA U CBOHCTBAM (hPAKTAIBHON COMCTPHUH.
CylnecTBYeT ABa TCOPSTHUCCKUX UCTOYHHKA 3TOU MIACH — HCJIMHCHHAS IU-
HAMUKa U Teopernucckas uHbpopmaruka. 00a 3THX HUCTOUYHUKA SIBISIOTCS
JBYMs TOIFOCAMH HEIUHCHHOCTH. KOPOTKO MX OMHMIINEM C ICJBIO BBISIBUTH
TO OOIIEE, UTO UX OOBCIUHICT.
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He.]'lPIHeﬁHbIe 3ABHCHMOCTH — ypaBHeHI/IH, JAUHAMHUYCCKUC CHCTCMBI,
JIABHO HM3BECTHHIC B MATCMATHKE W MPESACTAB/IMIOIIME COOOM OorareHimyro
obnacte. Ee make Ha3pIBAIOT rPAaHHUICH MEKIY UCKYCCTBOM M HAYKOH M3-32
KpacoThl 00pa3oB, KOTOpEIE MopoxiaroTcs cto [22]. Henunelineie 3aBucH-
MOCTH — 3TO HPOLECCH ¢ OOPaTHOH CBS3bIO, WM aBTOPC(EPCHTHBIC MPO-
mecchl. Mx obmuii Bu;

x=F(x,c),

LIC ¢ — mapamerp.
ITHM 3aBHCUMOCTSIM COOTBETCTBYIOT JIOTHUCCKHUES (DOPMYITBI:

(x=A)A(A=F(x,c)) & Ar-4

3[ECh 3HAK — O3HAYACT OTPULAHUE YTBEPKACHIMA 4.

IMocnemuss dopMyna sSBASCTCS JTOTHMUYSCKUM BBIPAKCHUCM AHTHHO-
MHH MATCPHUH U M3BCCTHA KAK OTPHIIAHKC 3AKOHA MCKIIOYCHHOTO TPETHETO.
Hist Teopun ppakTanoB UMEHHO 3A€Ch HAUUHACTCS JIOTHKA, 3ACCh BO3HHKA-
FOT BBIYUC/TUTEIBHBIC MPOOICMBI H TCOPESTHUCCKHUE MICPCIICKTHUBBI,

M3 31Hx 3aBUCUMOCTEH MOMYYAKOTCS TaK HA3BIBACMBIC PEKYPPCHTHBIC
WTCPATUBHBIC 3aBHCUMOCTH, 00IIHE (PUBHMKE, TCOPSTUICCKOH HH(DOPMATHKS
U JIOTHKE:

X0 =F(x,,¢) Xy, =a c,a =const .

PeayasratoM 3TOM AMHAMHUKU SIBISICTCS MOC/ICA0BATCIBHOCTh TOUCK,
MHOXeCTBO Ha ocu OX unu B roiockoctu XOY:
M= 4,,x.%,,...

KOTOpPOE MPOSBISAET CBOMCTBA, XapaKTepHbIC A (pakranos u xaoca. Pas-

X

s Nyt

nuuHble BuAbl GyHKuMH F(X,C) Aar0T pasnuuHbic (QpakTanbHBIC 00passl.

PaccmoTpum npumepst. Kaxaprii 3 HUX uMeet OONBIIVIO TUTEPATyPy B He-
JUHEUHOM IMHAMUKE U TEOPHUH Xaoca.

1. Muoxecteo Manaennopota (puc. 11) (Mandelbrot set — anen.)

X, = xj +c,
LJC X, ¢ — KOMIUICKCHBIC YHCIA.

ITO MHOKECTBO SBJIICTCS OJHHUM HX CAMBIX CIIOXKHBIX B MATCMATHKE
u nocnyxkuno P. [lenpoyszy motmBoM ans ¢GopMyTHPOBAHUS THIIOTE3Bl O
CYLICCTBOBAHUN HEPEKYPCHBHOH, TO €CTh HEBBIUHCIUTCIBHONH BETBU MarTe-

MAaTHKH.
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Puc. 11. MHuoxkecTBO Man 1en60poTa Ha HECKOIBKUX MaciiTadax

2. Moaennb pocra nomyasinuu — ypapHeHne ®epxwrosicra. Jloru-
cTuyeckoe ypaBHenue (Logistic equation — anen.)

[ycts X, — HaYaTBPHASL YUCICHHOCTD MOMYIBILUH, X, — €€ YHCICHHOCTb
uepes # net. Ecmu R — ko3 puuueHT npupocta, 3aBUCAIIUN OT YUCICHHO-
CTH X, T.C.

R= KXo =X

X

n

u R=r(l-x,),

[JIC ¥ — KOHCTAHTa, TO AUHAMUKA YHCICHHOCTH MPUMET BH:
2

X, =1+rx,—rx,.

Kax mokaspiBacT aHaIM3 MOBCACHHUS 3TOM TPACKTOPHUH, OHO BEChbMa
CIIOYKHO M CHIbHO 3aBUCHT OT 7 OHO M3BECTHO Kak CUCHApUH mepexoma K
Xa0Cy MyTéM «yABOCHUS MEPUOAA», XOPOLIO HCCIECIOBAHO U MMCET OOraryro
JUTEPATyPy BBHAY NIMPOKOTO CICKTPA MPHIOKCHUM JTOTHCTHICCKOTO ypaB-
HeHus (puc. 12).

B marepuanoBeIcHUM TakOM OKa3bIBACTCSA JUHAMHKA PACTBOPCHMS

okcuaos [23].
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05/

Wya
Puc. 12. YaBoenue niepuojia. Jloructuueckoe ypaBHEHUE

3. Mogear Jlopenua B mereoposoruu (puc. 13) (Lorentz attractor
—anai)

ITO UCTOPHUYUSCKU TICPBAsi MOAC/b, B KOTOPOH ObIJIO OOHAPYKESHO CY-
mectBoBaHue xaoca. OHa mpeacTaBIseT cOOOH CHUCTEMY MPOCTHIX HETH-
HEHHBIX YpaBHCHHMH. B Hactosmee Bpems OHa HCIOIB3YETCSH KaK OCHOBA
MOIX0JA K OMHCAHUIO SBJICHUN B KOHACHCHUPOBAHHOU cpeac [24].

X =a(y—x)
y=p-y-xz
z = —fx+xy

TIe O, P, P — YOpaBIIOMKE mapaMeTphl

Puc. 13. Atrpakrop (6abGouka) Jlopertia (Nikkiel S. Iterated Function Systems for Real-Time
Image Synthesis. Springer, 2007)
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4. Oto0paxeHue «TpeyroabHUK» (puc. 14) (binary tent map-anai.)

P aZ, Z, € lly;
" a(l-Z2,) Zne%,l_

10 oTOOpaAKEHUE TECHO CBsi3aHO ¢ arrpaktopom Jlopenia. OHo siB-
asgeTcs rpaduKoM ero MakcuMyMoB. Kak caMocTosTepHas HeMHEHHAS 3a-
BHCUMOCTb OHO TaKXKC HPHBOIUT K (PpaKkTaIbHOMY PaCHpENCICHHIO TOUCK

Ha OCH.

Puc. 14 OroGpaxkeHue «TpeyroIbHAK

5. IBymepHOe auccHNaTHBHOE npeo0paszoBaHue nekaps (puc. 15)
(baker’s transform-anzn.)

2-x,
Xon a-y% X, € l)’y;
2-x

Youn ‘X,
a-y, +%

a — mapameTp

X, € 12,1 i

¥ ¥ ¥

l | l\\\\\\
\\\\\X\\ ANNNNN

\\\\\ \\\\\ SN NANN

x L
0 1 0 1 . 0 1 X

Puc. 15. IIpeoGpasoBanue riexapst
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6. Cnur Bepuyauu (Bernoulli shift-anrn.)

X, =2x, (mod 1)

2nxn OanS%
X, =
T lox,, %stl

[Ipencrapmsger coboil 0MTHOMEPHBII BAPHAHT MPEOOPA30BAHMUS MIEKAPAL.

7. Muozxxecteo Kauropa (puc. 16) (Cantor set — anen.)

OnHO 00pa3syeTcst BBIPE3aHUEM CPCAHHUX TPETCH WX CAMHUYHOTO HH-
Tepeana Ha ocu OX. 3TO MHOKECTBO YacTO YIIOMHHACTCS B CBA3M C (ppak-
TaNbHOU MPUPOAOH MaTEpUH.

N
I B
Il . .-
il 11 if il .-
i i | | | B

Puc. 16. KantopoBo copepiiieHHOe MHO%ecTBO C

O6H.II/IM CBOMCTBOM DOTHUX U APYTUuxX AUHAMHUYCCKUX CUCTCM ABJIACTCA
TO, YTO OHU (PParMEHTHPYIOT HadMAIbHOS (ha30BBIC MPOCTPAHCTBA, T.C. ACH-
CTBYIOT «CBEPXY BHH3», OpPOXKIas (PpaKkTaabHOC HUX PACHpEacICHHE. DTO
TAaK HA3bIBACMBIC JUCCUIIATHBHBIC JUHAMHWYCCKHUC CUCTCMBI. Bce onn Moac-
JIUPYIOTCA ABUKCHUAMU CTPOK CHUMBOJIOB, 6€CKOH€‘IHLIX B 066 CTOPOHBI,
KOTOPBIE M3BECTHBI Kak cABUT bepHymim:

a=...a_d

—n" —n+l

a .a,aaa,...a

—n+2 ° m*re

KOTOpbIC KOOUPYIOT (parMeHTaruo MHOoxecTBa. PopManbHO 0COOECHHO-
CTBIO 3TOM MOJCNH SIBIIICTCS TO, YTO B MPOCTPAHCTBE OCCKOHCUHBIX B 00C

CTOPOHBI CTPOK CTPOKHU KOHCYHOM AJIUHBI KOAUPYIOT OI‘paHI/I‘IeHHbII\/'I Auara-
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30H MaciiTaboB. VX nBUKCHHE CYIIICCTBCHHO PA3IHYHO B 3aBHCUMOCTH OT
TOTO, MPOUCXOANUT OHO BIPABO WJIH BICBO. BripaBo 0HU ACHCTBYIOT KOHBEP-
TCHTHO, MOACITUPYIOT VBCIUUCHHUC TIOPSIKA, BICBO — BKIIIOYAIOT JUBCPTCHT-
HBIC MPOLECCCHI, MPOUCXOMUT YBCIUICHUE HCONPEACIEHHOCTH. DTO SIBICHUC
moapo6Ho pacemorpeHo M ITpUroKuHbIM ¢ TOUKH 3PSHUST HABSACHHUS MOCTA
MCXKIY JUHAMHAKON U TCPMOIUHAMUKOH [23].

Ecnu anpuopu npuHumarh (ppakTanpHYIO CTPYKTYPY MaTCpHUH, TO
MPOCTPAHCTBO CTPOK MPSACTABIACTCS OOJICe MOAXOASIIUAM KAHIUIATOM Ha
POJIb IPOCTPAHCTBA MPOLICCCOB MATCPHUATBHBIX TIPCBPAINCHUM, HCXKCITA CBK-
au0B0. B 3TOM mpOCTpaHCTBE €CTCCTBCHHBIM 00Pa30M BO3HHKACT KOOPIU-
HAaTa ACIUMOCTH, MPU ABIDKCHUHU MO KOTOPOH MPOUCXOIUT U3MCHCHUC Pas-
MEpa MaTepUATbHBIX O0pa30BaHUN. JTO U €CTh Ta OONACTh, B KOTOPOH
HCJMHCWHAS JUHAMHKA TCPCCEKACTCS ¢ (DOPMAJBbHBIMH SI3BIKAMH TCOPETH-
ueckor mH(popMmartuku. [IpoCTpaHCTBO CTPOK SIBISETCS OCHOBHBIM B 3TOH
HAyKC.

31eCch BO3HUKACT 33Ja4a, HE PCIICHHAS M0 CHX MOP — BO3MOXKHO JIH
0 JAHHOMY COCTOSIHHIO MATCPHUH BOCCTAHOBUTH JUHAMHYCCKYIO CHCTCMY,
koTopas mopokaana Obl ee? B sTOM ciayuae okazamoce Obl BO3MOXKHBIM
MPHUBJICYCHNUE MOIIHOTO AIMapaTa TCOPUH AUHAMHYCCKUX cucteM. OQgHako
MPOONEMATHIHOCTE MPSIMOTO MCIIOIb30BAHUS HETMHCHHON THHAMHUKH B Ma-
TCPUATOBCACHUN 3AKJTIOYACTCS B PA3IHYHH UCXOTHBIX TCOPETHUCCKHUX ITO-
summii. HeamHEHHBIC 3aBUCUMOCTH MPHUHAIICKAT aKCHOMATHYCCKON Mare-
MATHKE, KOTOPAs UCKIIOYACT KOOPAUHATY ACIUMOCTH, a 3a0a9H TCXHOIOTHHI
MaTEePHUAIOB HAYMHAIOT ¢ OOBEKTOB, TO €CTh MHOKCCTB, B KOTOPBIX JCITH-
MOCTb SIBJIICTCS CYIICCTBEHHOM CTCIICHBIO CBOOOIBI.

Kak ObL10 mMOKa3aHO MHOTOYHCICHHBIMU UCCICAOBAHUIMHU, UACH HE-
JAUHCHHOCTH uepe3 pparMeHTaruio (asoBoro MPOCTPAHCTBA BEACT OT KIIAC-
CHUCCKUX MOJCIICH KOHCCPBATUBHBIX CHCTCM HBIOTOHOBOM MCXAHUKH UCPC3
CTAaTUCTUICCKUC 3aBUCUMOCTH U JUCCHIATHUBHBIC CHCTCMBI TCPMOINHAMUKHU
K JUCKPSTHBIM MOJACISIM — KJIICTOYHBIM aBTOMATaM H, Jaiee, K (PopMaabHBIM
SA3BIKAM TeopeTHIecKkol HHpopMaTuku [26].

[Tockompky TeopeTnueckas HHpOpMATHKA HE OTHOCHTCS K TPaAULIU-
OHHO H3YYaCMbIM JUCIHUIUTMHAM [UKIA (PU3UKO-XUMHUCCKUAX HAYK, CACIACM
HEOOIBIIOE OTCTYILICHUE H OCTAHOBUMCS HA €€ 3HAUCHUH [T AATbHCHIIC-
IO U3ITOYKCHUS.
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8. TEOPETHYECKASA UHO®OPMATHUKA —
CBsA3b C ®PPAKTAJIAMHU

[lepeHocs paccMOTpeHHE W3 €BKIMAOBA NMPOCTPAHCTBA B (ppaxraib-
HOE, MBI OKa3aJHCh B NPOCTPAHCTBEC TCOPCTHUSCKOH WHPOPMATHKU. ITO
MPOCTPAHCTBO, HA3BIBAEMOE NOMCHAMHM, H TCOPHH, OCHOBAaHHBIC HAa HHX
(domain theory-amen.), IBUAOCH OTBETOM HAa HEAJACKBATHOCTH CBKIIHIOBA
KOHTHHYYMa JJIs1 PEKYPCHBHBIX M HEITUHECHHBIX IMPOLIECCOB, KOTOPBIC, KaK
MBI BHICIH, MOPOKIAT OCCKOHEUHOE (hparMCHTHPOBAHHE KaK MATCPHUH,
Tak ¥ (azoBbIX NpocTpaHcTs. [1osTOMY MPEACTaBISIECTCS TOTHIHBIM B 3TOM
cIy4Jac HE UTHOPUPOBATH TCOPHIO JOMCHOB, a BOCIONB30BATLCI TEMH €€ Pe-
3yAbTaTaMH, KOTOPHIC HAa CETOAHALIHUNA JCHb MOTYT OBITh MPHOOIICHHI K 3a-
JadaM MaTepHATOBEICHM.

OCHOBHBIM TIPOCTPAHCTBOM KOMIBIOTCPHBIX HAYK U METOJOB SIBILICT-
€S KAaHTOPOBO COBEPLICHHOEC MHOXKECTBO (' — MHOXKECTBO ABOHYHBIX CTPOK
MPOU3BOJIBHOM JTHHEL, TO €CTh UMECT (PPaKTANBHYIO MPHPORY. JTOT (akT
COCTaBICT COACPKAHUC MATEMATHYCCKOH YHUBEPCATBHOCTH KOMITBIOTEPOB
— IPOCTPAHCTBO COCTOSHUHA KOMIIBEOTEPA TCOPETHUCCKH €CTh IPOCTPAHCTBO
BCEX OMHAPHBIX CTPOK, TO ecTh C.

Teopusamu nHbOPMATHKH SBIIOTCA (QopManbHbIC s3bIKH. Popmats-
HBIH S3BIK COCTOHT U3 an(aBUTa — MHOXKECTBA CHMBOJIOB, CJIOB — KOHCYHOTO
YHCIa CUMBOJOB an()aBUTa, H COOCTBCHHO f3BIKA — KOHCUHOTO HIH OECKO-
HEYHOTO MHOXKECTBA CJIOB, COCTOAIINX U3 CUMBOJIOB andasura. O0penuHe-
HHUE CHMBOJIOB B CJIOBA M CIIOB B fA3BIK MPOUCXOAMT IO ONMPEACIEHHBIM Mpa-
BHJIAM, Pa3IU4YHC MEXKAY KOTOPBIMH M OINPEACTACT CBOHCTBA M BBHIPA3U-
TETBHBIC CIIOCOOHOCTH SI3BIKA.

K dopmanbHBIM s13bIKAM OTHOCHTCS BCS TOTHUYCCKAS M BEIYUCIUTCIIb-
Has TCXHHUKA MaTEMATHUCCKUX TCOPHH U METON0B. MHOKECTBA HCTHHHOCTH
U 3HAQYCHUH WX BBIPLKCHHUU SBIMIOTCS THIMYHBIMH M Pa3HOOOPA3HBIMU
¢pakranamu. [losTomy HepaspbiBHas CBiA3b (PpakTambHO-XAOTHICCKHX 00-
Pas3oB C BBIYHUCIUTECIBHBIME HPOLCAYPAMH 3aKOHOMEPHA M OTPAXKACT CYIIC-
cTBO Aena. PpaxraabHOCTD ATHX MPOLECAYP OCHOBAHA HA SIBICHUH S3bIKOBON
HOMHUHALUH KU (GOPMATBHO-I3BIKOBON ONPEACTAMOCTH. YBCITUUCHHUIO YUC-
Ja WUTepauui B HEJMHCHHBIX 3aBHCUMOCTIX, MPHUBOMAIIUX K MPOIOIIKAKO-
mielicss pparMeHTalUN MPOCTPAHCTBA, COMYTCTBYCT YBEIWYCHUC IIHHBI
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CTPOK — (OPMATBHEIX BHIPAKCHHH, OMPCACIIOINX UX MOJIOKCHHE B HeE-
papxun. DTO YATHHECHUC U €CTh aHANOT VATHHCHUS/YTOUHEHHS (hOPMATbHOU
ONPE IS TUMOCTH.

Cerogns Teopernueckas HHpoOpMaTHKa BHIIIIA JATCKO 33 MPEACIbI
BCIIOMOTATeIbHONW JUCHHIUTHHBL. B €€ paMkax moCTpOCHBI aHanoru (Qpusu-
YECKUX TCOPUH U METONOB, KOTOPHIC BHOCAT HOBOC MOHHMAHHC SBICHHI.
B aroii Hayke pazpaboTaHbl pa3mUIHBIC TCXHUKH MPEICTABICHUS PEaIbHBIX
00BEMOB, TCT U TMOBEPXHOCTCH PA3TUYHON CIOKHOCTH. JTa Ta YacTh
TCOPUH MATCPUH BOOOINE, KOTOPas MOJHOCTBIO OTCYTCTBYET B DIAAKOH
MareMaTHKe, TAe, KaK HAIPUMEP B MEXAHHUKE CIUTOLTHOH cpeabl, 0OBEMBI T
U CPEl CUHTAIOTCA 3aJaHHbIMH. braromaps umHpopMarnke MOXHO H3y4aTh
00BEKT OZHOBPEMCHHO KaK LICJIOC M KaK CTPYKTYPY M3 CBOMX COCTABHBIX
yacted. B 3ToM € TeopeTHueckoe MpeuMyIIeCTBO O CPABHEHHIO € KIIacCH-
YECKOH MareMaTuKod — OHa «BUAUT» OOBEKT B onTHKe mpodreMel Enunoe-
MHoroe.

HoBbiMM W Tak k€ BaKHBIMH SBISIOTCS JTOTHYCCKHE MPOOIEMBI,
KOTOPBIC OOBIYHO OMYCKAKOTCS B (PU3NKO-XHUMHUYIECKOM 0OpPa30BaHUH B TIOTb-
3y auhdepeHIMANTBHBIX YPABHCHUN U cuuTaromux Metonos (cM. [punoxke-
uue 1) [27].

Teopetnueckas HHPOPMATHKA CTYKUT BTOPBIM HCTOYHHKOM IMOPOXK-
aeHus ppaktaabHbix QuUryp u o0beKTOB. 3AcCh padoTarOT 004 HPUHIHIIA
«CBEPXY BHH3» H «CHH3Y BBepx». «CBEpXy BHH3» UHPOPMATHKA KOTUPYET
HETMHECHHYI0 AWHAMUKY. B ocHOBE MH(OPMALMOHHOIO aNrOPUTMHYCCKOTO
MOAXOJAA «CHHU3Y BBEPX» K MOCTPOCHHUIO TEOMETPUUECKUX MoA00HHi 00pa3os
(hpakTaIbHBIX MPHPOAHBIX OOBEKTOB MOCITYKWIA AHAJIOTHA MEKAY Gop-

MaJIbHBIMU $13bIKaMHU U JPEBOBHUIHON reOMETPHUEH pacTeHUH.

8. IlpumepsI nopo:kaeHHs (PPAKTANOB KCHH3Y BBEPX»

L-cucmemv. Haubosnee uzBecTHBI L-CUCTEMBI (MO MMEHH OMoOora
A. Jlurgemaiiepa), KOTOPBIC HUCHOIB3YIOTCS ISl OMUCAHHS POCTA OHONIOTH-
YECKUX OOBEKTOB. JCPCBHEB, PACTCHUH, OPraHOB YCIOBCKA, KOJOHUH MUK-
POOPraHU3MOB H HCOPraHMYCCKHUX MATCPUATBHBIX OOBCKTOB, B KOTOPBIX
VraaplBacTCA APCBOBHIHAA M CCTCBAs CTPyKTypa. Ecnm Momenmu HETWHCH-
HOHM AMHAMUKH CO3AAIT (PpaKTanbl ACICHHUEM, TO €CTh KBAHTOBAHHUEM, IHC-

nCprupoBaHUCM UCXOAHOTO MATCpHUaa, TO L-cuctembl CO34ar0T UX IoCpCa-
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CTBOM T'CHEPAL[UH COOBITHI — BETBICHUECM, CITUSIHUEM. 1O €CTh JCHCTBYIOT B
0o0OpaTHOM HAMPABICHHUU, C MPOTHBOMO/IOKHOTO KOHI[A MJIOTHOCTH OOBEKTOB.
L-cucteMbl IPEACTABISIOT COOOM TPOUKY:

L=(4,.,4,PF),

rae A, — akCHOMa, HAYATbHBIN O0BEKT (KJICTKA, HCTOK, 3¢PHO); A; — andaBur,
TCOMETPHUYCCKHE MIAONOHBI, KOTOPBIE (GOPMHUPYIOT 00pa3; P — NpOAYKLINH,
MPaBU/IA, ONPEAC/SIOIKEe (POPMHUPOBAHUE MOCICAOBATCIBHOCTH CTPOK, CO-
CTABJICHHBIX U3 3JICMCHTOB aji(haBUTA.

B wurtore mocieaoBareabHOCTE LEIOCTHOTO OOPA30BAHUS BBHITTISLAUT
Kak Ha puc. 17.

=)

TS 4 | N

F o
g e o

Puc. 17. [leitictBue L-cucteM

PasnooOpasue [L-cuctem HaciaeayeT pasHooOpazue (hopMaabHBIX
SI3BIKOB, KOTOPOE JICKUT B HX OCHOBE — HEPApXUH XOMCKOTO. JIBE OCHOBHBIC
TPYIIBL SI3bIKOB COCTABIIIOT PETY/SIPHBIC, KOHTCKCTHO-HE3aBUCHMBIC H
KOHTCKCTHO-3aBUCHMEIC. B perymspHsix GpopMHpOBaHHE CTPOK HE 3aBHUCHT
OT OKPYKCHHSI CHMBOJIA W OMPEIAC/ICTCS TOJABKO NPCABAPHTCIBHO 3aJaH-
HBIM TNPAaBWIOM. B KOHTEKCTHO-3aBHCHMBIX BBIOOP MPABHIA 3ABHCHT OT
OMKAHIIUX COCEACH CHMBONIA. JTOH IPYIIE COOTBETCTBYIOT MPOLICCCHI C
MaMSTBIO B (DH3HKE.

Taxke BO3MOXKHBI BAPHAHTBHI JCTCPMHUHUPOBAHHBIX [-CHCTEM, IIC
BBIOOpP MpaBHIa OJHO3HAYCH, W HCACTCPMUHHPOBAHHBIX, CO CIIyYAHHBIM
BbIOOpOM TipaBu GopmupoBanus. CyIEecTBYIOT ABE OONBIINE PASHOBHIHO-
CTH 3TOH TCXHHUKH — TIOCICIOBATCIBHBIC U MAPATUICIBHBIC IPOLICCCHI.
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O6o0meHneM L-cucteM SBISCTCS KOHCTPYKTUBHAS T'COMETPHS TEIL,
KOTOpasi MPECTABIIICT COOOI YeTBEPKY, IICPBBIC ABA YICHA KOTOPOIl T XKe,
yTo Uy L — cucTeM.

Const. Solid Geom. =(A4_,4,,P,B),

HO 37€Ch B ONPCICICHUH A3bIKa MOABIACTCSA B HAOOp TOTHUYCCKUX OYIACBBIX
onepauui, ONpeaCISIOMUX BO3MOKHEIE KOMIO3UIMH npeodpazosanuii. Ha-
6op mpasun P Takke pacmmupsercs. YacTo CHHTaKCHUECKHE IPaBHIA JO-
MOJHSIOTCS MPABHIIOM ICOMETPHUYCCKUX NpeoOpa3oBaHUM WIIN JBIDKCHUH B
HMPOCTPAHCTBE.

[IpuBeaéM mnpuMepsl  PH3UYCCKUX MPOLECCOB, MOPONKTAIOIINX
(npen)dpaxranpHbie oOpazosanus. OHHU MOTYT paccMaTpUBaThcs Kak Qu3u-
YECKUE BAPHAHTH KOMIBIOTCPHOTO MOPOKACHUS M arperaiy COOBITHH O
MPUHIAITY «CHHU3Y BBEPX).

9. ®pakranbHoe (ApodHOe) OpOyHOBCKOE qBHKeHHE — fBM

HpobHoe, dpakragpHOS OPOYHOBCKOS ABHKCHHE €CTh MO CYTH LA
BOCITPOU3BSACHUE MHOTOKPATHOTO CTOJIKHOBCHHS — PA3/ETa YaCTHUIl, KOTO-
POE SBIETCS BOILIOMICHUE MPOLIECCOB KOHBEPICHIIMN — JUBCPICHIUU (CM.
BBIIIIC).

OCHOBHBIMH TIPSAMCTHBIMYM MOJACISIMH, OCHOBaHHbIMM Ha fBm, sB-
asirorest  auddysuonHo-orpanudcHHbie arperaip DLA u  peakimoHHO-
orpanuucHHbIC arperarun RLA.

10a. Arperauusi, HanpaBasiemas auddysueii — DLA, diffusion-
limited aggregation

[Iponiece coO3maHMA/MOACTUPOBAHUS 3aKIIOYACTCA B TMOPOKICHHUH
YaCTHI pa3THYHON GOPMEI U pasMepa, KOTOPBIC 3aTeM HaYHHAOT JBUTAThCS
B IPOCTPAHCTBE OPOYHOBCKHM OOpPazoM C Pa3IMYHBIMHU MapaMeTpaMH CME-
HIeHUA U aucnepend. HavaneHag cTpykTypa HenoaBkHA. biaykaas Bokpyr
HEE, YaCTUIA MOXKET TUO0 MPUMKHYTh K HeH, MO0 YUTH U3 001acTH HACOB-
cem. [punmunimre wacTHubl GOpMHUPYIOT pa3pacTaroIyrocs KISTKY — arpe-
rar (puc. 18). s BKIOUCHUS 3TOTO MPOLIECCA YaCTO UCIOJB3YETCS YpaB-
HeHue Jlamnaca Broporo mopsaka.
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a b
Puc. 18. O6pazoBanue DLA xiactepa

106. Arperauusi, Hanpabjsiemass peakuueii — RLA, reaction-
limited aggregation

Mexannka 3toro npouecca aHanorudda DLA, Tonpko mponecc gBu-
JKCHUS-TIPUITUIIAHUS  VIPABILICTCS XUMUYecKuMHU mnapamerpamu. OH o0y-
CIIOBJIEH NOPUPOAOH XUMHYECKOH CBS3M MEKAY MOJEKYIAMH, VYaCTBYIO-
muUMHU B PCaKOuu, CTCPCOXUMUYUCCKUMU OI'PAHUUCHUAMU, 3Hep1"eTI/IKOI\/'I
PCaKIHH.

Teopusi MOZOOHBIX MPOLIECCOB HE MOANACTCH CHCTEMATHUCCKOMY
OMMUCAHUIO W3-32 KPAHC CIOKHOW TeoMeTpuM MOBEepxXHOCTCH. Iloatomy
reoMCTpuUA ABJIAACTCA, MO CYyTH, OTACIBHBIM HC3aBUCUMBIM MAPaAMCTPOM B
J'Ia60paTOprIX U IMPOMBINIICHHBIX 3KCIICPUMCHTAaX. B PCATBHBIX YCIOBUAX,
KaK TMPaBHJIO, MPUCYTCTBYET LEIBIH CHCKTP Pa3THYHBIX (OPM MOBEPXHO-
crell u/unu ux AehEKTOB. ITO MHOrOOOpasHe MOPOKIACT CICKTP CBOMCTB
MaTcpHasoB, VIACTBYIOIIUX B Mporecce. byayuu BHYTPECHHNM HapaMeTpoM,
TCOMETPHS HE MOAJACTCS OMHUCAHUIO KIACCHIECKUMH METOAAMH — UCUE3aCT
MPH YCPEIHCHUH WIN KAKOM-THOO0 BHJEC aHATH3A.

HpaKTI/I‘ICCKI/I MOXHO IOBOPUTDH JIUINDb O 3aBUCUMOCTHU 1UCIA CBOIICTB
MaTcpuajIoB H/UIN OCOOCHHOCTCH PearHpyroIUX MOBEPXHOCTCH OT YPOBHS
HabmoneHus/Maciradba usmepenus [28]:

. D
YUCTIO CBOTICHE = MACULMAO ,

rae D — dpakranpHas pa3sMEpPHOCTD MPOLIECCa (CM. HIDKE).
IMosToMy YHCIO UCCACAYEMBIX CBOHCTB SBISICTCS (PYHKIIHECH METOIOB
U TCXHHUKH U3MCPSHUH, XapaKkTepa B3auMOICHCTBUS ABYX Cpea ¢ (paKkTaib-
HO¥ 30HO# KoHTakTa. OMHOMACINTAOHOE U Y3KOCTICHUATH3HPOBAHHOS U3ME-
PCHHE M OTIMCAHUE TCPSIFOT CMBICI.
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Ucxonnan momens RLA A Teropunra (1952 r.) peaxuun-auddysuu
JBVX BELICCTB. akTUBAaTopa A U HHrHOUTOpa / BRINIANUT CICAYIOMNM 00pa-
30M:

%:F(A,[)+DAV2A+]'A,

% =G(A,DH+D,V’I +j,,

rae A, [ — KOHIICHTpaLuK akTuBaTopa u uaruduropa; F, G — GyHKUMU KUHE-
THKH PCAKIIHM; V3, A1 - it dy3HOHHBIC YICHBI, j4; — POU3BOACTBO (HC-
TOYHHMKH U CTOKH) BEILCCTB.

J1s 3a0aHHOTO HAYAIBHOIO PACIIPEACICHHUS 3Ta CUCTEMA MOXKET MO-
POXKAATH Pa3aUyHbIC MATTCPHBbI / CTPYKTYphl. OHA JEria B OCHOBY TCOPHUHU
auccunaruBHEIX cTpykryp . Ilpuroxkmna.

B wurore Teopus Matepuu pacnosaracTcs Ha IOKANC IIOTHOCTU HITH,
YTO TO K, PA3MEPOB YACTHII, MEKAY A0COTFOTHO TBEPABIMU TEIAMH TCOPC-
THYCCKONW MCXAHHKH U OC3MACCOBBIMH, HEMATCPHATBHBIMU (OPMATBHBIMH
SI3BIKAMH TCOPCTHUCCKONM HH(POPMATHUKH, HYJIBMCPHBIMH IMPOCTPAHCTBAMU
CHMBOJTHICCKON THHAMUKH.

CnnowHan cpega Crtatuctuka KuHeTura KeaHTbl

—  EE TR LT
e A Yt T Py BT

Puc. 19. Marepus B juariazoHe pazsMepoB

B Heit onHOBpeMEHHO 3a(hMKCHPOBAHBI CIICBI IBYX OA30BBIX MPOIIEC-
COB. «CBEPXY BHH3», TO €CTh AWUCIICPTUPOBAHUC, KBAHTOBaHHUE, Auddysms,
HUBMENTBUCHHE, W «CHHM3Y BBEPX», WIH arperais, KOaryssiusi, BETBICHHE,
poct. CooTBETCTBCHHO HAOOpP HHCTPYMCHTOB HCCICAOBAHUS €C CBOMCTB
BKITIOUACT TPAIUIIMOHHBIC TCOPHUH CTATUCTHUCCKON (DU3MKY, BEPOSTHOCTH U
(hopMaTbHBIX SI3BIKOB.

B 3T0ii KapTHHE HE YIACTBYIOT CHCHU(PHUUCCKUAC XUMHUCCKHAEC TCOPHN
CBSI3H, CPOACTBA, ICPHOANICCKHUH 3aK0H MeHaeneeBa. 1o SBISCTCS O0IINM
H3BSHOM MaTCMATHUCCKUAX METOAOB (DM3HKH M TCOMETPHUCCKOTO TMOAXOAA
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(dpaxTanpHO# Teopun. BO3MOKHO, €10 B TOM, YTO HCPHUOAUYCCKHUIA 3aKOH
McHaenecpa SBIICTCS COMHCTBCHHBIM 3aKOHOM TIPHUPOABI, HC HWMCIOIIAM
MaTE€MaTHYECKOTO BRIPAKEHHUS.

Puc. 20. 'eomeTpust BI3KUX MAIbIIEB U AUAIEKTPHUECKOTO IIPOOOS

ITo Bcem aTuM Bompocam uMeeTcs odmupHas tuteparypa [29].

9. KIACCUKA ®PAKTAJIOB: ®PU3NKA
N UHO®OPMATHUKA

PaccmoTpum cTpykTypy TeopuH gpakxTanos, 0ObEAHHUB ABA €€ UCTO-
Ka — QU3UKY U TCOPETHICCKYEO HHOPMATHKY.

[ToTpeOHOCTH MPAKTHKH BBI3BIBAIOT HYXKAY B YHCIOBBHIX XapaKTCpH-
crukax GpakTaabHBIX 00bEKTOB. [103TOMY pEUb B MEPBYIO OUCPEAb MOIKHA
HUATH O CIOCO0AX M3MEPEHHUS U TOTYICHUS UX (PU3HUCCKUX XAPAKTCPUCTUK.

OpakTanpHbie 0OBEKTH YCIOBHO MOXKHO Pa3fciNTh HAa JBa Kiacca:
crarnueckue U quHamuueckue. Crarnueckue — 310 (popMBl pacnpeaeacHUs
BCLICCTBA, TCKCTYPhl U CTPYKTYPBl MATCPUAJIOB JHO0OH (DU3UKO-XUMU-
YeCKoH npupoasl. JuHaMuueckue — 310 TPACKTOPUH JBIDKCHUS YACTHL, KO-
TOPHIC SIBISIOTCS BAPHAHTOM OPOYHOBCKOTO JABIKCHUS: JTMHUH TOKA JKUAKO-
CTH W Ta3za (Yaie BCEero Npu TYPOYICHTHOM PEKUME), ABIDKCHHE MABIX
YaCTHUI B CJIOKHBIX, TETEPOTCHHBIX M MOPUCTHIX CPeJax, a TAKKe KoJIcOaHus
LEH Ha OHMprkaxX, KapIuorpaMMbl, 3HLE(ATOrPaMMBl U HHBIC MMOKA3aTein
JESATCIBHOCTH OPTraHoB.

Bonpimoe xomuuecTBO mMpuUMEpPoB 000€ro posa JOCTABISIOT (PHU3UKO-
XUMHICCKHE MTPOLECChI, METULMHCKAS TOMOrpads, peHTICHOCTPYKTYPHBIH
aHAJIN3 BEILECTB, JAHHBIC a3PO(OTOCHEMKH, ICOAC3UYCCKHUC HCCICI0BAHHMS.
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Kak crarmdeckuie, Tak ¥ AMHAMHYCCKHE (DPAKTaNbl B HU3MCPCHUIX
MPEACTAIOT KAaK YHUCTO TCOMETPHUCCKHE OOBCKTHI, PACIIONOKCHHBIC B CBK-
AUI0BOM mpocTpancTBe. MamepeHust (pakTagoB CICAYIOT OCHOBHOMY
MPUHIMITY B MATCMATHKE — TPUOIMKATE CIIOMHBIC BSIMH TIOCIICI0BATEIEHO-
CTBIO MPOCTHIX, DTATOHHBIX, UPPETYISAPHBIC — PETYISPHBIMU € TOCICTYTO-
MM TICPEXOJIOM K MPEACTy. B KauecTBEe PEryaspHBIX JTAJOHOB MEPhI HC-
MOJTB3YIOTCS OTPE3KH, KBAAPATH U TUCKH, KyObl M IAphl B 3aBUCHMOCTH OT
pasMepHOCTH 00BEMITIOLIECTO IPOCTPAHCTRA.

B ocHOBe 3TOTO Mporiecca H3MEPEHHSI JICKHUT TaK HAa3bIBACMas aKCHO-
Ma ApXuUMe/Ia, WK TIPVHITAT HCYCPIIAHMS, KOTOPas TIACHT, UTO 00 OT-
PE30K Ha YMCIOBOM OCH MOMKET OBITH TIOKPHIT, TO SCTh H3MEPCH, MPOICCCOM
CITOXKCHHUSI HCOOXOIUMOTO KOJHYCCTBA OTPE3KOB 00N HAmepEa 3aIaHHON
MCHBINCH UTHHBI. B ABYX ¥ TPEXMEPHOM CIIydac MPOIeCcC U3MCPCHHS CUH-
TACTCsl 3aBEPUICHHBIM, CCJIM YCTAHOBJICHO B3AHMHOOJHO3HAYHOC COOTBET-
CTBUC MCKIY MHOKECTBOM, KOTOPOC TOJYUICHO KOMOHHAITHCH STANOHOB U
HU3MEPSCMBIM OOBEKTOM.

Jiis (hpaKTajgoB MPHUHIMIT HCUCPTIAHUS B CBOEM HAYATHHOM BapHAHTS
okasbiBacTcs HepoctatouHeM. Criennguka n3MepeHni dpakTaabHeIX Gopm
3aKTFOUACTCS B TOM, YTO 3TH MOCICTOBATCIBHOCTH CIOKCHHS 3TAJOHHBIX
JUTMH HY)KHO OPTaHWU30BBIBATH MO JBYM (JIOTHUCCKH OPTOTOHATBHBIMY Ha-
MPABICHUAM — «BIDHPH)» 10 CBKIUIOBY MPOCTPAHCTBY U «BLIYObY» MO BHYT-
PCHHCH KOOPOWHATE pa3Mepa ACTHUMOCTH BEIICCTBA. 1¢M CaMBIM HCXOTHBIH
OOBCKT BOCIIPOU3BOIUTCSI KAK HAPACTAIOLIMI KacKa KOMHUi 3TanoHOB. Teo-
PETHUCCKH, B MPEICIC, 3Ta MOCICI0BATCIBHOCTD HCUCPITBIBACT TIOBCIACHHS
TCOMETPHU OOBEKTA M MOYKCT OBITH CBEICHA K OJHOMY YHCITy, HCKOMOM €TO
xapaxtepuctuke. HedopmaapHo rosops, usMepeHue (pakraiga B SBKIHIO-
BOM TIPOCTPAHCTBEC QHAJOTHUYHO W3BICUCHHIO TICHHOW TOPOIBI M3 PYAbl U
VCTaHOBIICHHIO ¢¢ MPOLICHTHOTO COACPIKAHHUSL.

OCHOBHBIMH YHCTOBBIMU XaPAKTCPUCTHKAMHU (PPAKTANBHBIX OOBEKTOB
SBIIIOTCS UX Mepa Xaycaopda u dpakTanbHas pasMepHocTs Xaycaopda —
besurosnya.

Paccmotpum 1t Hawana uaMepeHue oObIMHBIX 00BbEKTOB. Mepa — 310
dbopMabHBIH CIOCO0 MPEBPAINCHUS FCOMETPUUICCKOTO OOBCKTA B paclpe-
JICACHUE HCKOTOPOH (U3UYCCKON BCIHYMHBL, IUIOMIAAH, 00BEMa, 3apsaa,
IUIOTHOCTY WJIM KOHIICHTPAITHHM BEMICCTBA W T.IL [Ipu 3TOM Kakaoi ToUKe
TCOMETPHUCCKOTO MHOKECTBA — HOCHTES (PH3UUCCKOTO CBOUCTBA TEM HITH
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WHBIM 00Pa30M MPHIKCHIBACTCS YHC/I0, PABHOC BEIMYHHE TAHHOTO CBOMCT-
Ba. [TomydueHHOE MHOMKECTBO 3HAYCHUH 3TOTO CBOMCTBA, PACTIPEACIEHHOE TIO
rEOMETPUN OOBEKTA, MPEACTABICHHOS (DYHKIMEH, W HA3BIBACTCS €r0 MEPOH.
Mepsi npeacTaBasiroTes (PYHKIHSIME OT KOOPIHHAT TOUCK HTOr0 MHOKECTRA.

Mepsl 3TAnOHHBIX COUHULT U3MCPCHUH 3amatorca. Mepa oTpeska mu-

HUM JJMHOH & {4 TIPONOPIHOHANBHA £, L4 o7 -&. Jlna KBaapaTrHOro

~ 2 2

y4IacTKa INIOCKOCTH [l, oc I12 -&, UL IJIOCKOrO Kpyra A oCr-r , oI
.. 3 3

TPCXMCPHBIX Ky6a U mapa [, XC3-& U Uy L E 7-r.B NPUHLATIC

BO3MOXKHO 3aa4aHHC HWHBIX FCOMeTpI/II\/'I STAJIOHHBIX MCP, HO 3THU CTAHAAPTHBIC
SIBIISIFOTCA O6H.I€HpI/IHHTbIMI/I. B O6H.[€M CcIydac MCpa MHOXKCCTBA UMCCT BUJ

M=N,-¢"=c,-¢"-€" =const,
Tac Ng— YHMCJIO 3TAJIOHOB pasMepa & , MOPBIBAKINNUX MHOXKCCTBO, # — €TI0

TOTIOJIOTHYCCKA pa3sMepHOCTs # = 1,2, 3 anmd nuHAN, TDIOCKOCTH WU
00BEMa.

B kadectse mpuMepa paccMOTpHUM H3MEPEHHE VIACTKA TIOBEPXHOCTH
MPOU3BOJIBHOM, HO Taakod ¢opmel. g 3Toro OyaeM MOKPEIBATh VIACTOK
3TaJOHAMH PA3TUIHOM TOMOJOTHYECKOH pasmepHOCTH. [Ipn mokperTnn mo-
BEPXHOCTH JTUHEHHBIMH 3TAJTOHAMH, TIOIYIHM

M=c-g?-g'cc-g’ >0 mpue—0.
Hamepenne kyOMueckuMu 3TaaoHaMuU 1aET
M=cg? g xc-g >0 mpues—0.

To ecTp JMHEHHBIMH MEpaMH HEBO3MOXKHO 3aBEPIIHTh H3MEPECHHE
MOBEPXHOCTH, & KYOUUECKHE MEPHI €€ «HE BHAAT». JITO MPOCTCHINAA HILTIO-
cTpauus mpobaeMbl U3MEPEHUS (PPaKTaaoB — TPeOyeTCs COBMAJACHHUE TOIO-
JIOTMH JTANIOHA U3MEPCHHA ¢ TOMOJOTHEH MHOXKeCTBA. CyIeCTBYET KPHUTH-
YCCKHI IMOKA3aTeIb CTCICHH pa3Mepa JTANOHA, MPH KOTOPOM BCIHMYHHA
MCPBI MHOXKCCTBA OKa3bIBACTCA KOHCYHOM:

0 d>D
M:ch-gd =<u d=0D
o d<D
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INFINITY

L _ZERO

0 P — 1.58 2

Puc.21. PazmepHOCTh MEPHI — CKauK0OOpa3HOE TIOBEICHUE
(Barnsley M. F. Fractals Everywhere. AP, 1988)

Benuunba D Ha3pIBAaCTCS Pa3MEPHOCTHIO MEPbl UMK (HPaKTATbHOM
pasmepHocTrio. Kak creayer w3 onpeacncHus, ¢ MOBCACHUC SBILICTCS HC-
KOPPEKTHBIM 10 TCPMHUHOJOTHH MareMaTuiaeckoi ¢usuku. U cTtporo roo-
ps, D HE MOMYCKACT HUKAKWUX MPUOIIKEHHBIX BBIYHCICHHH — OIMHOKA B
1r000M 3HAKE MPUONMKCHHS PaIUKAIBHO MEHSCT e Beau4yHuHy. [losTomy
TCOPETUICCKOS BBIUMCICHUE (DPaKTANBHBIX XaPAKTCPUCTHK HE BCETIA BO3-
MOKHO U TPEOYET AOMOMHHUTSIBHBIX PETYISPUUPYIOMINX MMPEINOI0KSHUN
U3 TCOPHWH BBIUHUCIUMOCTH W MPCACTABIACT OTACIBHYIO IVIABY HAyKHA O
¢dpaxranax [30]. Ha mpakTuke mpeacnbHbIC MEPEXOabl BCEraa OOPBIBAIOTCS
KOHCYHOH BCIMYHHON AMANA30HOB MACINTA00B — CKCH/IMHIa, KOHCUYHOH JC-

JTUMOCTBIO MaTepHaa.

I

THTE I l
A [ HH
HAH R EREEEEN
FHA HEEEN
}-‘—-/—r-‘l I; T\i \i T ] T T 1
R
e T
H i‘ﬁ“%n,j-—f—_f—» 8 )
s [ [ [ [ [
[4] 1

Puc. 22. Tponiemypa m3Meperust GpakTanbHON pa3MepHOCTH KaHTOpoBa MHOKecTBa C
(nuaroHanb KBajipara). YIUIOTHSIONIASCS CeTKa IIOKPHIBAIONHX STATOHOB IIPe/CTaBICHA
BIIOYKeHHBIMU KBajpatamu (Barnsley MLF. Fractals Everywhere. Ac Press, 1988)
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Hns paxranoB, KOTOpbIC COAEPKAT JAKYHBI (IIyCTOTHI M JBIPHI) HA
BCEX MacITabax «ICIOYNCICHHBICY» H3MEPCHUS OKA3BIBAIOTCS HEAJCKBAT-
Heivu. [Iponenypa mamepenus QpakTaabHEIX OOBEKTOB KaK CTATHYCCKHX,
TaK U JUHAMHYCCKHX, OMUCAHHAS BBIIIC, IPUBOIUT K ONpeaencHuro (ppax-
TaJIbHOU Pa3sMEPHOCTH:

Jrta hopMyna ACUMITOTHYCCKH 3KBUBAJICHTHA CTCTICHHOM 3aBUCHUMO-
CTH

N =const-g .

3neck D — dpaxTanbHas pa3MEPHOCTh, KOTOPAs, KAK MPABHIIO, MOJYYACTCS
HCLICITBIM YHCIIOM.

3a 370l (PopMYNOH CKPBITO YCTHIPEC THMA CBI3CH B 3aBUCHMOCTH OT
TOTO, SABJISAIOTCS JTH BCITUUMHBI, BXOMAIINC B OTY (OPMYIAY JAMCKPCTHBIMA
WJTH HETIPEPBIBHBIMH (M JaKE BOCBMH — CCJIM YVICCTh XaPaKTeP KOHCTAHTHI,
HO 3TO, KaKk NMPaBHIO, HE OTMe4aeTcs B aureparype). OOmed mpuponon
3THX (GOPMYI SBISICTCS TO, YTO OHH MOJIYYAIOTCS H3 HEMOCPSACTBEHHBIX
HU3MCPCHHUI JBYX THIIOB XapakTepHCTHK. OHU CBS3BIBAIOT MIOOATBHYIO Xa-
PAKTCPUCTHKY OOBEKTA C €r0 JOKAIBHBIMH MapaMETPaMH, KOTOPBIC MOSIB-
JSIEOTCS TIPH TOM HJIH HHOM CIIOCO0C €ro Aexommosurun. [Ipuuém 31ot crno-
co0 3aJaH, Kak MPaBHIO, CaMOU CTPYKTYpod OOBEKTa, TO €CTh
OOHapyKUBACTCsl HA BHYTPCHHEH KoopauHare pasmepa. [Ipumepamu takux
MEp MOTYT CJIY’KHUTh COOTHOLICHHUS

00BEM — IOBEPXHOCTD (ALIOMETPUUCCKUC 3aBUCHMOCTH);

yacTora — aMruTyaa (Qaukkep — mym);

pasMep KIacTepa — YUC/I0 YacTHIl (Macca KiacTepa);

JUTHHA CHTHAJIA — 9acTOTa ( aHAJIHU3 TCKCTOBBIX CUTHAJIOB).

dpaxkranpHas pasMEpHOCTh ) XapakTepU3YeT IUIOTHOCTh MATCPUH B
o0bekte. OHA UMEET JIOKATBHBIHN XapakTep U MOKET U3MEHATHCS OT TOYKH K
TOYKE B mpeaeiax odbema sewmectsa. CTeneHb KOHICHTPALNH BCEero o0bpeMa
B 00BEMITIOLIEM MMPOCTPAHCTBE — MEpa Pa3peKEHHOCTH BEILCCTBA — JACTCS
(dpaxTasbHON KOpa3zMepHOCTRIO. Eciu N — TOMoOJOrHyYeckas pa3mMepHOCTD
MPOCTPAHCTBA, TO

D.=N-D.
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OpaxranpHas pa3MEpPHOCTh HUMEET MHOXKECTBO BapHaHTOB. (CTaH-
JApPTHOU SIBSICTCS TPUBCSACHHAS BHIIIC pa3MepPHOCTh Xaycaopda — beauko-
Brya. Kpome Hee monb3yiorcs pazmepHocThio aeneHus (division dimension)
Bbymurana — MUHKOBCKOTO, XUMHUICCKOH, peakinoHHoU. Yacto mokasarenb
1000 CTCTICHHOH 3aBHUCHMOCTH, M3BJICUEHHON M3 aHaau3a ()paxkrana JaH-
HOHW (U3HUKO-XUMUYCCKOW NPHPOABI, TPAKTYIOT KaK COOTBETCTBYIOLIVIO
(pakTa’gpHYIO pasMepHOCTh. Bee OHHM, 0qHAKO, HCTIONB3YIOT TOT KE MareMa-
THYCCKHH MPHUEM TPUOIMKECHUS UPPETYILIPHOTO MHOKECTBA KAaCKaIoM Mpo-
CTHIX 3TAJIOHOB.

[IpakTnueckn m3MepeHue (ppakrambHON PasMEpHOCTH OCYINECCTBILA-
€TCS TPH HOMOINM KBaAPO-AEPEBBEB (quadtrees) (puc. 23). I1a TEXHHKA
MPEACTABIICT COOOM PETYISIPHOC KBAHTOBAHHE OOBEKTA MOCPEACTBOM Op-
raHU3aIMi BHYTPCHHCH KOOpAMHATHL pasvepa. leomerpuucckuii obpas
(dpaxTanbHOTO OOBEKTA 3aKI0YACTC B KBaApar. Jlanee kBaapar pazOusact-
€S Ha YCTHIPC paBHOBEIUKUX yacTH. OTOpackiBacTcs Te, KOTOPBIC HE CO-
JSpKUT yacTeh o0bekTa. OCTaBIIUECS YacTH, B CBOKD OYCPEIb, Pa30HBAIOT-
€M HA 4YCTBIPC HYACTH KaKIas, M3 KOTOpPHIX otOpackiBarorcs mycteie. C
OCTaBIIUMMUCS TMOBTOPSCTCSA OMHcaHHAas mpoueaypa. B mrtore obpasyercs
MOKPHITHE (hpaKTana KBagpaTaMH YMCHBIIAOIIETOC pa3vepa Bo BeE Oomee
VBEJIUYHBAIOLIEMCS YUCIIC, TO €CTh BOCIPOH3BOAUTCS MPOLECC BHIUUCICHHUS
pasmepHocTu Xaycaopda — besurosuua.

Puc. 23 Ksajapo-jipeBecHas TeXHHKa
(Nikkiel S. Iterated Function Systems for Real-Time Image Synthesis. Springer, 2007)

43



OueBUAHBIM 00pa30M MOXHO B CBETC HAIICTO MOAXONA PaccMarpu-
BaTh [ KaKk pe3yabTaT KOHKYPCHLUH ABYX MPOLECCOB — CIUSHHUE YaCTHIL B
MaccoBoe 0o0pasoBaHHME W pacmaj ero Ha Mmenkue. Dopmamuzanus 3TOro
KOHKYPEHTHOTO PAaBHOBECHS B MOAXOMAIINX TEPMUHAX MO3BOIHIA OBl pac-
LIMPUTh UHTEPIPETALHIO /) B HANPABICHUM €€ CBSI3H ¢ KOHKPETUKOU MpO-
LIECCOB CO3JAAHMS BELIECTBA ¢ OXHOM cTOpoHH. B Tepmuuax anddepenu-
aJbHBIX VPAaBHCHUH 3Ta MOACTh H3BECTHA KAaK MOJCNTb PEaKLUH —
aubdyzun. s 6onee obmero cnyuas 00pa3oBaHUS MarepHaia OTHOBPE-
MEHHO CHH3Y BBEPX U CBEPXY BHH3 MOJCIIH MOKA HET.

Ponp (QpakranpHOM pasMEpHOCTH Ha CETOTHSIIHHHA ACHb 3aKIIOYACT-
€S B VTOYHCHHH YHCIOBBIX XapaKTCPUCTHUK BEIIECTB U X cBoicTB. Oco-
OCHHO BXHBIM B 3TOM HANPABICHHH SBISCTCS YTOUHCHHE KPUTHUYCCKHX
MapaMeTPOB MPOLECCOB CTPYKTYPHBIX TPaHCGOPMALMA B HEPABHOBECHBIX
obnactsix [24, 31].

Craenyromell XapakTepUCTHKOH (PpakTaabHBIX CTPYKIVP, HMEIOIICH
HENOCPCACTBCHHBIN ~ (PH3MYCCKUI  CMBICH, SIBISCTCS  JaKYHAPHOCTh
(lacunarity — anen.) — cTeneHp «ABIPSABOCTI» UX BHYTPCHHETO MPOCTPAHCT-
Ba. CMEBICT JTAKYHAPHOCTH B TOM, YTO B JOMOJHEHHE K (pakTaIpHOH pas-
MEPHOCTH ) Kak MEpHI 3allOTHCHHUA €ro 00beMa Marepuci OHa JacT CTCIICHb
3aMOHCHHOCTH €r0 MonmsAMH. PazMmep IakyH HEMOCPEeACTBCHHBIM 00pasoM
ONpeeNseT JIUHY CBOOOZHOTO Mpo0era YacTHI ¥ COOTBETCTBCHHO VACTb-
HBIH BEC, KOTOPBIM HrparoT nons B (OPMUPOBAHUU (HHUZHUKO-XHMHYCCKUX
cBoiicte Marepuana. OHa MOXKET OBITh PA3TUYHON A (PpakTanoB ¢ OMUHA-
KOBBIMH 3HAUCHUAMH D u Dy

JlakyHapHOCTh MOKHO BBIYHCIATH PA3TUYHBIMU BEPCHAMH CTATHCTH-
yeckux MeTonoB. Ha kaaoM ypoBHE paspeIicHHs pa3sMEphl JIAKYH MOTYT
OBITH OMPEACICHBI CPCIHUE BEMYHHBI H JUCTICPCHS HX Pa3MEPOB U APYIHE
BCPOSTHOCTHO-CTATUCTUYCCKHC MAPAMETPHI, COOTBETCTBYIOIIHE OCOOCHHO-
cTsM 3amaau [32].

JlakyHapHOCTb KaKk HEraTHe (paKTanTbHOMY PaCHpPEICICHUIO MATCPHH
TaKKE MPEACTaBIICT co00H (hpakranononodHbi 00beKT. B oTinuune ot ma-
TCPHATBHOrO (pPakTana, KOTOPHIH B MPEACNC HCYC3ACT, JTaKYHAPHOCTb —
pactyiuii dpakran. HanGonpimuii e¢ BEC NPUXOIUTCS HA YPOBHU C HAU-
MEHBIOIUM pa3MepoM vactuu. MMes B BUIY 3ajauu MaTtepualoBEICHUS, 3a-
METHUM, YTO CBEACHHUE JIAKYHAPHOCTH K OJHON UHTETPAIBHOM YHCIOBOM Xa-
PAKTCPUCTUKE WUMEET OTPAHHYCHHBIM CMBICN, T.K. MPU OTOM HCUYE3ACT ce
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MOJICBAsT MHTCPIIPETALMS KaK FCOMETPUH PACTIPEACICHUS (PU3HICCKUX IT0-
acH B 00beMe MaTepHUAa.
Mynomugppaxmaner. lpencraBum Temeps, 4TO0 OOBEKT COCTABHOM —

cocTouT U3 AByX (pakranaos ¢ pasmepHocTsmu /), > D, . Torma oueBuaHO,
YTO H3-32 HPPETYIPHOIO MOBSACHUS PA3MEPHOCTH MEPBI (CM. BBILIC) MPO-
LECC M3MCPEHHS C STANOHOM £ BBLACIUT/M3MCPHT TONBKO Ty €r0 4YacTh,
amst xotopoit dy, = D =max ,,D, ITOT IpUMEP MOKHO 000OIHUTE U
Ha KOMITO3UTHBIC (hPAKTAIIBI C PABMEPHOCTIMH

D, <D <D, <..<D, .

OueBHAHO, YTO Al TOJHOTO BOCIPOU3BEACHHS CTPYKTYPHI U
CBOWMCTB Takoro (ppaxrana norpedyeTcs HAOOP STATOHOB M MPOLIECCOB H3-
MEPCHHIA ¢ PA3IHMIHBIMU CTCIICHAMHU d. 8d°,€d1,8d2...,€d". IMocmeaosa-
TENbHOCTh 3HaucHUH d ,d|,..d  MOXKHO paccMarpuBaTh Kak HEKOTOPYIO
(VHKLHUIO f — CHEKTP PasMEPHOCTCH MOIMHOKECTB, & BECh IPOLIECC HU3ME-
peHus 3aaaTh GOPMYIIOH

N€ =5

duspueckre U XUMUYCCKHE (hpakTasisl, NOSBISIFOLIMCCS B Marcpua-
JIOBCACHUH, OTIIMYAOTCS OT TCOMETPHICCKUX TEM, YTO HX TCOMETPHS SIBIISI-
€TCS. HOCHTEICM KaKHUX-THOO CBOMCTB — 3ICKTPHUUCCKOTO 3apsiia, IUIOTHO-
CTH, MaCChI, TCIUIO- U SJICKTPONPOBOAHOCTH U T.A. YacTo pacmpencicHue
(H3HUCCKON BETUYHHBL TI0 TCOMETPHUCCKOMY HOCHTCIIIO OMHUCHIBACTCS Pac-

NPCACICHUEM BEPOSTHOCTEH P G _, 3HAYEHUE KOTOPHIX 3aBHCHT OT TOYKH.

PacnpeneneHue BepoSATHOCTEH SBIACTCS YHHUBEPCATBHBIM CIOCOOOM BBEAC-
HUS MEpPBI Ha MHOXECTBE. ECITH BEIOPAH TOT 7K€ STANOH &, YTO U LIl HOCH-
TS, TO

P(x)~¢g”

noJIy4acTCsa aHaJIoOruviHas HpHBC,Z[CHHOﬁ BBIIIC CTCIICHHAA 3aBUCHUMOCTD.
TouHo Tak e, Kak U AN TCOMETPHUCCKOTO HOCHUTEIS O = OJQ: 7S CO-
CTaBHBIX ()PAKTANOB.

Tenepb HPPErVASPHOCTE TCOMETPUH IECPCHOCHTCS HA HUPPEryILIp-
HOCTh (hU3MUCCKON XapaKTCPUCTHKH, pacupeacacHHol Ha (pakramax. Jis
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€AMHOOOPA3HOTO ONHCAHMS HCPAPXUYCCKOH HPUPOIBI SIBICHHUS BBOIMTCS
Mpou3BoAAImas QyHKIHA

€ =20

rae P, — mwioTHOCTE BEpOSITHOCTH [Uis i-ro KBaapara stanoHa, £ =0 nus

1
MYCTOTO STANOHA, IApaMETp — 00 < ¢ < 90 .
~
g =0 ;((‘ = N — uucny 3TaqoHOB MEphI, HCOOXOAUMOMY AT

mokpeiTas Hocuread. g & — 0 naubombrnwmii BKIaT B ¥ g (?/ JacT moAa-

MHOJKCCTBO C IOMHHHPYIOLIMM COACp:KaHueM kBaaparos P . M3meHeHue

napamerpa ¢ coOMpaeT 3MEMEHTHI MOKPHITHS ¢ OONBIICH TUIOTHOCTHIO (hu-
3UYECKON BETUYNHBI:
¢ —> o0 Haubonee BEPOITHO, IIIOTHOE MOIMHOKECTBO,

q —> 0 Hanmenee BCPOATHO, Pa3pCi:KCHHOC NMOAMHOXKCCTBO.

Tem cambiv criektp f, , ONPCACISCT MOAMHOKCCTBO (paxTana, Bu-

JMMOE TIPU Pa3PCLICHUH ¢, T.C. C PA3MCPHOCTBIO [ Q: OcranbHbic YacTH
(pakTana BBHIKTIOUAIOTCI HOBEACHHEM xaycaopdosoii Meprl. BHyTpu Hero
BBIACIIACTCS A0S PACTIPENCICHHON (PU3HUIeCKOH BEIUINHBI aﬁ:. B wnrore
YHCIIO 3TAIOHOB, U3MEPSIOIUX PACIPEACICHUE, PABHO

N, € = g g g
MIPH HETPEPHIBHOM HM3MEHEHUH Tapamerpa g. B mrTore momydaercs mpoms-
Bomsast PyHKIUS BUAA

~_ .¢1D
Zq e‘/zg ! 2

D, — 0bobuierne pasMepHOCTH NOPSIKA ¢, WTH
- -
2, e/z J‘gqa f"’a’a.

[Toctpoenune 3tol (YHKIUHM COCTABISECT COACPIKAHHE MYNbTH(]pak-
TaTbHOTO (opManTn3Ma, KOTOPHH Tak ke, Kak (paxranbHas pa3MEepHOCTD,
HCHONB3YETCS U1 TOCTPOCHUS (PH3MUCCKUX XapaKTCPUCTHK MATCPHATIOB
[Berosekuii I'B. B ¢6. [31]].

Tepmoounamuueckuti  popmanusm. TloCKOIBKY TOCTEAOBATENBEHOE
JCJICHUE BCLICCTBA W/HIIM €TO MEPAPXUUCCKOE CTPOCHHE JAIOT HA KKIOM
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JTane, YPOBHE HEPAPXUU HAOOP YACTHUI], TO K HEMY MOTYT ObITh HPUMCHEHBI
MPUHLIUIIBL TCPMOJUHAMHKH U CTATHCTUYCCKON (PU3MKH. ITa TEMa XOPOIIO
Pa3BUTA U BIICPBBIC MOSBUIACH KAK TCPMOJUHAMMUYCCKAS AHATOTHS TIOBSIC-
HUSL AMHAMHUYCCKUX CUCTEM (B YacTHOCTH, caBur bephymin).

Cl0KHOCTh €¢ MPHUMCHCHHUS HA MPAKTHKE B TOM, YTO KOAHPOBAHHC
(dbparMEHTOB MaTEPHUH HE UMEET OOIIETO PELECTA U CaMa UCPAPXHUS TPYIHO
BOCCTAaHOBUMA TI0 HETIOCPEACTBCHHBIM JAHHBIM.,

B o0o3HaucHUSIX TEXHHUKH MYIbTHPPAKTAIOB MPUBSACM CIOBapPb
«(pakraabpl — TCPMOTUHAMHUKAY.

®pakTaJbl CMbICa B CTATHCTHYECKOI MeXaHHKe

xox s;= 1001 ...101 MUKPOCOCTOSHHE
n YHCIO CHHMHOB, ATUHA CTPOKH
n—>w TEPMOINHAMUYECKUM NPEIET
yij oOparHas TeMreparypa
£ .

I pa3Mep "acTHl B ¢auHNIax L & = —

B _ o
g’ =exp ¢ PE" MHOKHTEIs Bonbimana
z gt CTATHCTUYECKAs CyMMa
E SHCPTHUsY/CIHH (B MUKPOCOCTOSHUH)
w YHCI0 MUKPOCOCTOSIHHIMI
S SHTPONHSA/CIIHH
I CBOOOZHASI SHCPTH/CITHH

3nech

E(sj):—%lngj,

WnE)cexp (S(E)-n .

B-E(f)lp0 ==K,

D&l xep(~p-F(p)n,

j=1__ W,—ungexc no muxkpococtosHuaM [26 Ch.7; 33].

B saxmroueHme 3Toro pasgena OTMETHM, UTO CYIIECTBYIOT aHAJIOTH
(dpaxkTanbHON Pa3MEPHOCTH, MEPBI, BEPOSTHOCTH U MY/IbTU(PAKTATEHOTO
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dopManu3Ma HaJ MPOCTPAHCTBAMH CTPOK, KOTOPBIC, OJHAKO, MOKA HE Ha-
i npumeHerns [34]. MaTteprperanisa 3THX KOHCTPYKIIUH — JEJI0 Aallb-
HeHmei padoThL.

Kak Buano, Teopus (paxranaoB Tax ke, KaKk ¥ APYrHE HAYKH, UMEET
aBa nomoca. OZHM U3 HHX MPEACTABISCT CTPEMIICHHE OXapaKTCpHU30BaTh
OOBCKT OJHUM YHCIOM, OJHOU (GYHKUMCH. 3ASCh PACMONATAlOTCS METOMIBI
BBIYUCICHHS (PpaKTambHOH Pa3MEpPHOCTH W/WIN KakoW — THOO HHTErpasb-
HOH (PU3UUCCKON BETHIUHBI.

Bropoii omuceiBacT dpakTan kak pacnpenciEHHbIE 0OBEKT. 3aech
TUNMYHBIMY  SBJIIFOTCS BAPHAHTHL TCPMOAMHAMMYECKOrO ¢opmannsmMa u
Teopernieckol nHbpopMmaruku. Umuranua oOpa3oBanus (GpakTaloB HAMO-
mobue DLA npeacraBisieT CHHTE3 3TUX KPaHHOCTEH.

W3 nmpuBeacHHBIX NpUMEPOB (PAKTATIOB H TCXHUKH UX HU3MEPCHHS
BHAHA OCHOBA KOHBEPIeHIMH NOHATHH (usnku U uHdpopmaruku. OHa Mo-
JKeT OBITh MPEACTABICHA CICAVIOMMM oOpazoM. Bo Bcex 3Tux mpuMmepax
MOSIBIISICTCS. HEPAPXUICCKOE JEPEBO, KOTOPOE SBIETCS MHBAPHAHTOM MPO-
LECCOB JCIUMOCTH U KOTOpoe (opMHpYeT PH3HUSCKHE NapameTpbl (CM.
TCPMOAMHAMUYICCKHUH hopmanmam).

[TosroMy OCHOBHOU CTPYKTYPOH (pakTaIbHONW TCOPUH SBIACTCI KaH-
TOPOBO COBEpUICHHOE MHOKeCTBO C U ero BapHamuu. ITO MHOKECTBO TaK-
JKe UMeeT JBOHHOHN cMeica. B ¢usnke 310 KIaccHueckuil mpuMep MaTepu-
anpHOro (pakrana, a B HHGOPMATHKE — 3TO NPOCTPAHCTBO (HOPMATBHBIX
A3BIKOB, CTPOK crMBONOB. Hanbonee u3BecTHH M yIOTPEOUTEIbHBI JBOWY-
HBIC CTPOKH, COCTABJICHHBIC U3 HYJICH M €IUHHL, OCHOBHOH MaTrepHan BCEX
Teopuii. MIX YHUBEPCATBHOCTD, MOXKAIYH, TNIABHOC HACICAUC KHOCPHETUKH.

10. JEKCUKOT PAOMYECKOE JEPEBO: IEPEKPECTOK
OU3NKU, UTHOOPMATUKHN U MATEMATUKN

OparmeHranusg Matepud U (pasoBEIX NPOCTPAHCTB B HETUHCHHON AU-
HAMHKE U CTPYKTYpa (OPMATIBHBIX A3bIKOB B TCOPETHUCCKOU MHPOPMATHKE
HUMCIOT OOIIYI0 TEOMETPHUYCCKYIO CTPYKTYPY OMHAPHOTO NEKCHKOrpaduie-
ckoro aepesa. B Teopun pakTanoB OHO U3BECTHO Kak UTCPATHBHAS CUCTC-
Ma GyHKIMH (iferated function system, IFS — anen.) |35]. Kax 6p110 moxasa-
HO [11], mekcukorpaduueckoe ACPEBO BO3ZHHKACT MPH BCEX HEJIMHCHHBIX
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3aBHCHMOCTSIX, TCHCPHUPYIOIINX (hPaAKTAIbHBIC MHOXECTBA. |lOSBIsSIOTCS B
TCOPUU TAKKE U APYTHE, HE OHMHApHBIC, ACpeBhsi. Ho MbI, UMes BBHAY TO,
4TO TI000€ ACPSBO BCETAA MOXKET OBITh OTOOPAKCHO B ABOUYHOC MJIH 3aKO-
JUPOBAHO, KAK B KOMITBIOTCPE, ABOUYHBIMH CTPOKAMH, OTPAHHUYUMCS Owu-
HAPHBIM.

Ecan B HeAMHCHHOM JUHAMUKE 3TO ACPEBO OCTAETCSA B TCHU AHATHU-
THYCCKUX 3aBUCHUMOCTCH, TO B TCOPCTHUCCKON HH(POPMATUKE OHO SIBIIICTCS
€CTCCTBCHHBIM U OCHOBHBIM THUIIOM JAHHBIX (DOPMAIBHBIX SI3BIKOB U TCO-
pHiL.

Paccmorpum oOpa3oBaHie KAHTOPOBA MHOXKECTBA, KAHTOPOBOH IBLITH.

[ . Il ‘ ]
et T el
s s S s Gal S T

w ofN [ 0.3030... ]

Puc. 24. O6pa3oBaHue KaHTOPOBOM LI COBMECTHO ¢ SHHAPHBIM JTEKCUKOTPapHIECKITM
nepeBoM. tepatuBHas cucteMa QyHKIE
(Verelst K. Zeno’s Paradoxes.// arXiv:0606639v1 [math.HO] 2006)

Ha puc. 24 nokazano mocrneaoBareIbHOE U3MEIBICHIE BCE VBEIHIH-
BAOIIETOCS YUCIA 4acTeH 1eaoro (OTPEe3KH) COBMECTHO CO CHOCOOOM HX
xoauposanus cuMeonamu O u 1, kotopoe B peaene nmpuxoxut k Kaaroposy
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muOkecTBY C. Toukn X € C MMeOT KoopaAuHaTy (aapec) B 5TOM JEPEBE B
Buge crpoku x = 0101...1.., xoTopas momyuaeTcs npu JBMKSHHUH T10 OJHOMY
W3 MyTCH BETBICHUSA ACPEBA C 00pa30BaHUEM MOCIEAOBATCIBHOCTH HYICH U
eauHul. Pactyimpe nmocnenoBaTenbHOCTH ABOMYHBIX CTPOK IOKA3aHBI B
BepmuHax AciacHud. Ceea CTENCHAMHU JBOHMKH MOKA3aHbl pa3Mepsl (par-
MEHTOB ACICHM HA JaHHOM ypoBHE uepapxuu. [lokazarens cteneHu ABOH-
KU PaBCH HOMEPY VPOBHS Hepapxuu AciacHus. OTPe3oK BBEPXY CHMBOIM3H-
PYET Lenbli 00BEKT, BHU3Y — (PAKTaN, Pe3yAbTaT OECKOHEYHOTO APOOICHHUS
HCXOJHOTO OTPE3KA.

CBs3p MexkaY GparMEHTAMH MaTCpPHH — BETHYHHAMH OTPE3KOB ACTc-
HUS U CTPOKAMH CHMBOJIOB Ha JECKCHUKOTpa(HIECKOM ACpPeBE OCYIICCTBII-
€TCS UTCPaTHBHOH cuctemoil QyvHKUMHA (iferated function system — IFS).
ITOT MOMEHT BaXKCH B HAIICM H3NO0XKCHHH, TIO3TOMY PACCMOTPHM 3Ty CHC-
TeMy MOapOoOHEE.

IocnenosarensHoe yMeHbIICHHE (CxKatue) muH otpeskos C, mpex-

cTaBuM Kak aecticreue ¢pyakumid. Hanpumep:

So)==. A(x)=

x+2

Toraa s oTpeska [O,l] cR

Cl :[Oa_]> C2 :[gal]

1
3
C,=[0,+

2
79]3C3:[§ 1. C3:[

\olw
O | wn
Nell o)
el

C, = [% g] U T
Oobmwas dopmyna
L =LIC v AIC ] k=012, ...

Torma ¢pakTanbHBIN aTTPakTOP TAKOW JUHAMUYCCKOU CHCTEMBI, CO-
crosiueit u3 aByx GyHkuwit f,(x) u f,(X), yaoBneTBopseT caMonoao6Ho-
MY VPaBHCHHUIO

C = flClw AIC].
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B ofmem cinyuac Heckombkux yHkumit f, ... f ¢ xosdduunuenra-

1 1
MH CKaTus ;... 7, COOTBCTCTBCHHO (B HALICM NPUMEPE 7 = 3 r, = 5),

dpaxranpHbiii artpakrop cucremst IFS = (X, f,,..., f,), o6o3HauacMmblii

A, yIOBIETBOPSICT YPABHCHHIO:
A=f(ADHu f,(ADU..Uf (4.

Ecnu cpaBHUTE 3TO ypaBHEHHE C MPUBBIYHBIM THIIOM VPABHEHUH Ma-
TEMATUUCCKON (PH3HMKH, KOTOPBIC BBIMMUCHIBAIOTCA A1 OCCKOHEYHO MAJOro
(uzHUcCcKoro 00bEMa H HMCIOT TOUCYHBIH XapaKkTep, TO BHIHO, UYTO YpaBHE-
HUE 1711 A IMEeT BBIPKCHHBIH pacnpeaenéHHbId, AUBepreHTHRH Bua. OHO
OMUCBIBACT ATTPAKTOP KaK COCTOSIIMI OAHOBPEMEHHO U3 MPOLIECCOB, OMU-

ceiBacMbIX GyHKUMMHA f,...f, . Bropoe ero ommmaune — aBropehepeHTHOCTH

WM CAMONPHUMEHHUMOCTb. MTepaTHBHAsS CHCTEMa NMPEACTABISICT 3HAKOMYIO
HaM KOMOWHALIMIO AMBCPrEHTHOTO MPOLIECCA — B BHAC PACXOMSIIMXCS BECT-
BCU ACPEBA, U KOHBEPrCHTHBIX MPOLCCCOB — CHKUMAKOIINX (DYHKINM, ACHCT-
BYIOLIUX BAOJb KAXKIOH BCTBH.

[Ipomomxum paccmorpenus. B nmepsom mpuvepe mmdpsr 0 u 1 uc-
MONb30BAJMCH JHIIb KaKk METKH Habopa PpyHKUHi f; u f;, KOTopbic AeHCTBO-
Ban Kak cxarusg. Ho mocMOTpuM Ha 3Ty K€ KOHCTPYKIHIO ¢ IPYTOH CTOPO-
ubl. CumvBonet (He 1udpet!) 0 u 1 4acTo paccMarpuUBaIOTCs B TCOPETHUCCKOM
HHPOPMATHKE KaK 3JICMEHTH andaBuTa, COCTOAWero u3 apyx Ovks {0, 1}.
Torna OvHApHOE ACPEBO OKA3BIBACTCS MPOCTPAHCTBOM JBOWYHBIX CTPOK HE-

KOTOpOro (hopMajpHOrO SI3bIKA Z: %1,0'2 73 Teopun, ypaBHCHUS U

¢dopMynsl, BbIpaxkaomue (UNICCKUE 33aBUCHMOCTH B KOMIIBIOTEPHOM
MPCACTABICHUH, SIBISIOTCS TAKHUMH CTPOKAMHL.

OcHOBHOE ICHCTBHE fA3BIKA B (PU3MUECKOM IMPOCTPAHCTBE HA3BIBACTCS
SA3BIKOBOY HOMUHALTUCH, ONPEACTICHUEM HIIH BBIICICHHEM 00BEKTa, 00NACTH
B HeM. Pasmepy 310# 0061acTH COOTBETCTBYET HEKOTOpOE uucio. Toraa cio-
BO, COCTOAIICE U3 OYKB, MPOU3BOAUT MOCICAOBATCIBHOC BBIICICHHE B 00-
nactu e€ yactu — nmogobiacTy, B Hell — cieayrowee, u T.4. [loaromy kaxaas
OyKBa B C/I0BE ACUCTBYET Kak cxkatue. Tem cambim cioBy x = 101... 1 amunbt
1 COOTBETCTBYCT MPOM3BCACHUE KO3(PPHIIMCHTOB cxxaTHs KaKIA0H 13 OYKB —
(VHKLHI:

K1, ="r,.
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TeM caMbIM HpEKHAA CXEMa HHBEPTHPYETCA: HE (VHKIHM MOMEda-
IOTCSl CHMBOJIAMH, & CHMBOIBI MOMCYANOTCS CKHUMAIOIIMMUCI OTOOparzKe-
HusMH. B BiTore Mel monydyaeM BTOPOi 00IMK UTEPAaTUBHOW CUCTEMBI (DYHK-
Ui — HHGOPMALUOHHBIH:

IFS=(X,0,,0,,...,0,) 4,,0,,...0, 4.

Kaxgoit Touke arrpakTopa COOTBETCTBYCT CAMHCTBCHHAS CTPOKA
xeA x=101..1..., koTopas Ha3bIBACTCA AAPECOM ITOM TOUKU MOAOOHO
MOYTOBOMY aApecy: cTpaHa — o0IacTh — TOPOA — YIHL@ — AOM — KOPIYC —
KBapTUPA WK agpecy ¢aiiia B maMsaTH KOMIBIOTEPA — OH BCErJa BUACH B
aJpeCHOU CTPOKE.

s 9NeMEHTOB @, 0 € X O = 0,0,...0,... 0 =0\0,...0), ... OUpe-

JCISICTCS PACCTOSIHHC
dy(o,0)=2", m=min, ¢ # o,
Hampuwmep, eciu o =1011..01... , u @ =10001...01.. — xBe cTpo-
KH, TO

-3
d(o,0)=2",
TK. O, =®,, O, =0,, O3 #®; M=3 — ¢CTh JJINHA NYTU JO BCPILINHBI IO

JeKCHKOrpaduIecKoMy AEpeBy, MOCIE KOTOPOl O u @ pacxoaarcs. Yem
Gompie TpedyeTcs paboThl A Pa3IMYCHHS JBYX CTPOK, YEM BBIIIEC TPE-
OyeMas TOUHOCTh UBMEPCHHS, TEM OMKE OHU B JICKCUKOTPaHUSCKOM MPO-
ctpaHcTtBe. PU3HUCCKHE TCOPHM TEM ATHHHEE M CIIOXKHEE, YeM MCEHBIICH
BCJIMYUHBI YaCTHIBl OHH OITHCHIBAIOT.

TeM caMbIM MBI MOIYyYacM COOTBETCTBUE TOUCK arTpakropa 4 ¢usu-
4eCKOTO MpocTpancTBa R’ i CTPOK HEKOTOPOro JOPMATBLHOTO SA3BIKA:

A:Y >R,
0,0,.0,€X B xeR’.

TexHHUKa HWTEPATHBHOW CHCTEMBbI ()YHKLUHH IIHPOKO HCIOIb3YETCS
MPH KOHCTPYHUPOBAHUU (paKTATBHBIX MHOXKECTB Ha kommbioTepax. Cospe-
MEHHBIC PCATHUCTUYHBIC TEH32)KH B KOMITBIOTCPHBIX HTPax — 3TO arTPakTo-
PBI 3TOH CHCTEMBI.

TMoceaHee COOTBETCTBHE «OMHAPHBIE CTPOKH —> KOOPAMHATHL R»
03HAYACT, YTO BCAKAS KapTHHA, 0Opa3 Ha MOHHUTOPE (PU3HYECCKOro 0OBEKTa
MOTYT PacCMATPUBATHCI KAK MATCMATUYCCKUN OOBCKT ABOWHOU TPUPOIBI.

52



COOTBETCTBCHHO ABIKCHUS M M3MCHCHHUS OOBCKTA MOTYT OBITh OMHCAHBI
MATEMATHYCCKH TBOWCTBCHHBIM 00pasoM. B KOHCTpYKImH (GpakTamoB Kak
TOMOJOTHYCCKUX 00pa3ax MaTeMATUYCCKUX OOBEKTOB OKA3aJIUCh COIPSI-
KCHHBIMH dr3udeckue R° 1 axpecHsie X, T0 ¢CTh HHPOPMALHOHHBIC, CHM-
Bonuyeckue mpocrpanctBa. COOTBETCTBCHHO (HU3UUCCKUC JBUKCHUS,
(YHKIIUH ¥ TapaMETPBI COTIPSIKCHBI ¢ HHPOPMAITMOHHBIMHU, TO ¢CTh TPAHC-
(dopmarsaMu CTPOK (OPMATBHOTO A3BIKA. TEM CaMbIM MbI HAIMYTIATHA Ty Th
K (hopMaT3aIMu aHTHHOMHUN MATCPHH, O KOTOPOM TOBOPHUIIOCH BHIIIC.

Puc. 26. JIpoitHoe npescTapienre o6hekTa: PpakTaILHEIN (clieBa) o6heM (CIipaBa)
(Barnsley MLF. Superfractals. CUP, 2006)

AJpecHoe TPOCTPAHCTBO MPEACTABISCT COOOH MOMTHOCTBIO HECBA3-
HOC MPOCTPAHCTBO (roMeoMOop(dus KAHTOPOBY, cM. puc. 26) OHo aenaet Ma-
TEepHIO NabWIbHOH, Tpancopmupyemol. OHa MOXKET NMPHHUMATEL Pa3IHI-
HBIC TeOMETpHUCCKHE (POPMBI — KaK TECOPSTHUYCCKOM T'COMETPHH, TaK U
MPHUPOIHEIC. JIUCThS, ACPEBbS, JKUBBIC OPTaHU3MBI, TEKCTYPa MAaTCpPHAIIOB.
Tem cambiM TpH (H3HUCCKHX IBIDKCHHS B R° — MEPEHOC, BPALICHHE M pac-
TSOKCHHEC — JOTONHAOTCS HAOOpOoM TpaHCHOPMALIUH, KOTOPHIC SBISIOTCS
MPEAMETOM MATCPHAIOBEACHHUS (M JPYTUX CCTCCTBCHHBIX HAVK).

AJpecHOe MPOCTPAHCTBO MOMKHO PAacCMATPHBAaTh KAaK BHYTPCHHIOK
cTeneHb cBOOOB BemecTBa. [lo Mepe MpOABHIKEHHS OT KOPHS AEpeBa K
KOHLIAM €0 BETBCH MPOWCXOAUT YMCHBIICHHE Pa3MEpoB — YacTeil, T.€. ero
JUCTICPTUPOBAHUE. JTO ABIKCHHUE SBISCTCH OJHOBPEMCHHO M MAaTCpPHAIb-
HBIM IpeoOpa3oBaHHEM PasMepoOB, H NPecoOpasoBaHUEM CBOHCTB BEINECCTBA.
HedopmaneHo roBops, 5T0 ABIKCHHE W (PH3HYECKOE, H MAaTEeMATHICCKOE.
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JBrkeHHE B OOpAaTHOM HAMPABICHUU — POCTA Pa3MEPOB — JOJIKHO IO HICS
oOpalnate Moc/IeI0BaTSIbHOCTh COOBITHI — MOSBICHUEC CBOHCTB B OOPaTHOM
TIOPSIAKE.

Ho 3aece neno cnokaee, ookpuaacMas CHMMCTPHUSA HE BOCCTAHABIHBA-
€TCs, OHA OKA3hIBACTCS HAPYIICHHOW. PaccMOTpUM 3TOT MOMEHT MOAPOO-
Hee. J[BUKEHME 10 BETBIM JACPEBA MOXKHO M300PA3UTh MOBSACHUEM KOHCU-

HOM CTPOKU T € 2. :
0 =0,0,..0, .
JIBMOKCHUIO BHH3 COOTBETCTBYCT CABHI BIPABO — MPHITHCHIBACTCS OY-
kBa ajdaBuTa;
L
o'=0,0,.0,0,,.
JIBHOKCHUIO BBEPX — CABHT BICBO
"__
o"=0,0,0,.0,.

ITO ©CTh XOPOIIO M3BSCTHAS AMHAMHUYCCKAS CUCTeMa — casur bep-
Hyutu (cM. Beite). Kak Opiio nmokazano M. TpuroskuHeiM, CIBUT BIPABO —
JCTCPMUHUCTHYUCH, CABUT BIICBO — MHOJTHOCTBIO CAviacH. JIEBEIN kpaliHmi
CHMBOJ O_, HOSBIIETCS KaK PE3y/IbTaT CIy4aiHOro mpouecca — OpocaHus
KocTH unu MOHETH. CHBHUT BOPABO MOACTHPYET (BIyKTyalud CBOMCTB,
caur BueBo — ux Oudypkaunuu. [lpu Hapactanun pa3MepoB HaCTHI] BO3-
MO3KHO TMOSIBICHUE HEITPSIBUACHHOTO CBOKMCTBA.

k-1
Jlns gBwkenus sopaso 0 —> 0 dy(0,,)=2"" —>0 — 310 CxMH-
Maromas W PeaklHOHHAs KoopauHara. JIns JBMKCHHUS BICBO O —> O
dy(c_)=2" —> o0 — 310 pactaruparomas i Au(Gy3HOHHAS KOOPAH-
Hara.

Tem cambiv MeTpuka dy (0, @) CBs3bIBACT (GOPMATBHEIC S3BIKH
CHMBOIMYECKUE POCTPAHCTBA C MPOCTPAHCTBOM (usnucckum. Metprika —
5T0 (YHKIHS MEXAY AByMs MPOCTpaHCTBaMH Y, —> R, €€ aprymMeHTamu

ABISIFOTCS CTPOKH X, 3HAUCHHUSAMH — 4yuciaa K. ITOT (akT JEKUT B OCHOBE
HUHTEPHPETAlUN CTPOK CUMBONOB/LUGP AeHCTBUTEIbHBIMU uncnaMu. Ecnn

HPEATONOKHATh PABCHCTBO KO(DGDHULIUCHTOB CXXKaTHA /; =F, =...F, , TO UTE-

PaTHBHYIO CUCTEMY MOKHO 33,aTh MPOU3BOAAIICH (QYHKUMCH, CoACpKAIICH
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HHPOPMALTHIO O MOCICAOBATCIEHOCTH CHMBOIIOB M CTCIICHSIX CHKATHSL, KOTO-
pas aHAJIOTUYHA CTEIICHHOMY PSLAY

_ 2 %
IFS=(X, oy+0,-r+0,- 1 +...40, -1 +...).
Ecmn o =1011...1, To 3T0¥ CTPOKE COOTBETCTBYET ACHCTBUTEIHHOC
YucI0 O € l),l _, KOTOPOE MOJYYacTCs CICAYIOIHM 00pasoM:
o =0-1.2"40-224+1-27 +1-27* + ..
IMogoGHBIM 1 Goiee CTOKHBIM 00Pa30M ISl IBYMEPHBIX H TPEXMEP-

HBIX OONACTCH MOXKHO BIOXKHTh X B (huzmdeckoe Teao. [losromy kaskgas
TouKa 00beMa Tena P MOXKET OBITh IPEICTABICHA ABOSKHM 00pa3oM:

PeR P=(x,y,z) x,y,zeR’
Pex P=(0,,0,.0,.) 0,0,...0,...€X.

M coOTBETCTBCHHO UMEEM ABa BUAA paCcCTOAHUA MCKAY TOUKAMU Pnu

[ P=0 =y, =)+ (3, =2 4z, =2,
u |P—Q|=minl. » 20,

Ha uncnoeoli ocu 3TH MeTpHKH (MX PE3yNbTaThl) HEOTIHYHMBI —
HENb3s VCTAHOBHTH MOJYYCHA JIU CIOKCHHEM MCHBIIHMX HIH JCICHHCM
6osmp1meTo.

[ToaBeaeM UTOTH SMIHPHYCCKOMY PACCMOTPCHHIO HTCPATHBHOU CHC-
TeMBl (YVHKLOUH Kak OCHOBB (PPaKTANBHOTO CTPOCHHS MarepuaioB. Mel
MOKEM TOBOPHTB O TOM, UTO ()PAKTAIBHOE BELICCTBO COCTOHUT M3 ABYX CYO-
CTaHUUN — COOCTBCHHO MATCPUH M CHMBOJOB, HOCUTCIISIMU KOTOPHIX SIBJIS-
FOTCS YacTH ero 00bEMa, YacTH €ro 4acTeH U T.A. Marepus H CHMBOJBI He-
OTACTUMBI APYT OT APYra Tak e, Kak 4acTh npobiaeMel Enunoe-MHoroe.
Marepus — HOCHTEIb SHEPTHH, CUMBOJI — HOCHUTENb CBOMCTB.

SBacHWEC ACTMMOCTH, TPCACTABACHHOC HTCPATHBHON CHCTEMOM
($VHKUUH, npeacTaBnsaeT coO00H BHYTPEHHIOK CTCIICHb CBOOOABI MATCPHH.
Touku Ha 5TOH KOOPAMHATE HMEIOT CMBICT pa3Mepa YacTHIBl BELICCTBA
JAHHOTO XMMHYCCKOTO COCTaBa. JIBH)KEHHE MO HEH SBICTCS OTHOBPEMEH-
HO ¥ MarcpHaJbHBIM, U CHMBOJIHUYECCKUM, T.C. H3MCHEHHSM paszMepa COIMyT-
CTBYCT H3MCcHECHHE CBOWCTB. OHO NETCPMHHHUPOBAHO NPH H3MCEIBICHHH,
JUCTICPTUPOBAHUH BEIIECCTBA W MOJHOCTBIO CIYUAWHO MPH CHHTE3¢ (arpera-

LMH, KOATY/ISILHH).
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Haxonen mocneguee, CBS3aHHOC € JICKCHKOTPAGHICCKHM CPCBOM.
Ono npeacrapnsieT coOOOH 2-aTIUUECKYIO YUCIOBYEO CHCTEMY Z5. DTa CBA3b C
O,Z[HOI\/'I U3 ABYX OCHOBHBIX YHUCJIOBBIX CUCTCM MaTCMATUKHU MO3BOJIACT CUIIb-
HO PaCIIUPHTh apCECHAI METOJO0B MOACIUPOBAHUS 33434 U CBA3aTh Pa3pos-
HEHHBIC (PaKThl PPaKTATEHOH FEOMETPHH B COMIACOBAHHYIO CHCTEMY.

Iepexoanm Kk U3I0KESHHUIO OCHOBHBIX CBEACHUH 00 3THX YHCIaX.

11. AEJIMMOCTDb U PPAINYECKHUE YN CJIA

Beuay Manoi H3BECTHOCTH p-aJUUeCKON YHCIOBOU CHCTEMBI A 00-
PasoBaHMs MBI HU3JIOKHM NOAPOOHO CBEACHHUS O HEH B MApalUICIH C UHTEp-
nperanuei B ppakTaabHON FCOMETPHH.

CBs3p MEXKIY TCOMETPUCH, aHATH30M M BBIYHUCIUTCIBHBIMHA METOIA-
MH B Mar¢MaTHKE OCYIICCTBISCTCS YUCIOBBIME cucTeMaMu. OHH MpUAaroT
YHCIOBYI0 M METPHUECKYIO COACPKATCIBHOCTh PA3HOOOPA3HEIM I€OMETPH-
YCCKUM U MATCPUAIBHBIM OOBEKTAM TCOPHIA, HA OCHOBE KOTOPOU Jajiee pas-
BHBAIOTCS OCHOBHBIC OTICpaLy aarcOpbl H aHATH3A.

Takyio cBA3b AN CBKIMAOBA MPOCTPAHCTBA OCYLICCTBISIOT BELIECT-
BeHHbIe uncia. [loayuaercsa Teopus ABIKECHUH A€ (HOPMHPYEMOro TBEPAOTO
Tena. DTOM TEOPHU HEAOCTATOYHO IS HYXKJI MaTCPUATIOBEACHUSA U XHMHH.
BxmrounB AeIMMOCTD B TCOPHIO, MBI IIEPEMEIIACMCS B IPOCTPAHCTBO (hpak-
tanoB. [{ns ppaxraspHOl reomMeTpun 0OJCE HOAXOMAIIMMHA OKA3BIBAKOTCS -
aIMYCCKUE YHCNTA. p-aTudecKue 4uciaa (OPMATH3VIOT SBJICHHS, KOTOPHIC
CBS3aHBl C TMPOLECCAMH OCCKOHEYHOTO MICICHHUS H H3MCHCHHS Pa3MEpOB
YacTHUIl BeIecTBa. TeM caMbIM OHH MO3BOJSIIOT PaccMaTpUBaTh ACTMMOCTH
BCIICCTBA B KaK OAWMH M3 CCTCCTBCHHBIX MPOLECCOB, UMCIOLIHA COOTBETCT-
BHE B aPCCHANC MATCMATHKHL.

Kpome toro, p-aguueckue uucna aenarot Oonee SCHBIM caMO MaTeMa-
THYECKOE MOHATHE MHOXKECTBA. MICXOAHOE MPEACTABICHUE TCOPUU — «MHO-
JKECTBO €CTh HAbOP XOPOLIO PA3NHYUMBIX 3JICMEHTOBY, OOBIYHO MBICTHMBIX
Kak cOOpaHHOE, HE CBA3AHO € KOHKPETHBIMH TNPCIACTABICHUAMH (DH3HKO-
XUMHYICCKOW Hayku. HUKTO M HUKOTZIAa MHOMKECTBA HE COOHpan U HE coOu-
pacT. OcHOBHOM 00BCKT — 00Opasell Wik 00BEM MATCPUU — BCETIA JaH KAk
HCXOAHEBIN, a BOT «COOHpaHKe» €ro €CTh OJHA U3 OCHOBHBIX 32134 HAYKH.

HcxonHbiM MOTHBOM BBEACHHS p-aAMUYCCKUX YHCET B COBPEMCHHYIO

($U3HKY ABUIACH THIOTE3a O (IYKTVAUMsIX MPOCTPAHCTBA-BPEMCHU HA Ma-
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JBIX MacmTadax, KOTOPYIO NpeAaranoch MOACITHPOBATh HPPETYISPHOCTHIO,
dIyKTyamusaMu momns JeHCTBUTEIBHBIX Yncesl K Kak OCHOBY TeOpuHu (H3H-
yeckux mnojed. B3ameH npexxHux (yHAaMEHTANBHBIX CYIMHOCTCH: MOMNCH,
YaCTHII, CTPYH HPEJIaracTcs BBECTH CAUHYIO CYOCTAHIIUIO YHCIOBOTO OIS
0,, KOTOPOE CHOCOOHO BOCIPOU3BECTH (DIYKTYAIlMH TOIOIOTHH M Pa3Mep-
HOCTH TIPOCTPAHCTBA-BPEMEHH, €T0 METPUKH M curHarypel [36]. 13 atoro
BHIHO, YTO 0a30BOM MHTEpHpeTanucH p-aadecKuX Ynucen B QU3HKE SBII-
FOTCSI UPPETYISIPHBIE SBJICHUS HA MUKPOYPOBHE.

« B mamemamuyeckoii pusuxe co gpemern Hvromona u JleiibHuya npumens-
1OMCs geugecmeetbie yucaa. e ecmpeiaemes Kaxaa-mbo npakmuyeckas 3a0a-
Ya, 0ObIYHO O ee peuleHUs GbINUCLIBAIOMCS COOMBENICIBYIOUIEe YPAGHEHUS, Pa-
3yMeemcs, HaO nojeM egeugecmeeHHvix uyucen R. Bonmpoc, nouemy HydCHO
UCHOTIb308ANTb UMEHHO 8eUeCEeHHbIE YUCA, 0adce He 3a0aemca... .

Dmu npedcmagnienus cmami HacmoILko npussidHsiMi, 4mo R® vacmo eoc-
NPUHUMAEMC KAK peanvHoe ¢husudeckoe npocmpancmeo. Muvi xomenu 6vi noo-
YepKHYIMb, YN0 eBKIUA0B0 Npocmpancmeo R° — smo ne 6onee dem mamemamuye-
cKas Modenvb O PeaibHO20 PUUYECKO20 NPOCMPAHCIEd.... Taxkum obpasom, Mul
NPUXOOUM K 8bI8OOY, UMO 2e0Mempus 0ObINHO20 e8KIu008a U, boee obwo, puma-
HO8A NPOCHPAHCIEA HEAOEKBAMHO ONUCHIGAENT CEOLICHBA PEANbHO20 (YU3UIECKO20
NPOCMPAHCINGA HA OYeHb MATILIX PACCHIOAHUSAX. ..

Hmeemes coomeememaue Mexcoy 2e0MempuiecKum U aHaTumudecKum oni-
CaHueM Npu NOMOUU YUCTOBBIX KOOPOUHAM: YCIOBHO 2060PA,

ceomempuss €= wucno8as cucmema.

Beeoennvie K.Iensenem ¢ xonye XIX gexa p-aouueckue Yucia cocmaegiiom
HeOMbeMIeMYI0 Yacmb Meopul vuces, aneebpaudeckon ceomempuy u opyeux pas-
07108 COBPEMEHHOI MAMEMAMUKY . ..

Leomempus Heapxumeoo8a NpoCMPAHCMEd YOUSUMETLHO HeNnoxoxcd Ha
E8KIUO08Y 2eOMEMPUTO ...

Ilone p-aduueckux uucen Qp uMeem eCMeECHmEeHHYI0 UePAPXUYECKVIO
CPYKMYPY: KaXCOblll OUCK COCMOUM U3 KOHEYHOZO HUCHA Henepecekarnmuxcs
OUCKO8 MeHblULe20 paouyea; nojie Qp coMeoMOPGHHO KAHMOPOBCKOMY MHONCECEY
Ha 8ewecmeenHot OCH. ...

Kax xopouwio uzgecmuo, obObIuHAL e8KIMO08A 2e0MEMPUS ONUCIGACMCS NPU
NOMOUU GEULECHIBEHHBIX YUCEIT... .

Heapxumeooga 2eomempus u p-aOuvecKuil aHAIU3 NPUMEHAIOMC 8 usuKe
He MOJIbKO Ol ONUCAHUSA 2e0MEMPUY HA MATBIX PACCHOAHUAX, HO U 8 PAMKAX mMpa-
OUYUOHHOL Meopemuieckoli uauxy ONs ONUCAHUA CTIONCHBIX CUCHEM MUNd cnu-
HOGYIX CHIEKOJ Wl PPAKIMATIOS. ...
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Movi naoeemcs, umo p-adudeckue Yucia HAgOYM NPUMEHeHUs 8 MaKux o6-
JAAcniix, KaKk meopus myp6yﬂeHn1Hocmu, 6140./1021/12, ounamuyeckue cucmemsl, KoOm-
nbiomepobl, NPpobaeMbl nepedadu UHpopMayuy, Kpunmozpagus u Opyeux ecmecm-
BCHHDbIX HAYKAX, 6 KOMOPbIX UYUAIOMCE CUCEMbL C XAOMUYECKUM ¢paKmaﬂbel.M
nogedenueM U uepapxuyeckoil cmpykmypotiy. [37, uz agedenus].

CyiecTByeT u 00Jice paHHsSE UHTCPIPETALIUS STHX YUCEN, KOTOPas B
TOYHOCTH COTNACYETCS ¢ (PpaKkTaabHON reoMeTprcH 1 €€ OUHAPHBIMH CBOM-
CTBAMHU. DTa MHTECpIpeTanus mupe PU3HICCKON U ABIACTCA Oonee Mmoxxo-
ASINCH JUISL HAIIICH TCMBI.

E¢ w3noxenue moxkHO Hauate ¢ pabor . Mupmmanodda 1917-
1921 rr. [38], KOTOPBII BHEPBBIE CBA3AJ ABICHHUS HEIMHEHHOCTH, JSIMMO-
CTH MaTCpUH U NapaJOKCATIbHBIC SBICHUS B HAYKE — allOPHH 3CHOHA, aHTH-
HOMWH TEOPHUH MHOXKECTB. ET0 KOHCTPYKITHS Tak HA3BIBAEMBIX 3KCTPAOPIH-
HapHBIX MHOXCCTB B HACTOSINEE BPEMs PA3BHBACTCS B TCOPETHUCCKUI
nHPOPMATHKE HOX BHUAOM HE(QVHAUPOBAHHBIX MHOMKECTB [39]. Dkcrpaop-
JUHAPHbIC WIH HEGYHINPOBAHHBIC MHOMKECTBA €CTh MOJCIIH MAaTCPHAITBHBIX
00BEKTOB € OCCKOHEYHO ACTMMBIMH YacCTAMHU U 31eMeHTaMu. OHH OOBIYHBI
BO (ppaxTanbHOU TCOPHH.

Iyemo E — mHosxcecmso, E1 — o0oun u3 e2o anemenmos, E2 — anemenm, npu-
Haonedcawuti El, u max oanee. Ilocneoosamenvrocms om E x K1, om El x E2 na-
3bleaemces CnyCcKoM. Taxoii CNYCK 06pbleaem0}z, Kxoeoa ecmpedaencst Hepasiosrcu-
Mulil onemenm. B omom ciiydyae cnycKk KOHedeH, HO OH He obaszan  Ovime
maKO@bl.M...ﬂCKancy, Yo MHOJCeCineo opduHapHoe, ecjliit OHO donyCKaem MoJIbKO
KOHeUHblll CNYCK, 5 HA308Y €20 IKCMPAOPOUHAPHBIM, eClill Cpeoll €20 CNYCKO8 Hail-
oymest 6eckoneunviey [1917, p.42].

Briepebic Ha CBA3b p-aqHUECKUX YUCET ¢ (PAKTATBHBIMH MHOMXKECT-
BaMH U ¢uzuucckumu npodnemamu ykazaia C. Ynam B cepeanne XX Beka.
Ilo ero maTEpTIpeTAINN pP-afUUECKUE UUCTA ABISIOTCA WHBAPHAHTAMH IIPO-
LECCOB OECKOHEUHOTO ACICHUS BEIIECTBA U OOIIEH TOMONOTUCH Pa3IHIHBIX
obnactelt BeeneHHoM, BKOUas 0OBEKTE ¢ MPOTHBOMOIMKHEIMU CBOWCTBA-
MH, TaKUMH Kak, HampHUMEp, OPOTOH U 3mekTpoH. OH 3aMeTwn, 4YTO
p-aaudeckasl TOMOIOTHSL COBMAAACT ¢ TOMOJIOTHEH KaHTOPOBA COBEPLICHHO-
ro MaOXkecTBa C M MOXKET PacCMaTpPUBATHCH KaK aJbTCPHATHBA KOHTHHY-
aJbHBIM TCOPUAM (PUBHUKH U BO3BMOXKHOCTH BBIPOKCHUS (PU3HUCCKH OCMBIC-
JCHHBIX BEJIMYUH.

«lloouepéono evicmynarowite Ha nepeOHUil NAAH MOYKU 3PEHUL «Meopull
noJBL» U «2JEMEHMAPHbIX dacmuy » npedcmaeﬂ}nom coboili ¢ danHoe epemM:i uiu
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(m01’l0ﬂ02u"l€CK1/l) 887('./11/!008 KOHMUHYYM, 6 KOMOPOM OCHOBHbIE 06b€Kmbl AGJIAIOMCA
(ﬁyHKlzjuﬂMu HENPEPLIBHO MeHAIoWec0Cd epeMert Wil 4acmuybl, 6HYMpeHHee co-
Oeporcanite KOMOPvIX He AHATUSUPYeMCA.

HHmepnpemauu}z OMUX NEPEUYHO MaAlblx eéuHuu npocmpanemea paseued-
emcs yepes cledyioujue Cmaouu. amom CMAaHO8UMCs A0POM, OKPYI*CEHHLIM 2JeK-
MPOHOM, 0O, 8 C8010 04epeOb @blogUedem CROU GHYMPEHHUE KOMIOHEHMbl — Hy-
KJIIOHbL U daﬂee; 6 Hacmo:=Auee gpemMst npomonsl U HezlmpuHo, BO3MOIICHO, MePAIOmM
c80é npaeo Ha cmamyc «4acmuy y, 06Hapy9fcuea}z cocmastule dnemenmsl. Bcé Mo,
Mmaxk cKasams, 6 CIMOpPOHblL YMEHbULEHUAL. B mo oice epeMil 6 HanpaesieHuu pacnpede—
Jenua Qusuveckoli Beenennoil 8 yenom mosice, No-6UOUMOMY, CYULECMEYen MAKol
umepamueanZ npoyecc: 38@301)1 OKAaszslearomce: CO6paHHlel/l1/l 8 CKOnJIeHUA, cKonie-
HUA — 8 2allaKimuKu. Cywecmeymm CKONJIEHUA cAllAKMUK, ceepxXedlaKmuK U, Mo-
JIcem Obimb, MOJNCHO YEUOEHb, MO CYulecmeyem 6eCKOHeUHas uepapxus Ha Opy-
2OM KOHYE UtKabl.

Hosmomy, modicem Ovbimb, UHMEPECHO 800OPA3UMbL MAKUE NPOYECChl, NPO-
aOﬂDdeiOuﬂl@Cﬂ HEOSPpAHUYEHHO U, 6 HYACMHOCMU, pacCMompemb Cﬂy‘laﬂ, KOZOLZ
pacnpeodefieHue Macchl (U SHepeuu) npoooxcaemcs 6cé gpeMsd, He Npueoos &
npedeﬂe K cucmeme deﬂcmeumeﬂbelx yucea uiau 887('./11/!@08)/ KOHMUHYYMY, 6 KOMO-
pOoM onpedesleHo OaHHOE noJie.

Hanpomus, eoobwye 206ops, smu npedeivl 6yOym nooobHbl KAHMOpO8OMY
MHOMCecm8y U 6Y0ym uMens MONOJIO2UI0 CKOpee P-AOUYecKux, dem OeticmaumeJib-
Hbix yucenr». (40, c. 106,120].

Msi npuseaéM 0030p BBHIBOAOB Yiama, KACAKOUIHICS HAICH TEMBI
[41]. Ero BRIBOIBI OXBATHIBAKOT OCHOBHBIC BOIMPOCHI KAK COOCTBCHHO Mare-
MAaTHUYCCKHE, TaK U 00IIE(HU3NICCKOTO 3HAUCHHUSI.

PacnpocmpaHeHue AHaIuz3a Ha onucaHie KOM61/IHLZI¢1/H/I OMCerMHocmu C He-
npepwigHOCMbIO O PUIUYECKUX CGOTICME NPUBOOUM K CIHPYKIMYpe KAHMOoposd co-
BEPULEHHOC0 MHOINCECHIBA. CoomeemcmeeHHo He mOoJIbKO deﬂcmeumeﬂbele yucia
xapakmepusyrom qbusuqecmt COa@prCdm@ﬂbel@ GEIUYUHDL.

Mnoorcecmeo MamepuaibHblx MOYEK AGJAemcl HU 887('./114008131]14 KOHMUHY)-
MOM, HU Ha60p0]l/l OMCermmﬂx mMOoYeK. Modeﬂu Kanmopoga MHodcecmeda Mocym
6blmb aa@K@amel aﬂﬂ qbusuqecmtx MOa@ﬂ@lZ, Komopble monoJaocudecK A6/IIomces
HU 887('./114008131]14 KOHMUHYYMOM (meopu}z I’lOﬂﬂ), HU coomeemecmeyiom nOoHAMUI0
SJIEMERMAPHBIX Yacmuy, 6HYMPEHHOCb KOMOpblX daﬂee He aHanusupyemcs (KLZK 8
COBpPeMeHHOl Meopul Keapxos), Mo ecmv 8 cyyae, K020d NPpOUCX00am Henpekpa-
wyaruiuecid npoyeccol nodpasdeﬂeHu}z qbusuqecmtx cyuwocmeﬂ, MaxKux Kaxk maccea.

Hooobuvie npoyeccel npugoosm K pacnpeoeneHusm muna Kaumoposa
COBEPULEHHO2O MHOJMHCECmBa C monoJjiocuetl 60./188 coomeemcmeymweﬂ
p-aduqecmm/z, HedrceNu eeneCnmeeHHbiM YuUcCiam.
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Kanmopoeo mHosicecmeo axncHO # KAK MOOeqb KOHQUIYPAYUOHHO20 Npo-
cmpancmea, max i Pazoeo2o u, 8 KOHYe KOHY08, IMA KOHCMPYKYUsL OOTHCHA Gblmb
ocyuecmenena ¢ npocmpancmee Munkoscrkozo-Jlopenya.

B omom cryuae Qusuveckue cmpyKmypul npeocmagiiioncs ¢ 6ecKkoHeyHo
VBENUUUBAIOWETICS. CIOACHOCMBIO U AKCUOMA Pe2VIIIPHOCIU MeOPUll  He MOJICem
boime yoeporcana. Taxoice mepsiem c6oé 3nauenue & QusUKe U AKCUOMA Henpepuvie-
nocmu CH.

Ilo cnosam Yaama: «noxoosice Ha mo, 4mo Qusndeckue a8eHUs PAOUKATbHO
MeHsiiom ceou usuueckue cgoticmea 8 manromy. Illosmomy oarereiiuias 2eomempu-
sayus QusuKy He Moodicem bbb OCYUECMENeHa NPOCIbIM 0606UeHUEM NOHIMUL
e8KIUO080T ceoMempull, MAK Kax OugphepeHyuanvias Mempuxa HUKo20a He ompa-
3UM CYUECMBEHHBIX COTICIE HENPEKPAUAIOUUXCS NPOYECcCo8 OeNeHUs, HO OONIHCHA
OCHOBLIBAMBCS HA PAOUKATLHBIX USMEHEHUSX JIOKATLHON MONoAo2ul (max Kax 8
KAHMOPOBOM MHOIICECBE).

... usuxa He 6vLIA Obl BOZMOJICHOM, eCit ANEKMPOH U NPOMOH He Obliu bl
80 MHO2OM modicoecmeeHnbl. Ecmi 9mo nooobue um UOeHMUUHOCHb NOOMHO-
acecme Beenennoil we cywgecmeyem, ne mo2no 6vl 6vime Huxaxoil ¢uzuxu. [ibid,
p-1781-1785].

IMosicauM HEKOTOpPBIC BEIM. AKCHOMA PETYISIPHOCTH WM aKCHOMA
(YHIUPOBAHUS SCTh MATCMATHYCCKHI SKBHBAJICHT HEACIUMOCTH, aTOMH3-
Ma. ITO OCHOBHAS akcHoMa paboTaromEeH TCOPUH MHOXKECTB H aKCHOMATH-
3upyeMbIX (POPMABHBIX TCOPHH — MATCMATHKA PACCMATPUBACT TOJIBKO pPe-
TYISPHBIE MHOKECTBA M COObITHS. DHU3NUCCKHI CMBICT KOHTHHYYM
THIOTE3bl — HEMPEPBIBHOCTh KAK CBI3HOCTh. OQTPHIIAHUS 3THX aKCHOM CO-
CTaBJISIOT CYTh MATCMATHKH M JIOTHKH (PpaKTaIpbHON reOMETPUH.

Tax xe kak u ppakrTajpl, p-aAUUCCKUC YUCNA SIBISIOTCS HHBAPUAHTA-
MH TPOLIECCOB OECKOHCYHOTO JENCHHUS MaTepuu. ITOT GakT He pa3, B HEAB-
HOU wiu ssBHOH (opme, nepeoTkpsiBaics [42].

B paccyxaeaunssx Mupumanodda u Yiama SICHO BHIHO, YTO HCXO[-
Hast CyOCTaHIMS MHOKECCTB — MATCPUs, B KOTOPOU MPOLICCCOM CITyCKA HIH
JCTACHUS PA3THIAOTCS YACTH, VKC JaHA U CaMa BO3MOXKHOCTh BBIACICHUS B
HCH JacTeh ¢CTh ¢ OCHOBHOC CBOMCTBO. B oTim™me o KaHTOpPOBA MPOLICC-
ca cobupanus, MHO)kecTBa MupumaHogda maHbl Kak UCXOmHBIE. TeMm ca-
MBIM CMBICTT TOHATHS «MHOXCCTBO» CCTh COBOKYITHOCTH PAa3THIUMBIX
(hparMeHTOB MaTCPHH.

B 1984 rony A H. INapmue ykazan Ha CBA3b p-aJUUECKUX YHCEN C
(hopMaIbHOH TOTUKOH U CBOMCTBAMHU CHCTEM, BBIPAKACMBIX (hOPMATBHBIMU

SI3BIKAMH, BBICKA3aJ HACIO O HCOOXOAUMOCTH OOBCIMHCHUS BCINCCTBCHHBIX
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U p-aAWtICCKUX YUCC TSl OTIMCAHUS OMIMIO3UIINH «BCIOU — OTHOIICHUSD [43,
npumcuanue 17] u oTMeTHn 2-aaHMYECKUC YUCTA KaK MOACIR MHpA HUACH
ITnarona [44]. ®pakTanbHOCTh, TO €CTh OCCKOHCUHAS ACIUMOCTh HCTHHHO-
CTHOTO TOJIS JIOTUMECKUX CHCTEM MATCMATHKHU, ObLIA MPOULTIOCTPUPOBAHA
[45].

B craresx [46] o0ocHOBaHA ANTOPUTMHYUCCKAS HHTCPIPCTALIUS
P-aIAYCCKUX YHCET KaK 00bCKTOB TeopeTHUeCKOM nHpopmaruku. Toxaect-
BO (JOPMANBHBIX S3BIKOB U ()PAKTANOB XOPOIIO H3BECTHO H MPOJOIKACTCS
KaK MX U30MOp(DU3M ¢ p-aAuIeCKUMHU YHUCTaAMHU.

s HAC BAsKCH BOTIPOC CBSI3H BCIICCTBCHHBIX M P-aIWUCCKUX YUCCT
KaKk OTpaKeHHE aHTHHOMHH Matepuu. B meicnu ['Beiing sra mpoOmema
AMECT B COTPSIKCHUS JUCKPCTHOTO C HCTIPCPBIBHEIM

«Cucmema OeficmeumenbHbIx yucesl nooobHA O8YIUKOMY HHYCY: ¢ OOHOM
CcmMopoHsl — Mo cosokynHocme (das Feld) ancebpauveckux onepayuil + u — u um
0bpamuslx, ¢ Opyeoil — KOHMUHYATIbHOE MHO2000pasie, Yacmu KOmopo2o C813aHbl
opye ¢ Opyeom Henpepwigho. Tlepeaulii muk vucen aizebpauyeckuii, Mopoti Monoio-
euveckuti. CogpeMeHHAA aKCUOMAamUKa, npu gceli cgoeti npocmome, He mepnum (8
omaudue om Hoegeuuiet nOﬂumuKu) 10006HO20 a@yCMblCﬂEHHOZO cMeuLtetus OUHbI
U MUpa; OHA MuamenvHo omoesiem o0Hy cmopory om opyeoiiy. [47, ¢. 26].

CBsi3p BCLICCTBCHHBIX U pP-aIUYCCKUX YUCCI B PA3IHYHBIX (hopMax
HCOTHOKPATHO 00Cyaanacek B ntuteparype [48, ¢. 209].

«Bewgecmeennaa u apugpmemuvecxas (m.e. p-aouveckas — Aem.) KapmiHul
Mupa HAxX00amces 6 OMHoULeHUY aOl’lOﬂHum@ﬂbHOCmu, HANnoOMuHarouem omHouteHue
M@chay COnpﬂDfCéHHlel/lu Hab00aemMuIMU 8 K8AHMOBON MeXaHuKey

0. . Manus BUIUT BO3MOKHOCTh OOBCIUHCHUS CBOHCTB apXHUMEI0-
BBIX U (PpaKTasbHBIX CBOMCTB B aAcIbHON KOHCTpYKUuH [48, ¢. 214].

CBsi3p AByX 0a30BbIX YHCIOBBIX CUCTEM MATCMATHKUA CTAHOBUTCS SIC-
HOH B dopmanbHOM m3noxkeHur. C 3THX MO3ULMN — CBSI3U YHCIOBBIX CHC-
TEM, MBI U3JI0KUM OCHOBHBIC (DAKTHI O P-aAHUCCKUX YHCIAX. 3ACCh TAKKS
MPUCYTCTBYIOT UX PA3THIHBIC HHTCPIPCTALINH.

Yucnosas acumvmempus 6 mamemamuxe. B MaTeMaTHKEC H3BCCTHEHI
B¢ 0a30BBIC, HECBOAUMBIC APYT K APYTY YUCIOBBIC CHCTEMBI — BEIICCTBCH-
HBIE R 1 p-agnueckue uncaa Z,. O6e 4UCIOBBIE CHCTEMBI, PACCMOTPEHHBIE C
0osee oOIIEH, HEXKETM BEIMUCIUTEIbHAS, TOUKH 3PCHUS — TOMOJIOTHH, T¢O-
METPHH, ANTeOPbI, TCOPUH PESLIETOK U MOPSAKA, JJOTUKUA — UMSIOT MHOTO COB-
MaJAIOINX YCPT, HO U MHOTO KapAuHAIBHEIX oTmaauii [49; 50, p. 34, 280].
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dpakranpHas TCOPHUS BBEIA B PACCMOTPEHHE KAHTOPOBO COBCPIUCH-
Hoe MHOXecTBo C, oOmazaromee YHHBEpPCAIbHbBIMH CBOHCTBaMU. CHHTaK-
CHC BCEX ITHX TPEX MHOXKECTB TOXKACCTBCHEH. VX 3IEMEHTBI KOAMPYIOTCS
HUACHTUYHBIM 00pa3oM — CTPOKaMHU OCCKOHCYHOH AJIMHBI, KOTOPBIC SIBIISIFOT-
€S PA3NIOKCHUEM YHCET B MO3ULMOHHON CHCTEME CUHCICHIMS M0 JTI000H Ga-
3¢, IpocToMyY YHCTy p. B Hrore Maremaruueckas TEXHHKA HE CIOCOOHA K MX
PA3TUUCHUIO — U30MOP(HBIC MHOKESCTBA CUUTAIOTCS B MATCMATHKE KOIIHSI-
MH APYT APyTa!

R=C=Z,.

OxHako mpH COMOCTABICHUH BHAHA pPa3HUIA. BeuiecTBeHHbIC Uncia
CBSI3HBI, OTPAXKAIOT MPOTSHKEHHOCTD, P-aIHUCCKUC H KAHTOPOBO MHOKECTBO
MOTHOCTBIO Pa3PBIBHBI, MOACTUPYIOT ACITUMOCTD. TeM caMbIM Tr00ast 10ru-
yeckas (opMmyna, 3aHCAHHAS B BUAC CTPOKHU, 00NANACT, KAK B SI3BIKE, ABOW-
HBIM cMbIcioM. OHAa MOXKET YKa3plBaTh HA MATCPUAIBHBIC OOBCKTBI, KOTO-
PBIC COOTBETCTBYIOT BCLICCTBCHHBIM UHC/IAM W HA HACAIBHBIC, IMOJICBBIC
CYIHOCTH, COOTBETCTBYIOILHUC P-aJUUCCKHIM.

Wx Teopust 1 CBOHCTBA BO MHOTOM aHAJIOTHYHBI TCOPHH BEILICCTBCH-
HBIX YHCEJ, HO M BO MHOTOM PaJMKAJIbHO OT HHUX OTIHYAIOTCSA. JTO COOT-
HOIICHUE MOKHO YIOAOOHTh COOTHOIICHHUIO MpaBou u eBoH pyk. Ilo or-
JCTBHOCTH OTIIMYMTh OMHCAHUEM IMPABOC OT JICBOTO HCBO3MOXKHO, PAa3HHUIIA
BHUIHA TOJBKO B mape [31].

Cmenennvie psobl. p-afuuaecKue YUCTia SBISIOTCS YUCIOBBIM aHa-
soroM psinos JlopaHa v mpeaCTaBISIOTCS (POPMATBHBIMH CTCIICHHBIMHU Psi-
JaMH TI0 CTCTICHSIM OCHOBAHUSI, PABHOTO OJHOMY HX MPOCTHIX YHCET p = 2,
3,5,...,13,..41,...:

-n —n+l -1
X=Cl_n'p +Cl_n+1'p +...+Cl_1p +Clo+

+a1-p+a2-p2+...+ak-pk+...:Zal--pi (D)

i=—
a,eA=0,1,2,...,p-1
Ipu 7 = 0 510 HENBIC P-aAUICCKUC YUCTA X € Z » KOTOpBIC oOpasyroT

KOJIBLO, IpH 1 > 0 310 mone p-aanueckux uucen (J,. Uncma/cumsoist B pas-

aoxenun (1) HaseiBaroTcs umdpamu. [lodToMy p-agudecKHe 4uCIa H30-

MOpQHBI CTCIICHHBIM PsAAaM H HACIEAYIOT WX YHHBEPCAIbHBIC CBOWCTBA.
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B uacTHOCTH, KaK CiIeAyeT W3 MPAKTHKH MPOrPaMMHPOBAHUS, CTEIICHHBIC
PAABl ABISAIOTCS NMEPBUYHBIM MATCPUATOM ONPEICICHHS BCEX BUAOB (VHK-
uuii. COOTBETCTBHE MEXKIAY P-aAMUSCKUMHE YHCIAMU U CTCTICHHBIMU PSIIaMU

OT TIepeMeHHOI  mmeeT Bug p” —>1" . ®opma (1) aBrseTCs TAKKE UUCTIO-

BBIM M OCCKOOPAWHATHBIM NMPOTOTHIIOM HTCPATHBHOU CHUCTEMBI (BYHKIIHHA
[50, p. 12-17].

CTeneHHbIC PAABI IMCIOT HE TONBKO (DYHKLIMOHANBHYIO WHTCPIPETa-
LIUI0, HO UM COOTBETCTBYIOT TAKKE M CTENCHHBIC psiabl MaTtpull. COOTBETCT-

Bue umeeT Bua ¢t — M” . Toraa moydaem 1BOHCTBEHHOCTh

"> pt oM

u iaili < iai p Zw:aiMi. (la)
i=0 i=0 o =0

Marpuuamu 0OBIYMHO MPEACTABISIOTCS PACIPEACISHHBIC OOBEKTHI, UX
MPUCYTCTBHUEC B TCOPUH CTOJIb JKC VHUBCPCAIBHO, KaK M (QYHKIUH. YMHOXKE-
HHC MATPHL 30¢Ch HC OOBIYHOC, & KPOHCKEPOBO, KOTOPOS MOJCTHPYET AC-
JAUMOCTh W TPEACTABISICT M3 CCOS IBYMCPHYIO HTCPATHBHYIO CHCTEMY
(dVHKLHUH (0 HEM HIKE).

leomeTpuueckn — 3TO TO Ke JCKCHKOrpadHIeCKOS ACPEBO C p BETBI-
MU B K&KJOH BEPIIUHE.

Puc. 27. Jlepeso 2-amrdeckux umcen p = 2. (Badii R., Politi A.
Complexity. CUP, 1997.)

C TouKM 3PCHUS MATCPUANOBSACHHUS HUMECT CMBICT HX CJICAYIOIIAS
uHTepnperanys. PaccMOTpuM HEKOTOPBIM OOBEKT MO MPUOOPOM C YBEIH-
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YUBAIOIICH pasperiaroieii cnocodonocTrro. CHauana Mbl OyAeM BHIACTH LC-
JBIH KYCOK MaTepraia. YBEJIUIHB Pa3peIIeHAE, YBUINUM, UTO B IIOJIE 3PSHU
OH OKQXKETCSA COCTOSIUM U3 HEcKombkux uacTe. Kotopeie, B cBOMO
oyepenb, MPH TOCICAYIOIIEM VBEIMUYCHHUH pPa3pellaroIneii crnocoOHOCTH
HabIroACHUS pacnaayred Ha yactu. M tak aance. 3amaua — JaTh ONMCaHHC
00BEKTa — KYCKa BEIICCTBA — MPH OCCKOHEYHOM VBEIMUCHHH, T.€. B Ipe-
Jene.

B 31OM paccyaeHHH YBETHUHTENBHYIO CHIY MPHOOPa MOKHO 3aMe-
HUTH PA3IOKCHUCM (I)I/ISI/IKO-XI/IMI/I‘ICCKI/IMI/I npoucccaMu, YTOUHCHUC — Y-
JIUHCHHEM (HOPMATIBHOTO OTTUCAHML.

B HACTOAMICC BPCM:A (I)I/ISI/I‘ICCKa}I WUJIN UHad, HAMPUMCP XUMHUCCKAA,
HMHTEPIIPETalNs IPOCTHIX THCET OCTAETCA OTKPBITBIM BOIPOcoM. B cBa3m ¢
JEITAMOCTBIO MAaTCPUU MOXKHO BBRICKA3aTh cleaymomiee coobpaxenue. lemu-
MOCTBb Ha JBE YacTH, TO €CTh A p = 2 , HanboJee SCTCCTBCHHA, OHA KaK
OBl BCTPOCHA B MaTepuro — Ha 2 Bcé Beerda aenurcd. Jemumocts Ha 00mb-
[Iee YHCI0 YacTeH TpeOveT CHHXPOHHU3ALNH, KOTOpas NOKHA 00eCIevu-
BaThCS B KAKJIOM OTACIBHOM ciiyuac. Tak, Hampumep, AeieHue Ha 3 u 0ojee
yacteil B JaHHBIM MOMEHT BPEMEHU MOXET OKa3aTbCsd MOCIIEI0BATEIbHO-
CTBIO JCTICHHUN HA 2, €CJIH TPEXYACTHOCTh HE 3a)UKCHPOBAHA KAKUMH-THO0
(PUBHKO-XUMIICCKHMH IPUYUHAMH 3apaHee. MHBIMH CIIOBAMH, TAKOE MHO-
JKECTBCHHOE JCJICHUE HECET CKPBITYIO HEYCTOMUHBOCTD. DTO, KCTATH, OBLIO
IIaBHOI HpI/I‘II/IHOI\/'I TOTO, 9TO BBIYHCIHUTCIIBHAA TCXHHKA, OCHOBAHHAsgI Ha
TPOUYHOM CHCTEME CUMCIICHUS, ObLJIA BEITCCHCHA MCHEE EMKOM TBOMYHOM.

Ilpm HanwIWK TakMX NMPEABAPUTEIBHBIX YCIOBHH HA p Kak MmapaMeTp
JEIAMOCTH MOYKHO BKIFOUHTh B ONUCAHUE CPA3y HECKOIBKO MPOCTBIX YUCEIT
U TICPEUTH K aienbHOH (OPMYIHPOBKE — KOMOHMHALMH NApaMETPOB ACTIH-
MOCTH P, D3, ... Pr. TOoTaa MOXKHO BHACTH, YTO B JACHCTBUC BCTVIIAIOT CPa3y
HECKOJIBKO HUTCPATHBHBIX CHCTEM, (PU3HYECKHX NPOLIECCOB, BEIIECTB Pa3-
JUYHOH XUMHYECKOH HPUPOABI, (POPMATbHBIX SA3BIKOB W, COOTBETCTBECHHO,
MHOXKXCCTBCHHAA AOTOJHUTCIBHOCTD B KOOPAUHATU3AILNN TOUCK O6’béMa TC-
7a. 3Aech MOXKHO YCMOTPETh XUMHUYCCKUI aHAIOr (PU3HICCKOMY MYIbTH(]-
pakTanbHOMY (hopmamu3My — (pakTan COCTABICH M3 BEILCCTB PAa3IUIHOU
XHMHYICCKOW MPHPOABI, KOTOpas W OOYCIOBIHMBACT PA3IUUHE METPHUCCKUX
XapaKTePUCTUK — (HPAKTATBHOU Pa3MEPHOCTH, NAKyHAPHOCTH, (GOPMBI pas-
MEpHOCTH. BBHAy TOro, 4TO, KaKk W3BECTHO, JHO00C ACPEeBO MOXHO (op-
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MaNbHO 3aKOJHPOBATh JBOUYHEIM, aJCTBHOC VCIOKHCHHE MBI ITOKA OCTaB-
JSIEM B CTOPOHE.

CxnanpiBaTh O€CKOHCUHBIN PAA p-2IU4ECKOTO YUCa OSCCMBICTICHHO.
Bce p-amuueckue uncna B OOBIYHOM MOHUMAHHH OCCKOHEUHO Beuku. [1o-
3TOMY HYXKHA COACPIKATCIbHAS WHTCPHPETALMSA — HANO YKa3aTh C KaKUM
MPOLIECCOM WM OOBEKTOM OHH COOTHOCATCS W KaK ONCpalid Hax p-
aIMYCCKUMH YUCIAMH MOJCIUPYIOT M3MCHCHHS OTHX cymHocted. OOpa-
AThCAd C HUMH KaK ¢ KOHCUHBIM OOBEKTOM, PALIOHATBHBIM YHCIOM HEBO3-
MOJKHO, TaK KaK MPH 3TOM BO3HUKACT BapUAHT U3BECTHOM CymeprpodIeMel
— «OCYIIECTBICHHS OECKOHECUHOTO YHCIA OTICPALTUH, TO €CTh CYMMHPOBAHHUC
pAaa p-aguuecKoro YHCIa, B KOHEYHOE BPeMsD». JTH 3aJa4d A0 CHUX MOp HE
pewensl. [Ipeanaracmpie pecHMs MOKa HE TONYYAIOT OOIIETO MPU3HAHUSL.

Crnosa. Bropoe onpeacieHue — B BUAEC MOCIICAOBATEIBHOCTH CTPOKH
udp/CUMBOIOB, AHATOTHYHON O3UIIMOHHOH 3aITHCH YHCTA!

x=a_a e N7 N7 A

-n+l *
B »tom CIy4dac MHOXKCCTBO p-aAUUCCKUX YUCCIT COBIAAACT C ACKAp-
TOBBIM ITPOU3BCACHUCM

X,=4L..p-17% 2)

HauGonee u3secTHa B MHPOPMATHKE SKCIIOHCHTA, ABYXICMCHTHOTO MHOKE -
CTBa:

X,=2"= Q1 = Hue, false 3= 4, v =...

B xavectBe cuMBOIOB andaBuTa 3TOTO0 MHOXKECTBA MOT'YT BHICTYIATh
J'IIO6BIC CYIIHOCTH, CBA3AHHBIC OTHOLICHUCM OTPULAHUA-UHBOIIOIUN, Ha-
MPHAMED

A=YV, A=AV =A, €=—/0 ——e®—=—0=260,

[lepBoe mpencrasneHue ynoTpeONsIeTCs B TCOPHH YHCET M amredpe,
BTOPOE — B TCOPETHYCCKOU HHPOPMATHKE KAK OCHOBHOU THIT JAHHBIX. 3AECh
JETUMOCTh BRICTYIIACT MO BUAOM (DOPMAIBHOM OMPEACTUMOCTH.

OTa uaes MOPOKACHHUS P-aAMICCKUX YHCEIT MOCICI0BATCIBHBIMH OTI-
peacncHusmu uznokeHa JILA. KaayxauabiM. OHa B SBHOM BHIC BBOIUT
(dhopMaTPHYIO OMPEIACIUMOCTD KaK MPOLECC (BBI)ACICHUS CYLIHOCTCH B UH-
CJIOBOM MOJIE. JTa cxeMa odINa UTCPATHBHOU cuCTeMe (QYHKIHHA U JTOTHKE.
B kadecTBe cxxkaruii OHA HCTIOIB3YET CKUMAIOINUE CBOICTBA npasuiaa Modus
Ponens, pazaensromero MHOKECTBA HCTHHHOCTH TIOCIICIOBATEIBHOCTH Ipe-
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JUKaroB — (OPMYJ, YTBEPKACHUH, TCOPHH, BRIPAKAOIIUX OTHOIICHUE JK-
BUBAJICHTHOCTHU HA YHUCJIOBOM MOJIE.

Hnst Beskoro & > 0 ormomenune D, (x,)) = | xX—y |p <& ecrp

OTHOIICHUC SKBHBAJICHTHOCTH Ha moje K ¢ HCAPXUMCAOBbBIM a0COMIOTHBIM

3HAUYCHUECM ‘ X ‘p . Korma & — O, nmpoberas moaoKUTETBHBIC BEIIECTBCHHBIC

YHCIA, TO COOTBETCTBYIOIME npeaukars 1) (X, Y ) mpoberaror CepHro BCé

00/16€ TOHKUX 3KBUBAICHTHOCTEH (MOPOKAast BCE 0ONCE TOHKHUS PA3IHIUS).

D€,3(x,y):)Dg,z(x,y)D.--DDO(x,y)DDg(x,y):)Dgz(x,y):)...
[52, c.347-348].

3aMEHHUB B 3THX PaCcCYKACHUAX NMPECIUKAT, BBHIPAKAIOIIHHA METPHYC-
CKYIO HEPA3IMYUMOCTh HA JOTHYECKUN OPEAUKAT, MHOKECTBO HEpa3IUdu-

MOCTH — Ha MHOKECTBO HCTHHHOCTH 3TOTO mpeaukara, & —>07 — Ha mo-

cieJoBarenpHOC npuUMeHeHne mpasuna Modus Ponens, B ero cmricne
JIOTHYECKOTO BBIAENEHUS MCTUHHOCTH, mose K — Ha COBOKYNIHOCTBH CTPOK
UTCPATHBHOU CHCTEMbI (PYHKUMH, HONYYHM MOCICIOBATCIBHBIN IMPOLECe
onpeaenuMocTy. B mociexHeM ciaydyae HeapXMMEAOBO HOPMHPOBAHHE TIO-
POXKIAETCS KOHKATCHALIMEH, KyAa OHO BXOAUT MOJA BUJIOM CABHra CTPOKHU.
OueBuaHo, uro cxema KamyxHuHa ecth dopManuzamus cnyckoB Mupuma-
Hodda.

ApudMeTHKa P TaKOM MOIXOAC HE TEPSACTCS, TONBKO HMPUHHMACT
Jpyroii Bux. Bmecro ciokeHHS MOXKHO paccMaTpHBarh KOHKAaTCHAITHIO
CTPOK KOHCUHBIX JUTHHE [33].

Ecmu x=aqa,...a;, y=0bb,...b, nBe cTpoku, TO UX KOHKATCHALH

X0y ONPEACTSIETCS UCPE3 CIOKCHHE CICAYOIMM 00Pa3oM:
n+l
Xoy=aa,...a,+2"" (bb,...b,)=ma, a,bb,...b,.

Muosxurens 2" — casur Ha # nosumumit cTpoku y. CaBHr (CKEHIHHT
o ()pPaKTATBHON TEPMHUHOJOTHH) M KOHKATCHAIUS (CIIOKCHUE) SIBJISHOTCS
MpocTeHuMHU Oa30BBIMH ONEPALUSIMU KOMIBIOTCPHOH apuU(PMETHKH, MPH-
yeM (PU3HUECKH Peaau3yeMbIMU M COOTBETCTBYIOLIUMH OyJIeBON anreOpau-
YCCKOU CTPYKTYPE Omepaunii. YMHOKCHHUC U ACICHHUC 3TO VIKC MPOTPAMMEI,
TO €CTh MUHH-TCOPUH 0a30BbIX (U3HUCCKUX ONMEPALIUH.
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IIpumep. X € Z, B BHAC KOHKATCHALMH OYKB, TO €CTh KaK CHMBOJIH-
4eCKUH 0OBEKT:

X, =a,

X, =a,+2a, =a,q,

- 2, =
X, =d.,a, +2°a,=a,q,q,

x, =a,+2a, +2°a, +2’a,+.. +2"a, =

n
=a,+2(a, +2(a, +2(a, +..+ 2(a,)..)) =a.aa,..q,
IMocnenoBarenbHOCTD X1, X3, ...X, ONpUOMMKACT X, C TOUKK 3pCHUS

nH(POPMATHKH 3Ta TMOCICIOBATCIBHOCTD SBICTCS TOCICI0BATEIBHOCTHIO

YACTHYHBIX HHPOPMAIIMOHHEIX COACPX aHUU X,. MHbBIMU cioBaMu, 31eCh Ha-

JINIO I/IepapXI/IH CBOI\/'ICTB BCIICCTB, Bpra.)KaeMbIX CHUMBOJIHUYCCKHU.
Hszmepenua u 6éenuuunvl. BenmauHbl p-aJudecKuX 9uCeN ONpese-

JISTFOTCSL MeTpI/IKaMI/I Ha Qp ABYX BUIOOB — a,Z[,Z[HTHBHOﬁ u MyJ'IbTI/IHJ'II/IKaTI/IB-

HOI.

AJIUTHUBHAS BEPCHSL
Verp vp(x):Qp—>N vp(x)zordp(x)z—n

B paznoxeHusx (1) u (2)

(3)

v, (0)=V, (), ()
u vp(x+y)2 min Vp(x)+vp(y)
MynbTHILTUKATHBHAS BCPCHSL:

o, o __—un
‘x‘p.Qp—>R ‘x‘p—p , o>0

a o o

. = . 4

eyl =lxl, ], “

5 ‘x+y‘§£max ‘x‘

[0 [0
prlY ‘p

JTa HOpMa HA3BIBACTCS HEAPXUMCEAOBOH WIIH yibTpaMeTpukoi. U3 eé
ONpeJeNICHHUsS BUAHO, YTO OHA ACHUCTBYET HM30OHPATENBHO, Pa3NnuvacT MO3H-
LIUH, TO ECTh ABISACTCS (POPMATBHBIM aHAJIOTOM omeparopa ckeinuara. Ou-
3UYECKH OHA JACUCTBYET KaK 3HTPONMUMHBIN, AUBEPIEHTHBIM MPOLECC.

CMBICTT p-aUYEeCKUX BEJIMYHMH BUIACH HA JCKcHKorpaduucckoMm aepese. Kak
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HETIPEPBIBHBIE OHU €CTh BEIMYHMHBI YACTEH JENEHUA, TO UX €CTh Pa3MepOB
U, OMHOBPEMEHHO, KaK AUCKPETHHIC — KOMHYECTBA 3THX (ParMEHTOB Ha /-
HOM YPOBHE HEPAPXHHL.

B ynpTpameTprke YMHOXKEHHE Ha p €CTh CKaThE (HA ¢; — BPALICHHUE).

| px[l=p7" | 5[}
p p

Ione O, spaseTcs aBolcTBeHHBIM 00BbekTOM. Kak Tomomormdeckas
anredpa OHO €CTh, C OJHOH CTOPOHBI, MOAETH MAaTePHH — (PpaKTall, ¢ APYToi
— YucaoBas cucTteMa. TeM CaMBIM OHO SIBISCTCS YHCIAMH CO CBOMCTBAMM
MAaTepUH WA MATEPUH ¢ YHCIOBBIMU cBoiicTBamu. CpoiicTBa MeTpuk Ha O,
UTPAIOT [TIABHYIO PONb B COITMTACOBAHUH AIrcOPAMICCKUX U TOMOIOTHICCKUX
CBOMCTB p-aJU4€CKHUX YUCEIL.

Craenyromee CBOHCTBO VIBTPAMETPHKH BIUIOTHYIO HOABOIMT K H3-
BCCTHOH amopuH 3¢HOHA «AXHIUICC U uepernaxa» U (eHOMCHY «OeCKOHEY-
HOC B KOHCUHOM» — CXKATHUE HATYPAIbHOTO Psaa:

|n|p <1l VneN.

CoorserctBeHHO (3) U (4) pasamuaroTcsl aaauTHBHAA mpsiMas R u
*
myasTuiinkaruBHas npsmas R . CooTBeTCTBHUE MEKAY STHMH MPSIMBIMH

50, p.23]
n—p” Vp(x):a-n:—log|x|j". )

WM COOTBETCTBYIOT CBOHM AJUTHBHAS U MYJIBTHUILIHKATUBHAS (PEIKO
yrnomuHaemas) Gopmbl akcuoMbl Apxumena. Akcruoma Apxumena sBIsIeTCs
oOmel GopMaNTbHOW CXEMOW METOAA UCUCPIIAHUS — U3MEPCHUS, KOOPANHA-
TH3ALHH, ATTOPUTMHICCKIX MPOLIECCOB, J0Ka3aTenbCTB U T.0I. C 3TOH TOUKH
apenus paznokeHus (1) u cmosa (2) ecTh BapUAHTHI ITOH AKCHOMBI, 3aITH-
CaHHbIC TS IIKaIbl H3MEPeHUH o Oase p. B p-axuueckom aHanuse BapuaH-
TBI AKCHOMBI APXHUMEIA CIIUTHI B YTBEPIKACHHIX «MHOXKECTBO HATYPATIbHBIX
YHCEN IUIOTHO B Z,» U «MHOXKECTBO PALMOHAIIBHBIX YHCEI IUIOTHO B Z,).

Hns pasauunsix p =2, 3, ... 43... cnpaBeanuea GopMyna MpoU3BeIc-
HUs, aaeapHas Gopmyna;

|x|oo-H|x|p=l Vxe(. 6)

p=2

Orcrona nng BbIOpaHHOrO (PUKCHPOBAHHOTO YHCNIA p, HAIPHMEP
p = 2, momy4daeM
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| x| | Ed ~ const (n),

rae const (#7) — MOCTOSIHHAS, 3aBUCSINAS OT JJIHHBI CTPOKH.

B mocneaneM COOTHOIICHHHM METPHK Y3HAIOTCSH CTCTICHHBIC 3aBHCH-
MOCTH, KOTOPBIX MHOTO B MarepuajioseacHuu [54]| u B pusuke KOHACHCUPO-
BaHHBIX cpe. OOIHii BRIBOA U3 CKA3aHHOTO — MOAOOHBIC 3aBUCUMOCTH, T10-
JAVUICHHBIC MPOCTHIMH HM3MEPCHUSMH M CBS3aHHBIC CTCIICHHON (hOPMOL,
HMCIOT YHUCJIOBYIO MPHUPOAY, KOTOpas MPOUCTCKACT W3 HEPapXHUYCCKOH,
¢pakrampHOW CTPYKTYphl Marepuu. HanGonee HHTEpECHBIM OKAa3bIBACTCS
CTCMEHHAS CBA3b MEXKIY YHCIIOM CBOWCTB MaTCpPHATIOB U YPOBHAMH JUCIICP-
FHPOBAHMS BU/IA YMCIIO CBOMCTB = YPOBHH Pa3PELICHHS (CM. BBIIIE).

Hneonoyusa. V3 (1) BuaHO, 9TO «IpaBHIbHAS) 3AIUCh BELICCTBCH-
HOTO YHCIA MOAYYACTCA U3 P-aIUYCCKOH OTPaKCHUEM OTHOCHTEIBHO ACCH-
THIHOU TOUKH [55, ¢.15; 56]. DTO 3KBHUBAICHTHO MO3UI[HOHHOW 3AMUCH TI0
o6parHOii Gase p' MHGO MEPEKIIOUCHIIO CMBICIA P — C JCICHHS HA MPOTS-
skeHue H oOpatHo. [1o3TOMY CBS3b BEIIECTBECHHBIX U pP-aJUUCCKHUX YHCET
MOHUMACTCS KaK MPOSBICHUE ABOHCTBCHHOCTH CTPOKH CHMBOJIOB U, B YaCT-
HOCTH, OOJHOTO CHMBOJIA IPOCTOTO YUCIIA P.

IMocneauuii, reoMeTpUUCCKUH, CIOCOO — 3TO MPOUTCHHUE PA3TOKCHHUS
(1) ¢ gByX pasznbIx cTopoH aucta Oymaru. [Ipu B3rmsaae «Ha THCT» BUAUM p-
aIMYCCKUE YHCTA, MPH B3NIAC «U3 JINCTa» — BELICCTBCHHBIC. JTY JBOHCT-
BEHHOCTh H300pa3uM KOHCUHOW B 00C CTOPOHBI CTPOKOH (MPHUYMHA B TCO-
peme OCTPOBCKOTO, 0 YEM HOIKE):

x-=a,p"+a,,p"" +...+a,+ap” +a,p” +...+a.p*. (7N

B »t0i1 3anmcu JBOMHEIC 3HAKK CTCTICHCH p CHMBOIM3UPYIOT BO3MOXKHOCTD
BOCHIPUATHS CTPOKH B ABYX cMbicnax. Kak BemectseHHoe uucio (3) ects
TOYKA, MOMCHT BPEMCHH KaK p-aJHICCKOEC — PACIPEICIEHHBIH OOBEKT.

Koneuno, 3ta onepanys IMEET CMBICH, €CITH CUMBOJIBI B PA3/I0KEHUH
001a1aroT CBOHCTBOM 3€PKAIBHON CHMMETPHH, TO €CTh HE MCHSIOT CBOCTO
BHJA TIPW YTCHHUM CIEBA HAIpaBO M CIpaBa HaneBo. TakoBHI, HampuMep,
MIPUBBITHBIE CHMBOJIBI HYMIS W €IUHHIBI, JJOTHIECKasd Mapa A — KOHBIOHK-
WU UV — TA3BIOHKINH.

Takve onepanyy NopsaAKa 2 Ha3bIBAIOTCS HHBOJTIOLMSAMH. JTO HHBEP-
CHs B TCOMETPHH, B3ATHEC OOPATHOIO ICMCHTA B TCOPHH TPYII, MPOTHBO-
MOJIOKHOTO B apu(METHKE, OTPULAHHE B JOTHKE, OOpaINCHHE CTPEIOK B
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TCOPHH PELIETOK U MOPSIKA, PA3IUYHBIC YTBEPKACHHS O JBOUCTBEHHOCTH —
npoekTusHOH, @ypbe, CroyHa, [lonTpsaruna u T.a. B menaom — 310 uHBOMIO-
TUBHBIH aHTHUM30MOP(H3M, CONPATAIOIIMIA CBOHCTBA UYUCIOBBIX CHCTEM,
IJIABHBIC M3 KOTOPBIX — TOMOJOTHS, METPHKH M mopsaok. Takum oGpasom,
crpoka uudp u3z andasura (0,1, ... , p-1) MOKET IPEACTABIATE FICMCHTHI
YETHIPEX THIIOB!

® CTCIICHHEIC PSIbI;

® NCHCTBUTCILHBIC YHCTIA,

® p-aauuecKUe YUCTa,

¢ cnoBa GOPMATBEHOTO S3BIKA, TO €CTh ANTOPUTMBI U JIOTHKY.

Yucnoeas acummempus 8 npupooe. BeleCTBCHHBIC U p-aaudec-
KHC YHCTA SBIIIOTCA (OPMATBHBIM aHATOTOM (PYHKIMOHATBHOH aCHMMET-
PHH OPUPOABL, 3AKTIOYAIOMICHCS B JOMOTHUTEIEHOCTH KOHBEPTCHIIMA U AH-
BCPICHLUH. p-aIUYCCKHC CBA3BIBAIOTCA C JUBCPICHTHBIMH NMPOLIECCAMH, a
BCILICCTBCHHBIC — ¢ KOHBEPICHTHBIMH. WHBIMH CIIOBaMU MO3UIIMOHHAS 3a-
MMUCh € PA3THUCHHEM MO3ULNH, TO €CTh KOA IMPOTPaMMBI, €CTh p-aJUueCKOe
YHCIO, €CITH K¢ B HEH MPOU3BEACHBI BCE OINCPALIMHU CIIOMKEHUS, TO 3TO BEIIC-
CTBCHHOC HYHCI0. JTO (3CPKANBHOC) PA3NUYHC YHCIA KaK MATCPUATBHOMN
TOYKH U KaK CTPOKH HIIH MOCJICAOBATEIBHOCTH HE MPOTOBAPHBACTCS SIBHO,
XOTS ¥ OBCEMECTHO MPUCYTCTBYET B MATCMATHKC.

JTO ecTh HEABHAS ABOHCTBCHHOCTh (JOPMATH3ALMU B OCHOBAHHSIX
MareMaTuku. TakuM o0pa3oM. BCE YCTHIPS OOIMKA CTPOK CHMBOJIOB UMEIOT
00IIYIO OCHOBY — TOXKACCTBO an(paBUTHBIX H YUCIOBBIX CHCTEM, U Pa3iny-
HO¢ BomiolicHue. B p-amuueckoli ¢usuke 3Ta ABOHCTBCHHOCTh M3BSCTHA
KaK MMPUHLAI HHBAPHAHTHOCTH (H3HYCCKUX 3aKOHOB MPH CMCHE YHUCIOBOTO
mosist [37], KOTOPBIH MO3BOJACT MEPCHOCUTE (DOPMYTHPOBKHU U3 BEIIECTBEH-
HOH 00/1aCTH B P-aAUUICCKYIO.

Yucnosas oononnumensnocmes. Jdonomaurenssocts R u O, aenaer
J(Ba MOTIOTHCHHUS OIS PAHOHAIBHBIX yrcen () conpsukEHHBIME. Yucmo

*
X =a_a_, ...aa,...d,
pu A —> O CTPEMHUTCH K p-aIUUICCKOMY OJHOBPECMCHHO C YHCJIOM
Xe=aA_ A .0 ...4,,
KOTOPOC CTPCMUTCA B BCIICCTBCHHOMY.
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Takoe TOIKOBAHUE CB3H €CTh BO3MOXKHBIN BapUAHT JOTIOTHHTEIBHO-
CTH YHCTOBHIX cHcTeM, YkazanHoH 10 M. ManuneiM. B Texanueckom otHO-
LICHUH OHO CXOJHO C MPEICTABICHUAMH JAHHBIX B T'MOPUAHBIX BBIYUCIH-
TEIpHBIX cHucTeMax [57] u moxenu g — mupa [58]. B atux npeacraBneHmIX
CTPOKa COCTOWT W3 JABYX YaCTCH, COOTBETCTBYIOIIUX BCLICCTBCHHBIM U
P-aauueCKUM YHCIIaM COOTBETCTBEHHO. OOIIMM PELICHUEM TaKOH CBA3HU SB-
JSETCS CYINECTBOBAHME IIOPOra, HIDKE KOTOPOTO ACHCTBYET p-aauvecKas
TEOMETPHS, BBILIEC — CBKINAOBA. B Hamel Mozxenu o6e YHUCIOBBIC CHCTEMBI
CONPSDKEHBI M TIOPOTa HET.

B Hacrogmieit pabote, cneays naesM Yiaama u [lapmuna, npuaumact-
cs JABOMHOM, MarepUallbHO-CUMBOJIBHBIM, CMBICI YHCJIAa, KOTOPBIM, IO-
BHIUMOMY, OTCYTCTBYEeT B p-amuucckoil (usuke [59]. Caeposanue emy
MPHUBOIMT K HY>KHOMY CHHTE3y (hopMmanbHbIX MeTonoB. s neneii xumuue-
CKOU TEXHOJIOTHH OH MOMKET PACCMATPHBATHCS KaK MATCPHHCKAS CTPYKTYPA,
AHAIOTHYHAS TCOPHH MHOXKECTB MATCMATHICCKON (PH3HKH.

Taxum oOpaszom, Mbl OyAeM CUMTATh JOMOJHUTCIBHOCTHIO (MITH
acummetpueil) R u O, HHBOTIOIHIO MEXIY ABYMS HHTEPIIPETALUSIMHU OTHOH
U TOU ¢ CTPOKH. MBI Ha3BIBAEM 3TV CBA3b HHCEN «3CPKATIbHOI», MMes
BBUAY MeTadopy THICPOOTUUECKOTO WIH «TYPOYICHTHOTO 3CpKaniay
(turbulence mirror — anen.), COMPSTAOIICTO PA3HBIC TOMOIOTHH HCTHHBI,
KOTOPOC MPUCYTCTBYCT B TUTCPATYPE MO CAOKHOCTH U Xaocy [60]. B ogHOM
HANPABJICHHUH OHO C)KHMACT, VIUIOTHACT, B PYrOM — PacTATHBACT, TO €CTh
paccemBact, AenutT. JocTymHbBIM a1 HAOMIOACHUSA OKAa3bIBACTCS CTPOKA
CUMBONOB/IM(]P KOHEUHOH ANMMHBI — KOHEUHBIH kox ['eHzens wam paumo-
HATBHOE YHCIO COOTBETCTBCHHO. DTO €CTh YMCIOBON 00pa3 (yHKIHUOHATb-
HOU aCUMMETPHU.

B Hameli mHTEpIpEeTAMY WHBOIOLMS B3aMMHOOJHOZHAYHA, Oyayan
CHHTAKCHYCCKOU omepanne. ACUMMETPHUS CBA3aHA TONBKO C Pa3mHIHEM
tononoruii. Tem cameiM (), IOMyCKAcT TPH B3IILJa HA CBOIO CYIIHOCTB.
IepBeiit — «Bcé memmmo» u (J, HymbMepHO. Bropoit — «Bcé cBsazHO» U O,
€CTh MPOCTO BCIICCTBCHHBIC YHCTA. TpeTHii — KOMOWHUPOBAHHBIH, HAOIIO-
JAIOTCA M BEILECTBCHHEIC U p-anamdeckue uucia. PopManpHOE npeacTasie-
HHUE YHCEN U OMPEACICHUE MCTPUK apXUMEIOBOU H YIBTPAMETPHUCCKOH HE
JAIOT CPEACTB A PA3IMUCHUS TOMOIOTHH, KAK U CUMBOJ P T PA3TUUCHHUSI
MPOLIECCOB KOHBCPICHLIMH U TUBCPTCHLHH.
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Hugpopmamuka. Nurepnperanus p-aIuueckuX 4UCE B BHIC CIOB
(2) cBaseiBaeT ux ¢ GOPMANTBHBIMU SA3bIKAMH TCOPETHUYCCKOH HHPOPMATHKN
— COBMANACT CHHTAKCHUC WM Tomoyorws [61] u Teopueh moMeHOB (domain
theory) [62]. Tem cambIM pacIiupsieTCst IBOHCTBCHHOCTh UTCPATHUBHOMN CHC-
TeMBI GYHKIHHA U CTPOK.

Omnepanyy Hax CTPOKAMH — 3TO MPEKAC BCETO, KOHKATCHATUS U TOA-
ctanoBKka. OcTalabHBIC OMCPALMH TE JKE, YTO U HAA CTPOKAMHU UTCPATUBHOU
cucteMbl QyHKIHH [63].

Ilpm >TOM WHTEpIpEeTaM YHUBEPCATBHBIE CBOWCTBA KaHTOPOBA
MHOKECTB2, (PPaKTATIOB U 2-aJUUECKUX YHCEN TPAHCHOPMHUPYIOTCS B VHH-
BCPCATbHBIC CBOWMCTBA BBIYUCIUTCIBHON NapaIurMbl MammuH [hropuHra
[64].

Teopema Ocmposckoeo [65, p.22] 0 ABORCTBCHHOCTH (DYHKLMH H3-
MEPEHHUS HIMEET KIFOUCBOC 3HAUCHHE AT MPHIMKEHUH.

[Tone panuoHATBHBIX YHCENT JOMYCKACT TOIBKO ABA BUAA HOPMHUPOBA-

HUS. OOBIYHBIH, apXHUMEAOB — ‘x ‘w NN p-agnuecknii, HEAPXUMETOB —

| X |Z a >0, Moxynu.

JT1a Teopema OOBIYHO MPOYMTHIBACTCH KAK «TPEThErO HE JAHO» B
p-agmueckoli pusuke [66, ¢.7], T.e. B uckIrovaromemM 3HadeHnu corosza MJIA.
B nameii mozenu ecrectBeHHBIM sBsieTcs MJIM mo tumy KOHBIOHKINH,
oObeauHsmoOmee 006a TUNAa HOPMHPOBAHHUS B OWHAPHOM MPOCTPAHCTBE MO-
JSIH.

B cBs3m ¢ 3101 TCOPEMON U JBOMCTBCHHBIM XapaKTCPOM PALTMOHATb-
HBIX YHCEJT BO3HUKACT BOMPOC 00 MX MPHUPOJIC, YTO TAKOES YHCIO BOOOIIE.
Ortset, KOTOpHIH mpeanaracT (pakTaibHAsS TCOPHS, CICAYIOIIUN — paLuo-
HAJBHBIC YUCIIA COOTBSTCTBYIOT (DM3MUICCKUM, YCEUEHHBIM (ppakTanam [67].
OOmas andaBuTHAS OCHOBA BEIICCTBCHHBIX, P-IUUCCKHUX YHCET U €CTECT-
BCHHBIX S3BIKOB HAICH MOJCTH PACIIMPSCT CMBICT YHCIA BOOOIIE OO Ce-
MHOTHYECKOH JBOUCTBEHHOCTH — M MAaTCpHs U CUMBOJBI. MHBIMU crnoBaMu
P-aauuecKuil MUP — €CTh TOT K& (H3HUESCKUH, HO COOCPIKALIUHA JTOTHKY U
nHPOPMALHIO, CYOCTAHUUECH KOTOPBIX ABJISIOTCS IPAHULBI OOBEKTOB.

EctecTBeHHOCTh M HEOOXOAMMOCTD UCTIONB30BAHUA B TCOPUAX Maphl
METPUKH COBMECTHO NPSMO CIEAYET U3 TeopeMbl QCTPOBCKOTO.
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VxeQ x=pk~% p—ue nemr a-b, abeN
a -
ol =p S ], =
Orcroma
a a a
V; Oi;EQ = |.X|OO'|.X|p 237&0. (8)

To ecTh 00¢ YHCIOBBIC CHUCTEMBI CACAYET PacCMaTPUBATH COBMECTHO, Pas-
JCTPHOS PACCMOTPCHHUE O3HAYACT OOHYICHUE OQHOM 13 MeTpuk. Kak ciaeny-
eT u3 (8), 3TO HEAOMYCTUMO B U3MEPCHHSX.

Paccmorpum «uHpOpMAITHOHHYO» (DOPMY 3TOH TEOPEMBI, T.C. IS p-
ATMICCKUX YUCCI. T CTPOKH KOHCYHOM JTHHBI

xX=a,a,a,...q,
BO3MOXKHEI TBA MCTONA U3MCPCHUS. BEIneCTBCHHBIA, KOHBCPTCHTHBIH, KOTAa
BEAYLICH OKa3bIBACTCS Lu(pa CTapIiero paspsaa (CIOKCHUE B MO3UIHOH-
HOM 3aImucH) U p-aAudCCKUl, TUBCPICHTHBIN — BEAYIICH OKa3bIBACTCS LU(-
pa Maaauero (CTapuiero B HHBOIIOLUK) paspsiaa (onepaiust ACACHUS HaATH-
HACTCS ¢ MJIaAIIero paspsa uncia). Hampumep:

1024| ~1-10° |1024| =27'°,
) 2

Tem cambiM u3 (4) moay4aeM JBOMHYIO XapaKTSPHU3ALMIO PALIHOHAb-
HBIX YUCET, COOTBETCTBYIOIYIO ()YHKIHOHAIBHONH aCHMMETPHH MOICTIH:

VxeQ 3JXeQ, x=|X|w~|X|p. 9)

Jta dopMyna aHATOTHYHA NPECACTABICHUIO PALHOHAIBHBIX YUCCI Mpa-
BHJIbHBIMH ,Z[pO6$IMI/I, HO A1 albTCPHATUBHOTO MPCACTABICHUA TUCCIT CTPO-
kamMu mudp cpazy u3 HarypaneHoro pszga [69, ¢.339]. 3nameHarens 3aech
3aMEHEH p-aJUUEeCKOU METPHKOH.

Ms1 orpanuanMcs 6a30i p = 2, MOCKOIBKY 3TO YUCIO OO0 MarepH-
aJbHBIM M HICANBHBIM MporueccaMm. JledeHne Ha 2 MpeaIuecTByeT CUéTy U
«BCTPOCHO» B MaTepuio. B 1o ke Bpems aeieHue Ha p > 2 TpeOyeT CHHXPO-
HH3AIUHA mporecca Ha 3, 5, ... gacteih. be3 3Toro ycmoBms moaydacTes 4e-
peaa meneHUH Ha 2 (MO3TOMY BBIMHMCIMTCIBHAS TCXHUKA, OCHOBAHHAS HA
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0os1ce EMKOM TPOUYHOH CHCTEME CUHCICHHS, OKa3ajgach HEYCTOWYHBOI). B
3toMm ciy4ae (9) mpuMer BuJ aHaIora aaenbHou Gopmysisl (6):

VxeQ 3IXeQ, x=|X| -|X|,. (10)

B xommerotreprom Bapuante (10) o3HavaeT, 4TO AN MONYUCHUS pa-
LUOHANBHOTO YHCIA €T0 CHaYana Hy)KHO 3alHcaTh B MO3HIIMOHHOM BHJC, &
3aTeM CIIOKUTh LU(BPHI PA3PSIA0B.

Lleomempusi u mononozcusn p-aouveckux yucen. Tons Q, u xonpua
Z, ABIAIOTCA HYTbMEPHBIMH MHOXecTBaMH. Bce oHm romeomopdus! apyr
JPYTY M KaHTOPOBY TPHAIHOMY COBepIIeHHOMY MHOxecTBy C (0, 3a uc-
KJIFOUCHUEM OJHOM TOYKH), KOTOpoe u3oMopdHO Z, Tomeomopdusm Hyib-
MEPHBEIX MHOJKECTB O3HAYACT, UTO UX CBOMCTBA HE 3aBHCAT OT (pOpMBI U TH-
HEHHBIX Pa3MepoB OOBCKTOB W/WIIM WX M3MEHCHUH, TO €CTh OT JBIKCHHAL
TeM caMbIM CYIIECTBYET TOIBKO OJHO HYJIBMEPHOE MHOXKECTBO, KOTOPOC B
(pU3MICCKOM TIPOCTPAHCTBE Z, MPUCYTCTBYET I100anbHO. [0OBOPS SI3BIKOM
(pakranpHOU reoMeTpuH Z, — camoadPuHHEIN pakTan, TO ecTh dpakTal,
COXPaHSIOIUI CBOIO CTPYKTYPY NPH (PU3HUCCKUX ABIKCHISX — TICPeMEIIe-
HUH, BPALICHUH, PACTKCHHU.

HynbpmepHBIE MHOKECTBA €CTh MHOXKECTBA TPAHUL], & HE TEICCHBIX
00BEKTOB, U MO3TOMY OHH SBILIOTCS SKCTPAOPIHHAPHBIMH MHOKCCTBAMU
A. Mupumanodda. Kantoposo MHOKECTBO C KAHTOPOBEIM SBISETCS TOJb-
KO IO HA3BAHHIO, HO HE IO TCHE3HCY.

Vuueepcansnocmes.  MeKANCHUILIMHAPHOCTE  (PPaKTamoB  HMEET
TOYHOE (POPMANTBHOE COOTBETCTBHE. BCiAKOE KOMIAKTHOE METPUUECKOE MPO-
CTPaHCTBO €CTh HenpepriBHBIN 00pa3 C . C, Z, u 0, — IOTHOCTBIO HECBS3-
HBIC METPHYCCKHE HpocTpaHcTBa (MHOXECTBA). KOMIakTHRIMH mpocTpaH-
CTBaMHU OOBIYHO MPEACTABILIIOTCS (PH3UUICCKHE CYIHOCTH.

Kak Gb1;10 moKka3aHo, HYJBMEPHBIC MHOKECTBA CIIOCOOHBI MPOCKIUCH
MOPOKAATh MATCPHATBHBIC OOBEKTHI JTFO00H (hopmbl [69] u MHOOBIC TCKCTHI,
HMUTHPYS VHUBEPCATBHYIO MAIIWHY |bIOPHHTA, KOTOpas SBISACTCS mapa-
aurmoi maremarndeckod Texuuku [70]. CnpaBeaiuBOCTh 3THUX YTBEPIHKIC-
HUI CETOAHS PEaln30BaHA B COBPEMCHHBIX KOMITBIOTEpPaX, KOTOPHIC SIBIS-
IOTCS BOILIOIICHUEM (paKTATbHOU FE€OMETPHU B OUHAPHON aCUMMETPHH p-
aJMYCCKUX YHCET.

Kpueas Ileano. ®axt, opmamusyromuii camononodue (ppaxranos u

PEhICKCHBHOCTS MHOKECTB p-aANMUCCKUX uucen [65, p.225,227,229].
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VYHneN,¥ p=2.3,. .43,...
0, =0,x0,x...x0, =QZ

u

(11)

Z,=Z,xZ,x..xZ, :ZZ
Kpusas I[TeaHo ecTeCTBCHHBIM 00Pa30oM BO3HUKACT NPH CTPYKTYPHUPOBAHUA
MHOTOMEPHBIX JaHHBIX B KOMITBFOTCPHBIX HHPOPMALMOHHBIX cucTeMax [71,
rm.3].

Ilapom B METPHUUYECCKOM MPOCTPAHCTBE PAJAMyCca # ¢ IICHTPOM B d Ha-
3BIBAETCS MHOXKECTBO

B.(a)= xeX:d(x,a)<r
a’(x,a)=‘x—a‘OO X=R (12)
d(x,a):‘x—a‘p X=0,mmuX=Z2,

B yaeTpamMerpraeckoM MpoOCTPaHCTBE:
® KaKAas TOUKA IIapa SBISICTCS €0 LCHTPOM;
® cClM JABa IIapa UMCEIOT OOILIVIO TOUKY, TO OXUH COACPKHUTCA B APY-
roM;
® IUAMETp [Iapa He MPEBOCXOTUT €TI0 Paguyca;
® BCC TPECYTOJbHHUKH PABHOCTOPOHHHE, YIbTpaMETpUKa BeAET ceds
Kak nopsaok senmmauHe [S0, p.70].
lapaMu B yITpaMeTPHYCCKOM MPOCTPAHCTBE MOACTIHPYIOTCS Mare-
pHaIbHBIC OOBEKTHl H/UIH YPOBHH HEPapXHH HX MOCIEAOBATEIBHOTO ACIc-
Husl. B €BKIHI0BOM HPOCTPAHCTBE IIAP MOXKET UMETh JIFOOYIO (hopmy, COOT-
BETCTBYIOLIVIO (hOPME AAHHOTO OOBEKTA.
[Mapset B O, u Z, IBASIOTCS OXHOBPEMEHHO M OTKPBITHIMH, U 3aMKHY-
TBIMH MHOXKECTBaMu (closed and open — clopen sets). PacctossHue MEKIy
mapamu B, u B,

d(B,,B,)=d(x,x,) VxeB,x,eh, (13)
(aHasor MOTCHIMAIA TTOJIS).

Mmuoxectso O, ABIsIETCS MPOEKTHBHOM npsimoi. Hedopmansro mpo-
CKTUBHYIO IBOMCTBCHHOCTh MOXKHO VBHICTh W3 pasznoxenus (1), ecnu
«BKIFOYUTH» HHBOMOIMID. Ecau B (1) «cMoTpeTs Ha IUCT» T.C. BHIACTH
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P-aauuecKUe YUCNIA KaK CTPOKH, TO BCLICCTBCHHBIC MEPEHIYT B TOUKY.
Barmaa «u3 macta» YBUAWT NPABUIBHO 3AITMCAHHBEIC BELICCTBCHHBIC YHCTA,
a p-aJvueCKUe MPH 3TOM HUCUE3HYT. TeM caMbIM TOUKH Pa3BOPAYHBAIOTCS B
JVHUIO, JTHHUS CKHUMAETCs B TOUKY. B TakoM BHAE NMPOCKTHBHAS JBOHCT-
BCHHOCTh AHAJOTHYHA MApPE «KOOPAWHATA — HMITYIbC». JTa rnodaiabHas
JBOWCTBCHHOCTh (PU3MYECCKH B BBIYHCICHHAX HW3BCCTHA KaK ABOMCTBCH-
Hocth Dypre. [oxpobuee 00 3tom B [72].

Pewemxu u cemu. Tak xak cuHTakcuc R m Z, coBnajarot, a B R
MHOJKECTBO MHTEPBAJIOB ABJLIETCS MOMHOM HENPEPHIBHOH perméTroii [73], To
Z, SBIgeTCA TIOTHOH W HENPEPBIBHOM peméTroi mapos. Ilo mocTpoenmro
CBAI3U R U Z, MOPAAOK Ha peéTkax B3auMHooOparHeid. Ha OunapHOM ge-
PEBE IPH ABIDKCHUM OT KOPHS K BETBAM OOpasyroTcs 2-aAHYCCKHE YUCIA,
MpH OOPALICHUHN HANPABICHHS JBIKCHUS — BELICCTBCHHBIC (IPOCKTHBHBIN
Y UHIYKTHUBHBIH NPEACIBl COOTBETCTBCHHO).

B cuny Z,=1FS{0,1} 2-aanueckue uucia MOTYT PacCMATPUBATHCS

KaK HCpapXUuecKas HEHpOoceTh. Takue CETH MOTYT HMOPOXKIATh HEIPECPHIB-
Hbi¢ pyHkuuu (Teopema Koamoroposa u e€ 0000IICHHE), H 3TOT XOA Paccy-
JKACHHUN MPUBOAUT B MHTCPIIPETALMH 2-aJHUCCKUX YHUCCT KaK MPOCTPAHCT-
Ba HempepelBHBIX ¢yHKIMHA Hax coboi [74]. CormacHo ceTeBOMY
MPCACTABICHHIO 2-aIUUCCKUE YHCNA SIBISIFOTCS YaCTHYHO YIIOPSAOUYCHHBIM
MHOJKECTBOM — HAIPABICHHBIM HCTPCPBIBHBIM YACTHYHBIM  TIOPSAKOM
(directed continuous partial order — depo).

CBo0Ooanble MOHONABI H mapbl B Z,. [50, p.11-12]. 3aeck co-
OpPsDKEHHOCTD IBYX BHAOB YHCE] BBIPAXKCHA KAaK COMPSDKEHHOCTB CIIOBA —
MOHOH/IA HJIH CTPOKH CHMBOJIOB M MATCPHHU — LIApa.

Ecwm a=a, +a,p+...+a,p” +...=s, +p"" -a u B,(a) - map
paamyca ¥ = p”' ¢ UCHTPOM B ¢. MHOXECTBO CTPOK § = dod1dy ... A, — HA3BI-
BacTCs MOHOMIOM M, Han andasurom S= Q, L2,...,p—1 . Monoua M,
MMCET pasnmuuHBle MarpwaHbie mpexacrasnenus M, —>GL,(Z,). Jns

n=2
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Torma

.1, ..1T, = 0 .
[AC AJMHE CIOBA COOTBCTCTBYET CTCIICHb ONMPCACTUTEIIA, PAAUYCY IHapa —
Cro BCIIUYIMHA, LICHTPY — 3JICMCHT BCPXHCIO MPABOIo yIja. Tem cambiM oI11-
PEACIECHO COOTBETCTBHE APkl — cJI0Ba — aduHHBIC MpecoOpa3oBaHUs

B.(a)<aaa,...a, 1, . (14)

Wnvexims M — GL,(Z ) sBrsieTcss OCHOBOM TOCTPOEHHS €BKIHIOBBIX

MOAEIEH p-aJUIECKUAX YHCET.

B nameit uatepnperarmu (15) ecth Ta e JBOMCTBEHHOCTh CTPOKH,
KOTOpas MOSBUIACh B UTCPATHBHOH crcTeMe (GYHKIMHA M CBA3H YHCIOBBIX
CHCTEM.

LEexnuooevr 06pazer. CornacHo o0IIeH MO3ULMH MOACIH — MEPEHO-
Cy TCOpUH Ha (hpaKTaNbHEIC, HYTbMEPHBIC MHOXKECTBA, MBI OyAEM paccMmar-
puBath (MIOX)MHOXKECTBA BEIICCTBCHHBIX YHUCET KaK BTOPUYHBIC MO OTHOLIE-
HHIO K p-aJM4eCKUM U TOBOPHUTH O CIIOCO0AX MX MOPOXKIACHHA U3 O, HIH Z),.
ITO COOTBETCTBYET CHOCO0AM TCHEPALMU MATCPUAIBHBIX OOBCKTOB — BE-
EN, MPEAMETOB.

bazoBbiM CrocoOOM SIBISIFOTCS HU3MEpeHUs aByMs meTpukamu. [lep-
BBIM ONpPEACNACT MYIBTUILTHKATUBHYIO MPSIMYIO, BTOPOH — aAJUTHBHYIO.
TeM cambIM TIPOCTPAHCTBO BEILCCTBCHHBIX 4HCET (HOPMHPYETCS Kak ABY-
MEPHOE, aHANOTHYHOE KOMILUICKCHEIM. [loaToMy cTaHOBUTCS sSIBHOW OHMHAp-
Hasl, TO €CTh aJAUTUBHAS U MYJIbTHILTHKATUBHAS, CTPYKTYpa (J,,.

EBkanaoBel 06pasel p-aqUYEeCKUX YHCEN, MOPOXKIACMBIC HTCPATHB-
HOHM cHuCTeMOM (YHKUMH, SBISIOTCS, KaK W3BECTHO, (hpakramamu. OCHOBY

3TOU TEXHHUKU COCTABISICT VBSIHUUBAOIIU [TOTOK, TO €CTh HAOOP GYHKIHHA

ai-Inp A .
BUJA .4 [75], B xoTOpOM y3HAETCA MOCICAOBATCILHOCTD 3HAYC-
o 24 —an —anlnp
HUH YIBTPAMCTPUKHU {X |p :p =e " YBCIUYICHUA paspcHiaro-

LICH CHJIbI HAOMFOACHUSI.
CyInecTByOT pasiuyHbBIC BapuaHThl 31Ok TexHUKHU [76]. Croma xe
MOKHO OTHECTH MHOTOUUCICHHBIC WJUTOCTPALIMU MOPOXKACHUS (hpaKTaIb-
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HBIX 00pa3oB BapHAHTAMH HTCPATHBHOW cucTeMbl GyHKIMU [63, 77] u 06-
paboTku uzobpaxeHwuii |78].

Haubonee npo3pauHoli 1 mocae 0BaTeIbHON NPEACTABIACTCS TEXHHU-
ka A. PoGepra [50, p.12-17], u3 xoTOpoil MBI IPUBEAEM B KAQYECTBE HILIEO-
CTpALMH JIUIITH OCHOBHYIO (OPMYIIY:

@, L,k Zai-piHﬁ-zLCli) b>p (15)

i+l
20 >0 b
3nece v(a,) — BEKTOPH30BaHHBIC LE(PBI, MAPAMETPHI CABUra, 3aIAFOLINC

Pa3METKY CBKIMIOBA MPOCTPaHCTBA L, a 6 — MaciuTaGHBIH MHOXKHTEIb, 3a-

JAROILIUN  JuaMeTp (PAKTaIbHOIO MHOXKECTBA, MOJE €ro IMOPOXNKIACHUS.

Cpasuusas (15) ¢ (9) u (10), nonoxus b= p* & >1, Bugum, 4t0 TO €CTH
topma TeopeMbl OCTPOBCKOTO — MOPOXKACHHS PALIMOHANBHBIX YUCE MOCTC-
JOBaTCIbHBIMY VIBETPAMETPUUICCKUMU H3MepeHusMH. Paszmianbie HabopEl
MapaMeTPoB CABUra U Macirada MOpPOXKIAOT PA3NHYHBIC BH3yaIbHBIC 00-
passl ¢pakranos. EBkaumossr 06pas3sr (J, momydaloTCs TpaHCIIIUEH obpa-
30B Z,,.

OcHoBHas HACd HAIICH MOIETH 3aKIIOYACTCS B ICPEHOCE UCCIICI0BA-
HUHM U3 CBKIMIOBA MPOCTPAHCTBA BO (pakTrambHOE. ITOMY COOTBETCTBYCT
MEPBUYHOCTD P-aJUYCCKUX YHCEN. BelmecTBeHHBIE 4HMCIa U COOTBETCT-
BYIOLIME UM MATCPUANBHEIC OOBCKTHI MOMYUAKOTCS MPH TAKOM MOIXOAC KaK
MOPOXKICHUE p-aanieckux. UMEHHO 3TOMY U COOTBETCTBYIOT CIOCOOBI Ie-
Hepauuy GpakTaabHBIX 00pa3oB. TeM caMbIM BCS MaTepHs OKa3bIBACTCS IO
HEOOXOUMOCTH UMEIOLICH (PPaKTaIbHYIO CTPYKTYPY.

B mureparype uzsectHa kpurmka JI. Kamanogda, cpasrHuBIIETO
(paKkTanbHYI0 TCOMETPHIO C 300MAPKOM KPACUBBIX 00pa30B, HE UMCIOLINX
duznueckoro coaepxkanus [79]. B ABOHHOW BEINECTBEHHO — p-aIUUCCKOM
MOJCITH MaTePHH, OOHAKO, CIIOCOOBI TCHEPALIUH 3THX 00Pa30B OKA3bIBAKOTCS
cyrybo GpU3HUeCKUMH IpoueccamMu. A kak nHave koMibiotep wiu Ipupona
MOTYT HX F€HEPHPOBATh?

bunapuas cmpykmypa Qp. bunapHas cTpykTypa poist p-aIudueCKux
YHCEN HESIBHO COACPKUT YKA3aHUC HA JOMOIHUTCIBHOCTH YUCIOBBIX CHC-
TeM B pamkax e¢auHoro npoctpanctea [50]. OHa cOCTOUT U3 aAAUTHBHONW U
MYbTHILTHKATHBHOH YaCTCH.
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_ i
Aooumuenas yacmo. Yacts Ix = Zai -p e’ , basnoxerus (1)
=0
HA3BIBACTCS LICMOH 4acThio uucna. [lo Hamel uHTepOpeTauy 370 JUCKOH-
THHYAJIBHOC, HECBSA3HOC MHOKECTBO, TO €CTh (hpaKTa.
. -1 - o
Yacts ( x> = Zai -p' e’z ID _ pasnoxenus (1) no obparnoii 6a-
i<0

3¢ Ha3bIBACTCS APOOHON 4acThiO uucha. B Hamel uaTepnperanmu apolHas
YaCTh MPEACTAB/SICT BEIICCTBCHHBIC, PAllMOHAIBHBIC uncna. Toraa

x= _+<x> Q,=2,9Z ..
Ilepecedenne MHOKECTB — ClIaracMbIX B IIPAaBOH YacTH NMPOABIACT ABOWHOM
CMBICIT HaTyPaNbHBIX YHCced Z:

ZNZ.,=27.
p

Hampumep, unciao 2 ecth OXHOBPEMEHHO M OTPE30K JUIMHBI 2 Ha BEINECT-
BEHHOH OCH M MHACKC BETBICHHS Ha OWHAPHOM JICKCHKOrpaU4IecKoOM Ac-
pese.

INosTomMy MOkHO TOBOPHTH 0 (J, KaK O MPSMOH CyMMe

0,=2,®8Z ,=2,®invZ,=7,®R.

@duzpueckuii cMbIca (J, NOSBISLETCS, €CIH YABOUTh CMBICI HATYPAJIh-
HOTO YMCJA P KaK CIOKECHUA A1 BEIECTBCHHBIX YUCET U KaK JCICHUS, T.C.
YMHOKCHHUS Ha p'], st p-aamaeckux. To ects paccmarpusate (J, Kak KOH-
BCPrCHTHO-AUBCPTCHTHOC ONPEACTABICHHUE MaTepun. PaccMoTpum mpumep.

IIpumep. Pacemompum sxcnepumenm. [lo xomanoe Habmooamens, npous-
goosmeco cuém «1, 2, 3, .., n,..» 00uH 4enogex YKIaovigaem KUpnuyu ¢ cmemy,
GMOPOL MOJIOMKOM KpOUium eouncmeennwiil kupnuy. O6a criedyom cuémy u, sHa-
YUM, GOCHPOU3BOOIN HAMYPANbHbLl pao. Ho eonnoujenus smux npoyeccos cuéma
NPAMO NPOMUGONONIONCHYL. B nepgom sapuanma pacmém naowads, Wi mMaced, 8o
gmopom — ybvigaem. Hmoe nepgoco — ca3H0e MAccugHoe 0bpasoganue, smopoco —
OucKpemHoe.

B stoM mpuMepe ACMOHCTPUPYETCS JBOUCTBCHHOCTE TOHATHS HATY-
paypHOro uucia u popManbHas HEOTIMIUMOCTb JBYX MPOLIECCOB — ACICHUS
u ciokeHus. [IepBoIit BapuaHT ¢CTh pearnu3aiysl CTAHAAPTHOTO, SKCTCHCHB-
HOTO, HATYPAIbHOTO psiAa — APOOHbIC p-aguueckre uncna. Gopmanuzamei

BTOPOIO ABJIFOTCS LCIBIC P-aAHUCCKHUC YHCIA.
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ITO O3HAYACT, UTO P-AMUUCCKHHA PSII PACCMATPHUBACTCS KAK CHMBOJIH-
YeCKas 3alMCh MpoLecca ACICHUsT HEKoToporo mesoro. Ludper a; B mosu-
LHOHHOW 3alHCH B 3TOM CIIy4ac MapKUPYIOT MOCIICAOBATCIBHBIC YacTH, a
crernecHu 6asel p”' — ONMPEACIAIOT XapaKTePHBINA Pa3Mep YaCTHLIBL WIH YPO-
BEHb HCPapPXHUU ACICHUA.

z,=Ur"2,.

i20
To ams Bcero O, momydaem (16)

Qp:Upi (Z,®invZ,)

i=0

Mynemunauxamuenas cmpyxmypa. Otodpaskenue X > |x| » r'

v =ord,x ompeaenser orobpanerne O, —>(R"), =R, B rpymmy no
YMHOKCHHIO TTOJIOKUTCIBHBIX BEINCCTBEHHBIX YHCEN, MYIBTUILTHKATHBHYIO
PSMYIO.

Peghnexcus. Otaenvro BeLACTMM peEKCHBHBIC CBOHCTBA TIPO-
cTpaHcTBa Z,. Byayuu 4ncioBbIM 3KBHBAJICHTOM (PpakTaibHOI reoMeTpHH,
P-aauuecKUe YHCTa SBISFOTCS CaMOMOAOOHBIM WU Pe(IeKCHBHBIM TIPO-
cTpaHcTBOM. M3 M3BECTHBIX YETHIPEX OCHOBHBIX (PH3UUCCKUX CUMMETPHHA —
CABHWra, PaCTsHKCHHS, BPALICHHs U HHBCpCHH (Teopema Jluysummst) — camo-
MoxoOHEe MOMKET MPOU3BOAMUTECSH TONBKO HHBEPCUCH, KOTOpas HE BXOAWT B
apceHan (PU3NKO-MaTeMATHICCKOTO MOJCITHPOBAHUS M CUHTACTCI HECOOCT-
BCHHBIM JABIKCHHEM MpocTpancTBa. OHA W OCYIIECCTBIACT aBTOpeEpeHT-
HBIC IBHKCHHUS MPOCTPAHCTBA, PCATH3YS IPHHLIHIT «KAXKI0C B KAKIOMY, KO-
TOPBIi HEC MOXKET OBbITh BOCIPOHM3BECACH ABIKCHHSIMH MATCPHUATBHBIX
nedopmupyembix Tea (teopema [enbMroneia), HO OKa3bIBACTCS SCTCCTBCH-
HBIM JJISI HYJIBMEPHBIX MHOXECTB, TO €CTh IS TOJCBBIX, HEMATCPHATbHBIX
CYITHOCTEH.

MeKAUCIUIITHHAPHAS YHUBCPCATIBHOCTh (PAKTANIOB B P-aIHueCKUX
YHCIaxX BBINLLANT Kak (GopMalbHasg WX VHUBEPCAIBHOCTb, KOTOpas MO3BO-
JeT OOBCIMHUTE BCC OCHOBHBIC MHTPEAUCHTH MATCMATHYCCKON TCXHHKH —
JIOTHKY, TCOMCTPHIO, AUHAMUICCKHC CUCTEMEI [80].

B »ToM m cocTouT coaepkanue GopManbHOrO SKBHBAICHTA Mpodiie-
MBI «4acTh H LIETOC», KOTOPHIA COCTABIAIOT p-aaudcckue uyucna. Hempe-
PBIBHOCTB € AMCKPETHOCTBIO B p-aiviKe 00pa3yIOT JOMOIHHUTEIBHYIO Mapy.
CootBeTcTBEHHO HOpMaTbHAL TCOPHS JBHKCHHS 0OBEKTA CHHTE3UPYET OII-
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MO3UTHBIC TCOPUHM MATCMATUKH — JCTCPMHUHH3M PA3IHYHBIX YPABHCHHU U
CTATUCTUKY.

Qunocogpcrkas unmepnpemayus. Bepuémcs k obuwed npobreme
Emuroc-MHOTOC, 0 KOTOPOM TOBOPHWIIOCH B HAYANC. P-aIUICCKUC THCIIA SB-
JSIFOTCS. TIOJTHOCTHEO HECBSI3HBIM KOMITAKTHBIM TOTMOJOTHICCKUM TPOCTPAH-
CTBOM, TO €CTh 3TO HEKas LEJOCTHOCTb, COCTOAIIAS U3 OTACIBHBIX YacTCH,
HAIpUMEpP MAPOB, KOTOPHIE, B CBOIO OUEPEIb, KaK LICTOCTHOCTH CKIAIbIBA-
FOTCS M3 MCHBIIIMX YACTCH. ITO MO3BOJISCT MPUHATh 3TH YHCIA B KAYCCTBS
dbopmanpHOro anajnora npobmemsr EaumHoe-Muoroe. JeanmmocTts BOOOIIS
MIPUCYTCTBYET BO BCex mapajokcax [81].

Ha 3101 0cHOBE CTAaHOBUTCS BO3MOMKHBIM PACIICIVICHUE AaHTUHOMHU
MaTEpHH U NMapaIoKCaTbHOHW JTOTMKH 3¢HOHOBBIX anopuil. Kak mokaseiBaet
anamn3 [14] B HUX MapagoOKCATBHOCTh BO3HHKACT KaK CIACACTBUC OTCYTCT-
BHs (opMamu3aumuy AeTuMOCTU. [103TOMY B OTHOM HX YTBEPXKACHHH CIIH-
Batotcs Ennroe m MHoroe, yacTts u nenoe — B anopuu «O MHOXKECTBE»; JIO-
KaldbHOE W TodanbHOEC — B anopud «O MECTe MeCTa»; HNPOTHBOIOIOKHO
HarpasiacHHbIC mporeccsl — B Juxotomun, Ctpene, AXuiece u yepenaxe;
HYJIBMECPHOCTb, Pa3PhIBHOCTh U CBI3HOCTH, HNPOTKEHHOCTh — B Craanu. B
UTOTE OOHO (popManbHOE YTBEPKACHUE NPUBOAUT K MPSIMO MPOTUBOIOIOXK-
HBIM YHCJICHHBIM pe3yisraraM. Takoi moaxo[ K armopusM MO3BOISCT HpPHU-
Jath UM (PU3HUCCKOS COACPIKAHNKE .

B sTom mpocTpaHcTBe MapagokcaabHAs TOTHKA aopHi 3¢HOHA NPEa-
CTagT KaK OMIO3UIUS ABYX SIBHO (DOPMYTHPYEMBIX 3aKOHOB U TEPSICT JIOTH-
YECKYIO TYITHKOBOCTb.

Ipumep. Paccmompum ypaghnenue y =72 . x, KOMOpoe ONUChleaem Ogudice-
Hite mouxy. Ho 30ecy umeem 8 guody oeticmaue 08yx cuil — nepemMewjenus u OeeHul.
DOmo eblpajiceHue 2o0umest Kax oJis 8blpadCeHUs JIUHENHO20 nymu, maxk u o gem-
esaue20c npoyecca Ha oepege. B nepsom cryuae xosgpduyuenm 2 o3nauaem cko-
pochitb JIUHETHO20 nepemeuierusl, 60 6MOPoOM — CKOPOCHtb a@ﬂ@Huﬂ, YUCI0 HOMOM-
K08, gemgeii Oepesa. B nepeom cnyuae OgudiceHue c8iasHO-HeNPepbigHO, 80 8MOPOM
— paspvigro. HempyOoHo noxasamv yoie 2e0MemMpudecKku, Ymo yYem NpoooatCU-
meJlibHee a@ﬂ@Hu@, memM MeHblite OKA3bledemces nymba, npoxoduMan MOYKOU no nps-
moti. Hosmomy Axunnec dozonum uepenaxy, eciu e20 nyms He 6yoem 6ecKOHEUHO
deﬂumw}z, u cmpena 6ﬂaeon0ﬂquo oocmueHem yeau. B smom CYmb anopuu Kaxk
MAMeMamu4ecko20 NPUHYUNA OVAIbHOCMU — OOHA U Ma Jce (opMyla npuzooHa
0151 KOHKYPUPYIOWUX NPOYECCO8.
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Em¢é onun BapuaHT ABOWCTBEHHOCTH — XOPOIIO M3BECTHHIH KOMITBEO-
TCPHBIA MPHHLMI HEPA3IHINMOCTH ONEPATOPOB H OMNCPAHIOB, YHCET H
CJIOB, SBISICTCS TOYHBIM BOILIOIICHHEM YHCIOBOH ACHMMETPHH B KOMIIbEO-
tepax. Jlrobas gonunas crpoka, Hanpumep <1017, B KOHBEPreHTHOM Tpea-
CTaBJICHUH — LUQPHI CKIAIBIBAIOTCS — IpeacTasmier uuciao 5. B aueep-
TCHTHOM — LIUQPHI PA3THYAEOTCA, PESICTABIICT cOO0M KO, TO €CTh CIOBO.
Kogamu B unH(popMaTHke mpeacTaBasSiOTCs KoMaHAbl (omeparopst), hopmy-
JIBI, AJATOPUTMBI, CBOHCTBA, 3aaa4uu u MHOroe apyroe. [loapoGuee 06 3Tom
[82].

Cymmupyem. BunapHas 4ucioBas CTPYKTYpa BMCIIACT ABC OA30BBIC
YHCIIOBBIE CHCTEMBI — BEIECTBEHHBIE R U p-agmdeckue (), 9nucra.

R0, o7,
duznyecku 3T1a CHHAPHOCTD UMEET BHI!

mamepusi <> Q, <> cumeorn
WU

mena <> Q, <> epanuyvi

B xauectBe eauHON 0a3bl CHUCTEM CUHCICHHUS MPUHAMACTCS HUHC/IO0
p =2, ¥ Teopust IEPSHOCUTCA B OIS Auaaudeckux uucena (),. Ero anaurus-
Has 4acTh BOCIPOM3BOAUT BEUICCTBCHHBIC (MOM)MHOXKECTBA R M Marepu-
ATbHBIC OOBCKTHI, MYIBTUIIUKATHBHAS Z, — (PPAKTATbHBIC WIH HACAIbHBIC
CYIIHOCTU. | ©OMETPHS ABASCTCS JOKAIBHO CBKIHUAOBON, ITOOAIRHO — MPO-
CKTHUBHOM.

2 2 1 2
P (R)=R*UPY(R) oR*UZ,=0,, (17)
AHTHHOMUS MaTepUH BBIPAXKACTCS OTPULIAHNIEM 3aKOHA UCKITIOUEHHO-
IO TPETHETO, OOIUM MPHHLMIIOM AOTOTHUTCIBHOCTH:

R«Q,—>Z,, R=inwZ,,
R==Z,, Q,=Z,r=Z,

MarepranbHele OOBEKTH NOPOXKAAOTCS ABYMS YHCIOBBIMH MCTPH-

(18)

D .
KaMH. BCU.ICCTBCHHaH ‘ X ‘w " p-aauiuccrasd ‘ X ‘2 CBA3aHbI CTCIICHHOU 3aBU-
CUMOCTBIO
,D _D
|x|m:C-|x|2 =C-277, (19)

rae D — dpakranpHas pa3MEepHOCTb.
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D
MeTtpuka ‘x ‘2 pasinyacT YPOBHH HEPAPXUH, BELICCTBCHHAA

‘ x ‘OOBLI,Z[GJ'IHCT MarepuanbHele 00BEKTE. CTPYKTYpa CHCTEMBI CTAHOBHTCS

KJIaCTEPHOM.

Puc. 28. Ctpoerne muoxecTBa 77 (Schilhoff W. H. Ultrametric Calculus. CUP, 1984)

MarepuanbHbie OOBCKTHI B 3TOH CXEME MONYYAOT ABOHHOC Npea-
cragiacuue. llepBoe — BuanMoe GU3NYICCKOE, MPESACTABICHHOS BCINCCTBCH-
HBIMH YHCIAMH, BTOPOS — HECBHAUMOC HH(POPMALMOHHOE, JIOTHYCCKOE,
MPEACTABICHHOS p-aauueckuMu. B urore kaxapiii 0OBEKT €CTh KOMOMHA-
st HUHGOPMALIMK U MATCPUN

K=a.a,,...a (2"7Z) (20)

Crpoka B (20) ectp uHpOpMALMOHHAS KOOpAUWHATA OOBEKTA pa3Me-
pom 2P B mpakTrKe M3MEpEHHit ¢ COOTBETCTBYIOT Pa3MEPHOCTH (u3u-
YCCKUX BEJUYHH.

Heonpeoenénnocme, cryyaiinocme. Tlocneanuii no nopsaaxy, HO HE
MO 3HAYCHHIO €CTh BOMNPOC O MOJCTHPOBAHHWU CIYYaAHHOCTH. 3AECh HAcE
MOJCITH HEPBUYHOCTH P-aAWYCCKHX YHCET COOTBETCTBYCT NMEPBHUYHOC K
MOHUMAHHE CIYYAHOCTH Kak HempeaBuAcHHOCTH. HempeasuaeHHOCTD,
HETPEACKA3YEeMOCTh, HEBBIYHCIHUMOCTb, HEJOKA3YEMOCTh HMMCIOT OO
cMBICT HEGOPMATH3YEMOCTH HIH HEIPEIUKATUBHOCTH B TCPMHUHAX JTOTHKH.

Maremarika UMEET CBOUM MATCPUHCKUM TMOHATHEM MOHATHE OIpe-
peaumoctH. IlepemenHas, (QyHKINS, MHOXKECTBO, COOBITHC OIMPSIACIUMBL,
€CIH MOXKHO NIPEIBSBUTH (GOPMYIY, ATOPUTM, YPABHECHHUE, TCOPHIO, KOTO-
pBIC HCUCPIBIBAIOIIMM 00pa3oM ONMHCHBAIOT UX cBoiicta. HedopmanrpHo:
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OTIPEACTUMBIC TIEPEMEHHBIC CTOAT CJIEBAa OT 3HAKA PAaBEHCTBA, MX MOXKHO
3aMCHUTh B TCOPUH APYTHUMH, O3KBHUBAJCHTHBIMH MCPCMCHHBIMU W/UIH
dbopmynamu.

B MaremMaTHke M3BECTHA TaK HA3BIBACMAS MPOTIACTH MEKAY TUCKPCT-
HBIM U HCTIPEPHIBHBIM U PAAUKAIBHOC PA3THYUC BCPOATHOCTH U JCTCPMHU-
HupoBaHHOCTU. [ToHATHS 3THX O0IACTEH HECBOAUMBI PYT K APYTY, B3aUM-
HO HCBBIPA3HUMBI.

B name#t Mogenu Takoil HeonmpeaeauMon ()YHKUMCH SBISCTCS YIIbT-
pamerpuka [49]. B BEIIeCTBCHHOM aHAIN3C OHA MPOCTO OTCYTCTBYCT, B JIO-
THKE ACTUMOCTh TAKKES HE BXOAUT B HAOOp mpasui. Jluie B pyHKIMOHATE-
HOM aHAJIW3C OHA NPHUCYTCTBYCT IOJ BHOOM SUP-HOPMBI, BXONAINCH B
TeopHro (PyHKUMH Kak caMOCTOATEIbHAS (PYHKIIHS.

AHATOTUYHYIO AKCHOMATHUKY, MOBTOPSIOIIYIO CBOMCTBA VABTPAMET-
PHKH, UMEET MCPa BO3MOKHOCTH B TCOPHUH CIOKHBIX CHCTCM, B PAMKaX KO-
TOPOH YCTAHABIUBACTCS €€ CBSI3b C OOBIYHBIM MOHITHEM BEPOSTHOCTH [83].

Msi OyaeM MONB30BaThCS JIHIND MCPBUYHOW MHTCPIPETALUMCH VIIbT-
PaMETPHKH, OTMETHB €¢ CBS3b C BCPOATHOCTBIO CICAVIOIIUM O0OPa3oM.
MHOXECTBO CTPOK HYJIEH W €AWHHUIL B PA3TI0KEHHH THCET MOXKET IPEACTAB-
JSTh KaK MOCJICAOBATCIIFPHOCTh HE3aBUCUMBIX HCIIBITAHHH — OpOoCaHuil MO-
HCTHI, TaK U p-aAUUCCKOC HYHUCIO ¢ JAHHON BCIMYHHOM VIBTPAMCTPHKH.
[lepBoe npeacrapneHue BEAET K OOBIMHOMY MOHSATHIO BEPOATHOCTH, BTOPOC,
COMPSKEHHOE C HUM, K HEONPEAEIEHHOCTH, BEIPAXKAEMOUN CBOMCTBOM HEOTI-
PEAECTUMOCTH YIBTPAMETPHKH.

Kax cneayer u3 akcuoM TCOPHH BOBMOXKHOCTCH, 3Ta MEPa HECOTPEIC-
JEHHOCTH COITIACOBAHA C PEIIETOYHOH CTPYKTYPOH M, COOTBETCTBEHHO, C
Ovaesoil anrcOpoil. E€ 3HaueHue O CIOXKHBIX CHCTEM CIEAYET M3 Mpea-
craBneHus (J, Kak TPAHCISIUM CBOMX KONMH — OHa Oonee aaeKsaTHa OT-
KPBITBIM CHCTCMaM. BenudanHa viIbTpaMeTPUKH HMCCT TOKATBHBIN XapakTep
Y HE 3aBHUCHUT OT OKPY)KEHHA B €BKIMIOBOM IPOCTPAHCTBE. TeM cambIM eé
BKJTIOUCHHC B YPABHCHHS HC TOJDKHO BBI3BIBATE CIIOKHOCTCH.

HenpenukaTUBHOCTS OOBIYHOTO TOHSATHS BEPOSTHOCTH TAKKE OUC-
BHIHA — €€ JTIOKAJIbHOC 3HAUCHUE 3aBUCHUT OT pasducHus Beeit obnactu. [lo-
3TOMY BBCICHUC BCPOSTHOCTHOM MCPHI Ha MHOMKCCTBC SBIICTCS HCpaspe-
mumoit 3amauci [84, ¢.80-81], uTo M JOKA3BIBACT MPAKTHKA TPUMCHCHHUS
TEOPHUH BEPOATHOCTEH — PABHOMEPHOE PACHPEHCICHHE SBIACTCA COMHCT-
BEHHBIM AMPHOPHBIM CIIOCOOOM BBESACHUS BEPOSITHOCTHOM MEPHI.
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12. K TEOPUU U3MEPEHU ®PAKTAJIBHBIX OFBEKTOB

CBa3p (popMaTBHBIX METOAOB MATEMATHKH C MPEIMETHOW 00IaCThIO
HACT 4epe3 MeToanl uamepeHui. Jlrobas Mozenb, He NMPOAOKECHHAS MOJC-
JBEO UBMEPCHHM, KOTOPas MPHU3BAHA CBA3BIBATh MapaMETPhl MOACTH C mapa-
METpaMH TCXHUKH H METOAOB H3MCPCHUH, MOBUCACT B BO3AYXE U €€ PE3yib-
TaThl OCTAKOTCS BHYTPCHHUMH W HEAOCTYIHBIMH TOW HAyKe, AJISI KOTOPOH
3Ta MOJEIIb CTPOUNIACH.

B o0mieit Teopun u3MEPEHUH TAK:Ke MOXKHO BHICTh JBOWCTBCHHOCTh
mpupoasl BemuuuH. OHa BocxoauT K Teopemam O.I'€npaepa o ABYX CHOCO-
0ax mpeACTaBACHUS U3MEPCHHN — SKCTCHCUBHOM W MHTCHCHBHOM (MYJIBTIT-
JUKATHBHOM). JTa TCOpPEMa SIBIIICTCS MPEIIICCTBCHHUIICH Teopembr Oct-
POBCKOTO.

Hmenno, cormacHo teopeme ['€npaepa (1901r), cymecrByeT asa cro-
coba GopMATEHOTO MPEACTABICHUS U3MCPCHHM — QAJUTHBHAS TIPSIMAst 1CH-

CTBUTCIIBHBIX UHUCCT <R, +,2, O> U MYJbTUIUIMKATUBHAA OpAMas JEUCTBU-

TEIBHBIX YHCEIT < R, x> l) [85]. C apyroit cTOPOHBI, TAKIKE HM3BECTHO, UTO

Bce (PU3UUECCKUE MEPEMCHHBIC MOYKHO CBECTH K HM3MEPCHHUIO ATHHBI H Bpe-
McHH [86].

CornacHo 3T0oli OHHAPHOCTH U3MEPACMBIC BCTHUIHMHEL PACTIAJAIOTCS Ha
JBa KJacca, KOTOPHIC B PAa3HBIX KOHTCKCTAX HMCHYIOTCS IO PA3HOMY: DKC-
TCHCHBHBIMU W HHTCHCHBHBIMH, KOBAPHAHTHBIMH H KOHTPABAPUAHTHEIMHU,
OPOAOIBHBIMU U moniepeuHbiMe [87, . 2.3, 3.2]. EcTeCTBCHHOCTE MPOSB-
JICHUSI KAHOHMYCCKH CONPSDKEHHBIX BEIUYMH — MPOCTPAHCTBA U BPEMCHH,
KaKk pe3yabTara ACUCTBHSA (PAKTATbHOH I€OMETPHH, KOTOPOE aHATOTHYHO
npeodpazosanusm Dypre u Jlamnaca, Bnepebie, NO-BHIUMOMY, aKLCHTHPO-
BaHa B [88, Ch.2].

B Hame#t Moxenm, oOBCAMHSIOMICH NBC YHUCIOBHIC CHUCTEMBI R U Z,,
CCTCCTBEHHO COIMOCTABUTH 3TOMY JACICHHIO MApPy COOTBETCTBYIOIIUX HM
METpUK. METpHKH U ABIIIOTCH 0a30BbIMH GYHKLMSIMU 11 paspaboTKH Me-
TOAOB NPEAMETHBIX H3MEPCHHUH.

Paccmotpum 310T X074 paccyxaeHui. B apudmertnke nBa uncna x u y
CUMTAIOTCS TeM OoJice OMU3KUMHU (M 1AXKE PABHBIMHU), YeM Ha OONBIIVIO CTC-
MEHb MPOCTOTO YKCTIA P OHU ACTATCS:

85



x=p" = y=p‘<
ecau x=p" — y=p" —,
b d
a C o a —a-
rae Z, E — HECOKPATUMBIC APOOH, TO |x|Z:p “Mu |y|p =p ok

CCThb BBIPAXKCHUA UX p-aJUUCCKUX BCIUYNH, KOTOPAsA, IO TCOPCMC OCTpOB-

CKOTO, SIBISICTCS BTOPOH, HApIAy ¢ OOBIYHBIM MOAYIEM ‘ X ‘w , 3 JBYX BO3-

MOKHBIX, JOITYCKACMBIX pallUOHAJIbHBIMU YUCIAMU. 3,[[601) a >0 coorser-

CTBYET (pakTambHOH pPasMEPHOCTH H (PH3MUCCKH O3HAYACT CKOPOCTh
yOBIBaHUS Pa3MEPOB YACTHL IPH JCICHHH 00pa3na.
Torma

o o
|x|p ~ |y|p, ecnmu M~k w ecnm, Hanpumep, M>>1 wam Mm—>00 |

[24
TO | X |p — 0, To ecTh OOJBIINE YUCTA CTAHOBSITCS P-aTIHICCKHA MATBIMH.

Orcrona ¢GopMabHOE BBIPAXKCHHUES ABOWCTBCHHOCTH umcia. M3 Teo-
pembr OCTPOBCKOTO, CACAYET, YTO PALMOHATBHOC YHCIO MOXKHO MPEACTa-
BUTh KaK COBMECTHOE ACHCTBUE MPOLECCOB JEICHUA U CIOKEHHUS, KOTOPBIE
BBRIPAKAIOTCA YEpe3 JBa HATYPAIbHBIX PAda U JBOMHON CMBICH MPEACTaBIE-
HHUSA p-aIUICCKOTO THUCIA

a
Z = | X |OO . | X |p X — panMOHAJIBHOC YHUCITIO.

J{BOMHOI CMBICT HaTypajJbHOTO UHCIA MPHUBOANAT K TEOPHUH H3MEpe-
HUH ¢ AByMs TUIIaMu nepeMeHHBIX. C Touku 3peHus PU3NKO-XUMHH UX 3HA-
YCHHE COCTOUT B TOM, YTO OHH BBOAAT B TCOPHIO UCUCPIBIBAIOINUI HAGOD

(hopMaIbHBIX MATEMAaTHICCKUX MOACTICH N3MEPEHHS — apXUMEIOBHI M HEap-

XHUMCAOBBEI, T.C BCIICCTBCHHBIC ‘ X ‘co " p-aaAniCcCKUc ‘ X ‘p BCJIIMYHHEBI, KOTO-

PBIC JODKHBI OBITh COITIACOBAHBI € (PU3UKO-XUMHUICCKHUMH U3MEPCHHAMH H
napamerpamu. B mepBoM npuOMMKECHHM 3Ta mapa BHAUTCS aHAIOTOM Iaphl
WHTCHCUBHBIC — 3KCTCHCHBHBIC MepeMeHHbIC B (rznko-xumun [89, ra. 111,
c.91]. ITn mepeMeHHBIC OOBIYHO ANPHOPH PACCMATPHBAIOTCS KaK HE3aBU-
CHUMBIC, B TO BpeMs Kak U3 (GOPMaTbHOM CXEMBI U3MEPEHUS CICAYET HEOO-

XOAUMOCTDh pacCMOTPCHUA UX BO B3aHMHOM CBS3H.
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OcHoBa 3TOH aHAJIOTHH B TOM, YTO APXUMEI0BA MCTPHKA 3 AUTHBHA,

|a+b|w :|a|w +|b|w :|a|+|b|£2-max Hﬁllw,

b |oo 2
HEapXHUMEA0Ba — Cy0a ANTHBHA

.| 2]
p p

OTO MOXKHO COMNOCTABHTH C ACJICHUCM TCPMOAUHAMHUCCKUX TICPC-

|a+b|p§max ﬁa

MCHHBIX Ha SKCTCHCHUBHBIC M MHTCHCHBHBIC. B TepMOIUHAMUKE K TICPBOMY
THIY OTHOCATCS CCTCCTBCHHBIC MEpEeMEHHbIC: § — 3HTponud, V — o0beMm,
M — macca, N — gucno gactun. Ko sropomy: T — temmneparypa, P — nasmie-
Hue, p(J) — xuMuueckuii noteHuuan. JleranpHas Teopus U3MEpPEHHH B Ta-
KOM VABOCHHOM BAapPHAHTE SABISACTCS JCIOM OTACIBHOH pabOThI.

B nameit Mmogen R COOTBETCTBYET apXHUMEAOBOIM METPHKE, Z, — He-
apxumenoBoi yinerpaMeTpuke. CrnocoOpl H3MEpPEHHH B 0OOMIEM MOMKHO
CTPOUTD C TOUKH 3PCHUS CBI3H ABYX THX CIOCOOOB M3MEPECHUH, HCKITOUH-
TETBHOCTD KOTOPBIX M3BECTHA M3 anrcOphl KaK HCKTIOUYHUTEIBHOCTh YHCIIO-
BHIX cucteM R 1 Z, u reopembl Octposckoro [65].

BBuay Toro, 4To 13 runepOOIMYECKOro XapakTepa CBI3H METPHK

const
“oo:‘x‘
P
creayer
d|x|00=_con2st Hd|x|p=_con2st¢oj
R P E R

OAHA U3 HUX MOXCT pacCMarpuBATHCA KAaK ABWXKCHUC OTHOCHUTCIBHO APY-
TOH, T.€. ABa MPOCTPAHCTBA R U 7, ABIAIOTCA NMApOH: KOOpAMHATA — Z,, M-
mynbcel — R. KoHeuHO, B kauecTBe METPHK OBLIH B34THI ABE MPOCTCHIINC
¢vukumn. Ha camoMm aene meTpuk cymecTByeT MHOKecTBO. Ho Bee oHU ae-
JATCS HA 3TH ABA COMPSKCHHBIX KIIACCA.

CBsi3p MEXKIYy HHUMH OCYIICCTBIICTCS mpeodpaszosanueM Jlexkanapa,
KOTOPOE aHAJIOIMYHO NIEPEXONY U3 MPOCTPAHCTBA KOOPAHWHAT B MPOCTPAHCT-
BO HMITYJBCOB B TeopeTHueckor Mexanuke |90, ¢.59]. CranzapTHoe npeod-
pasoBanue Jlexanapa ucnonas3yer auddepeHUUpyeMbie (PYHKIUMH, OTHAKO
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CYLICCTBYET €ro BAPUAHT U AN HeAu(pPepeHIHPYEMBIX 3aBHCUMOCTEH, KO-
TOPBIN IPUTOACH A4 (paKTaTbHBIX MHOXECTB [91, p.65-68].

MozkHO mOKa3aTh, 4TO 3Ta Hapa (QYHKUHMHA METPHK COOTBETCTBYCT
o0IeMy NPHHLUIY ABOHCTBCHHOCTH MEXKIY ABYMSI OA30BBIMH MPOCTPAHCT-
BaMH H, TEM CaMBIM, OCYLIECCTBIACT npeodpasosanue Jlexkanapa. Mznoxum
3Ty HIACIO CXEMATUIECKH.

Kak craeayer wu3 paccMOTpeHHsT CBA3M MEXAY ULEIBIM OOBE-
MOM/OOBEKTOM U €T0 YaCTAMH, KOTOpas MOSABISCTCS B BBRIYHCICHHH (pak-
TaJIbHOH Pa3MEPHOCTH U HA JTEKCHKOrpaduIecKkoM AepeBe

[x]= 20, < [l 1],
14

3nech ‘x‘ Kak J0ad uenoro mmeetT cmbica  auddepeHumana
r

|, = d (x],)-
t
Paccmorpum dyukuuio [ (1) = ﬂ X |pd§ = | X |OO . Ipeobpazosannue
0

Jlexanzapa 3akmrodactes B MuHnMusatmu Gyukuun F(s,1)=s-1— f(1),
KoTOpas 3aJaéT mepexo] K HOBOU mepemenHoi s. Jubdepenumpys, noay-
yaem

— =5 | X | =0

dt ’

Ta mapanieip MEKAY THIIAMH U3MECPUTEIbHBIX (DYHKIUHA B PH3HKO-
XUMHUECKUX NEPEMEHHBIX MO3BOJAET CTABUTh 3aJady JalbHEHInei paspa-
0OTKH 1 0O0CHOBAHUS PACIIHPCHHON TCOPHUH H3MEPCHHH.

3akaH4UMBas Pazicid O pP-aJUUCCKUX YHMCIAX, MOXKHO CKasaTh, YTO B
HaIICH WHTCPIPETALNH HC BBOAHUTCSA HOBOE MPOCTPAHCTBO, OTIWYHOE OT
($u3nICCKOro, HO MPUAAETCH (DUIMYCCKOMY JOMOJHUTCIBHAS KOOPAUHATA,
MO3BOJISTIONIAS BCKPHITh TC €r0 CBOMCTBA M BO3MOXKHOCTH OIUCAHUS, KOTO-
pric He HAOMIOAAIOTCS MPH BEILECTBCHHOM aHaiu3e. PazHuua B TOM, 4TO B
TaKOM, XHMHYCCKOM, MPOCTPAHCTBE MOSABISICTCS CETh TPAHUL MaTCpHATIb-
HBIX 00pa30BaHMl, UX YacTel, yacTel ux yacted u T.0. UIMEHHO Ha rpaHu-
LAX BO3HUKAIOT (PU3HYCCKUE B3AaUMOJCHCTBUSA U HMCHHO TPAHULBI SBIISIFOT-
C4 TEM CHMBOIHYCCKHM HPOCTPAHCTBOM, B KOTOPOM CYIIECCTBYVIOT
dopmanbHbic Teopud. YUeM MEHbIIE XapaKTEpPHBIH pasMep YacTHI, TEM
JJIMHHEE U CTIO0KHEE TCOPHH, ONUCHIBAIOIINE (GHU3HUCCKYIO KAPTHHY.
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P-aAWYCCKUC YHCIA UMCIOT O0INYI0 an(aBUTHYIO OCHOBY ¢ BEILICCT-
BEHHBIMH YHCJIAMH, HO B YHCJICHHOM BBIPKCHHH 00IaJar0T JOMOIHUTEIb-
HBIMHU CBoO¥cTBaMH. BemecTBeHHAs CBAZHOCTE M HEMPEPBIBHOCTE JOTOTHS-
IOTCS  PaspbIBHOCTBIO, TNPOTSHKEHHOCT —  JETHMOCTBIO, CBKIHIOBA
TEOMETPHS — HECBKIIMIOBOU, MPOCKTHBHOM U T.1. VX cTpykTypa B TOUHOCTH
COBIIANACT CO CTPYKTYPOH (OPMATIBHBIX SI3BIKOB TCOPETUYCCKON HH(POpMA-
THKH, KOTOPBIC B BHJAC TCOPHI, 3aKOHOB, YPaBHCHUH, GOPMYIT SBIAIOTCS
BBIPQKEHUEM CBOMCTB BEIIECTBA.

[TosToMy MarepuanbHBIC U CHMBOIUYCCKHE XapaKTCPUCTUKH BELIC-
CTBAa MPEACTABILIIOTCS HEPA3ACTUMBIMHE Kak B 3epkambHOH mape. MHpivu
CTIOBaMH, p-aJWYCCKHE YHCIA 3TO TC JKC BEINCCTBCHHBIC, HO C JOTIOIHH-
TEIBHBIMU CBOWCTBAMH.

JHCKpeTHO-HENPEPHIBHEIN (pakTambHBIH 00bEM MOXKET paccMarpu-
BaThCs HapAAY ¢ HTCPATUBHOH CUCTEMOH (YHKIUH, p-aJUUCCKHUMH YHCTIaAMU
¥ HCUPOCETAMU — HKBHBAJICHTAMU YHHBEPCATbHBIX MAlIUH ThIOPHHra Kak
pelIeTKa ¢ TOUKU 3peHHs 00IeH TeoprH pereTok U nopsaka [92]. Jra pe-
HIETOYHO-TCOPETUYECCKAsE CXEMA COIIACyeTCs ¢ JOTHKOM KBAaHTOBOM MeXa-
HUKH, T.€. OPOJO/KACTCS HAa OONACTh MCUC3AMIIEC MAJBIX Pa3MepoB. ITa
JOTHKA COCTOUT M3 VTBEPKACHHH O MOAMHOXKECTBAX THIBOCPTOBA MPO-
CTPAHCTBA, KOTOPBIC 0OPA3yIOT YACTUYHO VIOPSIOUCHHOE MHOMKECTBO WU
pemetky [93].

ITOT PACCMOTPCHHBIN PsiA PE3Y/IBTATOB, COTNACOBAHHBIN HACCH OH-
HapHOCTH (HPaKTaTOB, IPUBOIUT K ABOHCcTBeHHOCTH CTOVHA, KOTOpas Urpa-
€T CBA3VIOIYIO ponb Mexay ¢usuxoi u nHpopmarukor. Kak nokazan Cro-
VH, CTpoeHHE OyJeBBIX anrcOp M MPOCTPAHCTB THIA P-aAMUYCCKHUX YHCET
TOXACCTBCHHO. YTBEPXKACHUA O (pakTanbHOH Marepud H O OYJIEBBIX al-
re0pax MOMy4arTCsS APYr U3 apyra mnpoctoi nepedopmymuposkoii [94].
IMockoapky OyaeBa anareOpa JICKUT B OCHOBE BCCH (hOPMAIbHON TCXHUKH,
MOPOXKIAOIICH TeopuH, ypaBHeHHs, GopMyisl, To TeopeMa CTovHA O3HaMa-
€T CONPSDKCHHOCTh TOMONOTHYCCKUX TpaHchopMaumii MarepHaIbHOTO
(dbpakrampHOro) 00BEKTa ¢ MPeOOPA30OBAHUSIMU TCOPHI U YPABHCHUH. JTH-
MH 00bCKTaMH B (PHU3UKE OTOOPAKAIOTCS CBOMCTBA BEIICCTB, YACTHUI U MO-
aei. [lostomy Teopema CToyHA HESIBHO AAaCT OCHOBY Ui pa3paboTKU MOAE-
acH pa3andHbiX 3()HEKTOB, BOZHUKAOIINX HA KOOPIUHATE ACTUMOCTH.
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13. TOJIOT'PAONYECKASA MOJEJb MATEPUN

NzBecTHO, uTO peanbHbIC MarepHanbl NMPEACTABISAIOT COOOH TEpMO-
JUHAMHYCCKHE CUCTEMBI, COCTOSINUE M3 ABYX KOMIIOHCHT — MOJCH U KOH-
JCHCHPOBAHHOH, MIOTHON Marepun. C MATCMATUYCCKOW TOUKH 3PCHUSI OHH
ABISIFOTCS  KOMOMHAIMCH JUCKPETHBIX CHCTEM — ATOMHO-MOJICKYISPHBIX
peieTok, rpadoB U HEMPEPHIBHEIX CBOWCTB MoJch. Takue rudbpugHbic CUC-
TEMBI VK€ UCCIICAYIOTCS B TCOPETHUECKOM nHpopmaruke [95].

Tax HazpiBacMble pu3mUecKue (PpaxTansl SBISAIOTCS YCCUEHHBIMH H,
MOTOMY, MaTepUAIbHBIMH, HaOmronacMbeIMi oOvekTaMu. OaHako (pakraib-
Has uaest MOXKET OBITh UCTIONB30BAHA TAKXKE U JJISl BOCIIPOU3BEACHUS MONCH,
TO €CTh HCBHAUMBIX CYINHOCTSH [96]. MM COOTBETCTBYIOT TOUHBIC (ppakTa-
7B, TouHad MacmrTabHas cumMeTprsl. s oObeANHEHMS 3THX CYIIHOCTCH
MpOLIECC aHATH3a MEPEHOCUTCS BO (PPAaKTATBHOEC WIH p-aJUuecKoe Mpo-
CTPaHCTBO — BPEMs C JAJBbHCHININM HCIOIb30BAHHEM ABOHCTBCHHOTO Xa-
pakTepa p-aauaeCKIX YUCET.

B paGore [97] mokazano, Kak TpeyroipHUK CEPIHHCKOTO, COACpKa-
mui GONBIINE TaKYHBI (IBIPH) MPEBPATUTh B OJHOPOTHYIO MONCBYIO CYII-
HocThb. Jlng aToro B mporecce utepaunu odpasosaHus (pakrana MpoUCXo-
JUT HE TOMBKO CaMoOmNoAOOHOE JACJCHUC 3allONHCHHBIX TPEYTOIbHUKOB
(uacteli Ha 7-HOM YPOBHE HEPapXHH), HO U CaMONOAOOHOE JKC 3aIlOTHCHUE
JaKyH KOIHSIMH BCETO IEJIOro Tpeyroibhuka ((ppaxrana). [lonyuaromuiics
¢pakran geasgeTcs MacmTaOHO-WHBAPHAHTHBIM C OCCKOHCUHOW IIyOHWHOU
CKCHITMHTa, OAHOPOAHBIM — OH OCTACTCS TOXKACCTBCHHBIM MPH aJIUTHBHBIX
MpeoOpa3oBaHMAX, IUIOTHBIM B €BKIHIOBOM MPOCTPAHCTBE — MPHCYTCTBYCT
B CKONb YTOJHO MaJIOH OKpeCTHOCTH Toukd. [loatomy ays peHOpMrpymmo-
BOTO TIOAXO0JA COXPAHICTCA TPAHCISLMOHHAS CHMMETPHSL.

ATy cxeMy MOXKHO NPUMEHUTh K THOOOMY M3 H3BCCTHBIX MaTeMaTH-
yeckux (paxranos. B npeaene aeamMocTy HCUE3acT Pa3IHIME MEXKIY KOH-
KPETHBIMH ()OpPMaMH — TPEYTOIbHUKAMH, KPYraMu, KBaaparaMu Wid (ury-
pamu HenpaBuIbHOU reoMetpud. [IpocTpaHCTBO NPHOOPETACT PACCESHAYIO,
HPPErYIAPHYIO CTPYKTYPY KAHTOPOBA MHOXECTBA TOUCK, B KOTOPOH KayKaas
001acTh MoJ00HA BCEMY MPOCTPAHCTRY.

Taxum 06pazoM BOCHPOU3BOIUTCS (PaKTaNbHASA CTPYKTYpa Marcpuu
BcenenHol oT K1acTepoB ranakTHk g0 (pasmepa ~ 5 Mric) 10 cyObsaacpHBIX

macmtabos (~ 1077 cm). DTa KOHCTPYKLHMS, 1O CYTH, BBOAMT B CBKIHIOBO
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MPOCTPAHCTBO CBEPHYTYIO KOOPAHMHATY paszMepa — ACIUMOCTh KaK CTCICHb
cBoOoapl. Tem caMbIM CTPYKTypa HPOCTpaHCTBA MPHOOpEeTacT OWHAPHYIO
(u3uKo-nHPOPMAITHOHHYIO TPUPOIY.

N 310 mpocTpaHCTBO MMEET CMBICT BHIOPATh A UX TCOPETHICCKOTO
onucanust. OHO COCTOUT U3 ABYX HOAMPOCTPAHCTB — JICKCUKOTPagHIeCKOTO
JEpeBa ¢ €ro MHTCPIPETALUCH B BUAC P-aAMICCKUX YHCEI, U HPUBBIYHOTO
CBKIHIOBA TpocTpaHcTBa. MX xoMOMHaums B TeopuH (QpakTaaoB U3BCCTHA
kak camoaunnbie QpakTamsl — QpaKTanbl, PABHOMEPHEIC MO MPOTHKEH-
HocTd. OHM COXPAHSIOT BCC OCHOBBI (PH3MUICCKOTO MBHXKCHHS, YCTAHOBICH-
HbIe TeopeMol JIMyBIIINA — CABHIL, PACTKCHUE, BPALICHUEC W HHBCPCHUIO, U
pacmupsieT aHamu3 ammaparoM TteopeTwdeckod uH(popmaruku. M3 atmx
CHMMETPHH U COCTOMT uTeparuBHas cucreMa (QyvHKiudA. COOTBETCTBEHHO
BCILIC CTBCHHO-3HAYHBIC METOBI aHATH3A JOTIOTHIIOTCS METOJAMH U aHATIH-
30M p-aMYECKUX YHCET.

®paxranbHas uaes CTPOCHUSI MAaTCPHUU H MPAKTHKA TCOPUH MaTepHa-
JIOBCACHUS TOKA3BIBAIOT, YTO HET HHUKAKON HEOOXOAMMOCTH OTPAHHYHBATDH
arnmapar TONbKO BELICCTBCHHBIMH YHCIaMHU. Peimarh Hy»HO 3a1a41 HAyKH O
Marepuaniax, a He N30paHHbIC 33Ja49H OJHOTO M3 Pa3JcsiOB YHCTOH Marema-
Tiku. BeeaeHue, Hampumep, yIbTpaMEeTPHUSCKUX MPOCTPAHCTB B TCOPHIO
MOKA3BIBACT UX (PHHUCCKYIO COACPKATENBHOCTE [98].

TeM caMbIM mape MaTepHUs-NONIC MOXKHO COMOCTABUTh Mapy: BELICCT-
BEHHBIE R — p-agudecKue ducia Z, U MEPEUTH K ONMCAHUIO BEINECTBA KaK
TEPMOIMHAMHUYCCKOH CHCTEMBI aNreOpanueCKUMH, TOMOJIOTHYCCKHMH H
PCIICTOUYHBIMH CTPYKTYPaMH, KOTOPBIE COIIACOBaHbI ¢ 3MIHpueh (pax-
TaIbHOM TCOPUH. ITa BO3MOKHOCTD CICAYET TAKXKE U3 TOro (pakrta, uto Bee
TEOPHUH MOJIS UCHONB3YIOT BEIICCTBCHHBIC YUCIA U (YHKLHH, KOTOPHIC TO
TEXHUKE JOKA3aTelbCcTBa TeopeMbl et o HemomHoTe — apudMeTH3auH
CHHTAKCHCA TCOPUH, MOTYT ObITh 3aMCHEHBI apu(METHKOH CTpoK. Bripaszu-
TEJBHBIE IOTEHIIMU O0OUX CHUCTEM OAMHAKOBHI. HenaBHO 3Ta uaes — Mone-
IUpoBaHUs PUIHUCCKUX MOICH anreOpantdeCcKUMH — BBICKA3aHA H B IIPUME-
HCHHH K 33Ja9aM MaTrcpuaaoBcacHus [99].

Cymmupyem paccyscoenus. BBeacHHE KOOPAUHATE JCTUMOCTH B Ha-
6op creneHel cBOOOAB! BEINECTBA O3HAYACT BBEACHUE JICKCUKOrpadmtecko-
ro JACpeBa M p-aAMdCCKHUX YHCENT B JOMOIHCHHE K BELICCTBCHHBIM. becko-
HEYHOU JETHMOCTH, HYJICBBIM pasMepaM COOTBETCTBYIOT O€3MacCOBEIC
yacTuisl U prsnueckue momst. X MatemaTHiaeckie XapakTepuCcTUKH — TOU-
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HbIE ()paKTaIbl, KAHTOPOBA MbLIb — HYIbMEPHBIC MHOXKECTBA. M3BECTHO, UTO
KIIACCHYCCKHE (pakTalbl — KAHTOPOBO COBEpLICHHOE MHOXkecTBO C Kak
HYJIbBMEPHOC MHOXECTBO MMCET YHHBEPCAIbHbIC CBOHCTBA. MBI pHUBOANM
UX B CBSI3H C LCISIMH H3TOKCHHSL.

1. o606 MOAMHOXKECTBO B R’ MOXKHO MONYYHTh MPOEKIHEH U3
myaemeproro [69, 100]. To ectp oObekr mr000H (OPMBI HMOPOKIACTCS
dpaxTamom.

2. UreparuBHas cucteMa QYHKLHH, paccMarpuBacMas Kak AHHAMU-
YecKas CHCTEMA H €€ aTTPaKTOP — HYIbMEPHOE KAHTOPOBO MHOMXECTBO — KO-
JUPYIOT s3bIK 000N Mamruabl Teropunra [70]. 910 3Hauut, uyto mrodas
dopManbHas TeOpuUs, JOOOC CBOWCTBO BCINSCTBA TAKKE COACPIKUTCS B
(dbpaxTaTbHON MATCPUH.

3. Ilo teopeme M.CToyHa O ABOWCTBEHHOCTH OVACBBIX anreOp U
(pakTanbHBIX MPOCTPAHCTB OTH JBa VHHBEPCAIBHBIX CBOWUCTBA (paKTalib-
HOH MaTepyd HEPa3pBIBHO CBA3aHBI M B3aUMHO oOycioeneHbl. EE cMbich B
ToMm, uTO OyaeBa anreOpa BA — ocHOBA TIOTMYECKON U CUNTAMOIICH TCXHUKH,
n3oMopdhHa CUCTEME 2-aJUUSCKHUX YHCEN U KaHTOpoBY MHOKeCTBY C. Cxe-
MaTHYHO

BA=Z,=C.

Tem caMbIM ABIDKCHHE IO KOOPAMHATE pasMepa COMPOBOKAACTCS U3~
MEHCHUEM Kak (PU3HYCCKHUX XapaKTEePUCTHK, TaK M CBOMCTB (hparMEeHTOB
MaTCpHH, KOTOPBIE BBIPAXKAIOTCS TCOPHAMH, YPABHCHHAMH H (HOPMYIaMH.
DTHM HA KaYCCTBCHHOM YPOBHE OTPAKAIOTCS PA3SMEPHBIC 3aBUCHMOCTH, KO-
TOPBIC ABJIAOTCA OAHUM UX HCHTPAJIBHBIX SIBJICHUH B MaTCPpUAIIOBCACHUU.

CBeaéM KaueCTBCHHBIC pacCyKAcHus B 00y dopmymy. B ¢ ocHo-
BC JICKHT VHHBCPCATBHOCTh KAHTOPOBA COBEPLICHHOTO MHOXKECTBA, KOTO-
POC SIBISICTCSI HE TOIBKO KJIACCHYCCKUM MPUMEPOM MAaTCPHATBHOTO (paxra-
JIa, HO U NOPUCYTCTBYCT BO MHOTHUX pasaciaX MATCMATHUKU. KaHTOpOBO
MHOxkecTBO C, Kak He pa3 ObII0 HoKasaHo, u3oMopdHo Z, oTnmyactes ot O
OTCYTCTBUCM O,Z[HOI\/'I TOYKH.

Hpesa cuHTE3a B TOM, YITO ¢ KOKIBIM MPUCYTCTBUCM N= Z, B OIHOM

W3 Pa3IcioB MAaTCMATHKH CBIA3BIBACTCS OXHO M3 CBOHCTB MATCPHH, KOTOPOC
MOJEIHMPYETCS TEOPUEH 3TOTO pa3aeia, U KOTopas TakKe UMEET Ty KE UH-

CJIOBYIO CTPYKTYPY M TOIIOJOTHIO N=Z 5-
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Bcst COBOKYIHOCTB 3THX TpaHEH MHOXKECTBA 00pa3yeT PacIIMPCHHOS
(U3MKO-XUMHYECKOS MPOCTPAHCTBO, BKIIOYAOIIEE MPOLICCCHI PA3THIHOU
(TeopeTHdeCcKOM) IPUPOABL:

C=C,per =exp(C)=2° = Z, =[IFS ={0,1}V ] =
= [ZZ R ZZ] = C(ZZ> ZZ) =H= CBool = CStone = C>

3ACCh 3HAKU 3KBHUBAJICHTHOCTH (M30MOPGHU3MA) O3HAYAIOT IO MOPSIAKY ClIe-
Ba HAIPABO:

Cinatter — MOIETD ACTAMON MATEPHHU — U3 (PPAKTATBHON TEOPHH,

C ABISIETCS SKCIIOHCHLIHMABHO MOIHBIM, T.¢ BCC MPEOOPasOBaHUs Ma-
TCPUH HE MCHSIOT ¢ YnCI0BOM OCHOBHI [101].

Taxoe pacnpeacicHHE MATCpPUH MPSACTABISCT COOOU CHEKTpP (YHK-
UMd UCTHHHOCTH OyaeBoit anreOps [102].

1o Mmarepusi, 00aJar0IAs YUCIOBBIMH CBOHCTBAMU, Z; €CTh TOIO-
aoruueckas aareopa [50].

Taxoe cTpocHue marcpun (HyTbMEPHOS, (PpakTanbHOE) COBIAAACT C
(bopMaTBHBIMU SI3BIKAMH TCOPETHUYCCKOW HH(OPMATHKH, SIBISICTCS 0Oma-
CTBIO ISl BBIYUCIUTCIBHBIX CTPYKTYP (MTEpaTHBHAs cucTeMa (YHKIMNA —
IFS, sBaseTcst UEHTPAIBPHOM TEXHHUKOH mopoxacHus (pakranos) [63, 92].
ITO CHMBOJIMYCCKOS MPOCTPAHCTBO, OOJACTh ACHCTBHS CHMBOJIHYCCKOM
JUHAMUAKH.

Kak pemérka oHa cOBIamacT ¢ MpOCTPAHCTBOM HENPEPBIBHBIX (PYHK-
uumi Hax coboit [103].

Takoli uncioBoil unn anreOpanmdeckuil 00pa3 MaTepHH NPEICTABHM
CBOMM IOJICM HepepbIBHBIX (yHKIMHA 1o TeopeMe CtoyHa [94].

MHOXeCTBO 2-aAMYICCKUX YUCEN MPSACTABISCT COOOH THIbOSPTOBO
MPOCTPAHCTBO ¢ OPTOHOPMHPOBAHHBIM OA3UCOM B BHAC CHCTCMbI BaH JCP
Mara [50, p. 179-195].

B takom Buae MaTepus ABISCTCH TAKKE U OyJICBOU anreOpoi — OCHO-
BOHM CHMBOJILHOH TEXHHUKH (110 TOH k¢ Teopeme CtoyHa).

OpaxranbHOE PACIPEACICHUEC MAaTCPHH KaK 3KBHBAICHTHOE, MO dop-
mynupoBke M.CroyHa, OyneBol anreGpe, HOCUT Ha3BaHHE CTOYHOBOTO MPO-
ctpancTBa. CTOYHOBO MPOCTPAHCTBO CHMBOIHYCCKUX OOBEKTOB €CTh 000-
POTHAs CTOPOHA KAHTOPOBA MHOJKECTBA KaK (PPaKTATbHON MOJCIH MATCPHU.
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VYromanyras teopema CtoyHa, cBsa3biBaromas (hpPakTaibHYIO Mare-
PHIO C TPOCTPAHCTBOM JOTMYECCKHUX BBIBOJOB, O3HAYACT CCTECTBCHHOCTD
CBAI3M HE(PH3MYCCKUX CYIMHOCTCH — CBOWCTB BCLIECTB C MAaTCpPHATbHBIMU
XapakTepucTUkaMu. To ecTh ABMDKCHHE MATCPHUH COIMPOBOXKIACTCS JBIHIKE-
HUEM CBOMCTB. JTa TeopeMa MOMKET PAcCMarpHBaThCs Kak OCHOBHAS B
(dbpaxkTaTbHON TCOPUH XUMHUCCKOH (M OMOJOTHUCCKOM) MATSPUH, UMCIOLIAS
CMBICTT MaTePUAIbHOTO SKBHBAJICHTA (PYHKIIHOHAIBHBIX CBOMCTB WK (PyHK-
LUOHATBHOTO SKBHBAICHTA MaTepUaNbHBIX NpeoOpazosanuil. [Ipusenennas
LETOYKa H30MOPGH3MOB, TO €CTh (POPMATBHBIX TOXKICCTB, €CTh €€ paclIu-
PCHHBIHM BApUAHT, BCKPBIBAIOIIMHA U (OPMATHU3YIOLIHHA B OCHOBE MPUYHHHYIO
CBSI3b CTPYKTYPHI (PEMIETKN) CO CBOMCTBAMH BEIICCTBA.

30ech SCHO BHAHA OXHA OCOOCHHOCTh MOJACIH, KOTOPAas MMECT Mps-
MOE€ OTHOIICHHUE K 3aJBJICHHOMY BOCIPOM3BCICHHIO CBOHCTB. MBI IPUBBIK-
J¥ TONb30BaThCs BEIICCTBCHHBIMU U PAITHOHATBHBIMH YUCIAMH KaK MaTe-
pHazoM (aprymMEeHTaMHM) A CUUTAMOLICH TEXHUKU. YpaBHCHIS, (GOPMYIbI U
aJrOPUTMBI B KYpCax BCELIa paccMarpuBaroTCsA Kak Heuto apyroe. OHH u
COCTaBISIOT «HAYMHKY» OOIICEe CIOKHBIX, HABOPOUYCHHBIX OOBCKTOB — ITH-
HEHHBIX, (YHKIHUOHATBHBIX W TOMOJOTHYCCKHX MPOCTPAHCTB, MHOXKCCTB,
JOTHUK, TEOMETPHUH.

[TogMHOXKECTBAMH H THOANPOCTPAHCTBAMH BCLICCTBCHHBIX, PaLHO-
HATBHBIX M KOMIUICKCHBIX YHMCET PAa3HBIX TCOMETPUUCCKUX (opM OOBIYHO
MOJCTUPYETCS CTPYKTYpa U hopma MaTepHanbHbIX 0ObEKTOB. 3aTeM Ha Heé
HABCIIUBACTCS TO HIH HHOE (PYHKUHMOHANBHOC MPOCTPAHCTBO U F€OMETPHSL
B maremaruueckoit ¢uzuke — 310 OOBIYHO HPOCTPAHCTBO HENPEPBIBHBIX
(VHKLIUH ¥ €BKIMI0BA TCOMETPHA. JTOT apCCHAT OKAa3alcs IUIOXO HMPUCTIO-
COONCHHBIM K (paKTaIbHOU reOMETpUH B (PeHOMCHOJIOTHHU CBA3CH CBOHCTB
U MaTCpHUH.

Ho Bo3MOMXKEH M CYINECTBYET B MAaTEMAaTHKE, XOTS U HE BXOOHUT B 00-
mee oOpasoBaHue, 00/ICC MIMPOKUI B3MUIsL HA ACHCTBHUTCIBHBIC (TAKKE U
KOMIUICKCHBIC U p-aandeckue) uncna. UIMeHHO: OHH MOTYT PaccMaTpHBaTh-
¢4 Kak anreOpsl, PyHKUHOHATHHBIC U TOMIONOTHYCCKHE MPOCTPaHCTBA. TeM
CaMBIM KaK MOJCIH MaTepHATbHEIX 00BCKTOB OHHM HecyT HMH(popManmo o0
VPaBHCHHSX U CBA3SIX MEPEMEHHBIX, MONTYYACMBIX H3MEPCHUCM.

Ecnu moaenupoBaTh (pakTasibl YUCIOBONH aCUMMETPUCH — COMPSIKE-
HUEM BCIIECCTBCHHBIX M P-aAHYCCKHUX, TO 3TH (HaKThl O’KUBAOT H MPHOOpPE-
TAIOT HETPHBUANBHBIA M (DPH3HYCCKH COACPIKATCIBHBIA CMBICT. YHCIOBBIC
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CHUCTEMBI CTAHOBATCS OJHOBPEMEHHO M MarepueH U e€ cBoicrBaMu. To ecTh
MarepHaabHbIC TpaHCc(HopMalu OKa3bIBACTCS MPUIHHON CUMBOIMYICCKHUX U
HA00OPOT. ITO U BHIpAXKACT rojorpaduucckas cxema Ul HETHHCHHAS MO-
JEJTb MATCPUH.

ITpocTpaHCTBO HEMPEPBIBHBIX  (DYHKIIMI IZ2 -7, =C(Z,,Z,)
MOKHO PacCMaTpHBarh Kak MPOCTPAHCTBO HANpPABICHUH, 3aJaBAaCMBIX HX
IPaANCHTaMH, TO €CTh KaK MOJCBbIC CYIMHOCTH. ITa HACS — MOACTUPOBAHHUS
MONCH p-aAMYeCKUMU YHMCIAMH, BBIIBUHYTA B p-aauducckor ¢usuke [36].
[TosToMy, MOCKONBKY HYITBMEPHBIX MHOKECTB MHOTO HE OBIBACT, a CYIIECT-
BYET TONBKO OJHO, rOJI0rpaMMa MpPEeACTABISET YHCIOBYIO MOACTE MO, 00-
[ICTO MATCPUANTBHEIM U UACATBHBIM, CHMBOIUUCCKHM oObekTaM. [Tons ectp
cymHOCTH 001ue QU3NKE U HE(PUIMICCKUM HayKaM — OHUOJOTHH, TCOIOTHH,
reorpadun.

IMonyunnoce MPOCTPAHCTBO ¢ reoMeTpuci MoaoOHOH ety MEOuy-
ca: IBIDKCHHUE CJICBA HANPABO MPHUBOAUT OT MATEPHH K MPOCTPAHCTBY CHM-
BONOB. IMEHHO BCE MpoLecCH — CHMBOIUYCCKUE, MAaTCPUATbHEIC — IPOTE-
KaIOILIUE B OJHOM H3 MEPEUNCICHHBIX MPOCTPAHCTB AT OOIMH pecype —
¢pakranprbeiii 006EM C. D10 coorBeTcTBYET MeTadope PpaxransHOI reo-
METPUH — «OPOLIECCH, COCTOAIINE U3 MPOLECCOBY, (CHCTEMBI, COCTOSIIIC
U3 CHCTEM», IOBEPXHOCTH, COCTOSINMEC W3 MOBEPXHOCTEH». TeM camMbiM
VHHUBEPCAIBHBIH NPOLIECC JSTUMOCTH HOMYyIuI (OpMaIbHOE BOIUIOIICHUC B
VHHUBEPCATBEHOCTH (PPAKTATIOB U P-aJHUSCKUX YHCEIT.

PaccmotpuM  (pH3HYECKYIO KOHKPETH3ALMIO MOACTH KaK MOAXOH K
(dhopManbHOMY MOACIMPOBAHHUIO BELICCTBA B XUMHH. Maes 3akmouaercs B
HCTIONB30BAHNN Pe(ICKCHBHOTO CBOMCTBA MPOCTPAHCTBA P-aIUUCCKUX UH-
CeN, KOTOPOE M3BECTHO Kak kpusas lleano u 3awmouacTcs B H3oMopduzme
3TOTO MPOCTPAHCTBA MPOU3BEACHUIO CUETHOTO YHCTIA CBOMX KOMHUH:

~ ey
Qz = Qz XQz XQz ><...><Q2 _Qz :
M, cooTBeTCTBEHHO,
~ _ 7N
Z, = I, XL, xZL,x.xL,=1,".
IMostomy, mockoabky cTpykTypa Q, Mo MoCTpOCHHI0 OHHAPHA, TO €CTh
0,=R®Z,,
MOJIy4acM

R®Z,=(Z,xZ,%...2,) ®R",
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Pa3mepHOCTs N MHOTOMEPHOTO MPOCTPaHCTBA R BEIIECTBCHHBIX M-
CEJ COBIAAACT C YUCIOM COMHOMKHUTEICH B ckoOKax. B »Tom BhIpaskeHun
KOKABIH COMHOXKUTENIb UMEET CMBICII OTACIbHON TEOPHUH U3 YUCIA TEX, KO-
TOPHIC TPHUBICKAOTCS A HCCIeaoBaHus BemecTsa. [locTaBuM B cOOTBET-
CTBUE KAKIOMY U3 3THX COMHOKHUTCIICH €r0 OTACABHYIO HHTCPIPSTALHIO B
LCMOYKES U30MOP(PHU3MOB — OIS HAMPSIKCHUH, TTOTOKOB TEIUIA, SICKTPOHOB,
MPOBOAUMOCTCH Pa3HOTO PoJa. ITO MO3BOIIET COBMECTHTE B OJHOH MOJe-
i QU3HYCCKUE TCOPUH, CHUMBOIHYCCKHC MPEOOpPa3OBaHUSA U CXEMBI, Pe-
3yJIBTATHl TCOPUU PCIIETOK IS ATOMHO-MOJICKYIIIPHON CTPYKTYPBI, METOABI
rHJIBOCPTOBA MPOCTPAHCTBA U OaHaxXOBbIX anreOp pyHkiui. O0muM pecyp-
COM TaKOW CEMAHTHYCCKH MHOTOMCPHOUM MOMACIH SIBISCTCS SKCTCHCHUBHO-
WHTCHCUBHAS MEPEMEHHAs — PpaxTanbHbIil 00bEM, KOTOPEIH CTOUT B JIEBOU
YacTH.

I10 (PpakTaapHOS MPECACTABICHUE MO KAK CHHTE3a Pa3IHYHBIX MO-
Jel — 3NEKTPUYCCKOT0, MATHUTHOTO, TEINIOBOTO, MO ckopocte u t.4. Ka-
JKI0C Z> COOTBETCTBYCT OAHOMY M3 HUX. TeM camMBIM KaKIOMY Z, COOTBET-
CcTBYeT cBOS (usmdeckas Teopus mnoys, cBod (opmammsm. OOmee
VPaBHECHHE MO UMEET ronorpauueckuil XapakTep, TO €CTh KAKA0EC U3Me-
PCHHE €r0 CICUATBHBIME NMPHUOOPaMU BBIABISIET CBOKO (PH3HKY, TOAOOHO
TOMY KaK CBETOBas TOJOrpaMMa MPOSBIACTCS IPH MOHOXPOMATHIECKOM OC-
BeUICHUH. BEIIECTBCHHBIM YHCIAM COOTBETCTBYIOT IIOTHOCTHU, YACTHUIIBI, P-
aIUICCKUM — TIOJICBBIC KOMIOHCHTHI. JIJIs 3MCKTPUUIESCKOTO — 3TO 3JICKTPOHBI
Y HAOPSIKCHHOCTD MOJISL, JIS TEIJIOBOTO — MOJICKY/IBI U TEMIICPATYPa | T. 1.

OTcrona SICHA JOTHKO-TOIOIOTHYSCKas CTPYKTypa Moaeau. OHa ume-
€T BUJ aHTUHOMHYHOM WJIM HECOBMECTHOU CUCTEMBI YPAaBHEHUU:

Zz(|x|m) =Z,= Zz(|x|2)~

3neck Z, Kak 9UCTO TCOMETPHUUCCKAS CYITHOCTh — 00BEM TEa OMPeacinEH-
HO# (hopmbl, ipeodpasyeTes Mo AckcTBHeM ABYX npuunH. C OXHOU CTOPO-
HBI 3TO KOHBEPTCHTHBIC MPOLICCCHI, OTOOPAKACMBIC JICBBIM WICHOM, C APY-
oM — JUBEPreHTHBIE — YJICHOM CIPaBa.

Tem cambiM B OOIIEM YPaBHCHHH BOCIPOU3BOAUTCS JICKAHIPOBA, TO
€CTh JBOHCTBCHHAS, CTPYKTYPa TEPMOIUHAMHKN — SKCTCHCHBHBIC W HHTCH-
CUBHBIC MICPSMEHHBIC (CM. BBIIIC).

B urtore mMbl momyuaeM MOJICBYHO OCHOBY Uil YPABHCHUN COCTOSHHS
U, COOTBETCTBCHHO, TCPMOAMHAMUUCCKUX MOTCHIHAIOB, KOTOPBIC, KAK W3-
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BECTHO, SIBJISIFOTCS CYMMOUH MPOUM3BEACHUN SKCTCHCUBHBIX U HHTCHCHBHBIX
BEJIHYMH. DTO TAK /IS OCHOBHBIX YPABHCHHI B €CTCCTBCHHBIX TCPECMCHHBIX
— AaBACHHS, O0bEMA, YUCNA YACTHI], DHTPOIHH, TCMIICPATYPHl U XUMHUC-
CKOTO MOTCHIINATA.

C oaHOU CTOPOHBI, MOJACTbh BOCIPOHU3BOAUT OA30BBIC MOIOKCHUS
TEPMOIMHAMUKH, C APYTOH — HOBBIN (popMaTbHBINA OOMUK LETIOCTHOH Mare-
PHU MOATAIKHBACT K MOUCKY aCKBATHBIX METONOB €€ MoacaIupoBaHus, Ec-
U paccMarpuBarhk (PaKTAIBHBIH 00BEM KaK MOBEPXHOCTh, HMCHOIICH HH-
(OPMAITHOHHYI) YHUCJIOBYIO MPHUPOAY, TO OMUCAHHAS MOJCTh HAXOIUTCS B
COINIACHU C roNorpapUuUeCKUM MPUHIMIIOM B KOCMOJIOTHU — HAyKe O Mera
maciirabax marepun (cMm. BBeaeHue), MPUrOAHBIM /Tl SHCPTUN M MACIITa-
0OB HayKd O Matepuaiax. 3AeCh MOKHO OKHAATh HOBBIX CICACTBHUH, MOMY-
YCHHBIX (POPMATTBHBIM MTYTEM.

14. TEOMETPUSA KAK IAPAMETP

Beime ormeuanack ACTCPMHHHUPOBAHHOCTB CBOWUCTB BEIICCTB OT
MaciTada, KOTopast COCTaB/LICT crielbpuKky Matepuanoseacuus. CyTh 310
MpodIEMBI B TOM, YTO HE TOIBKO BHCIIHUH pasMep, HO U CTPYKTypa o0pas-
114, €r0 BHYTPCHHAS TCOMETPHUS OKa3blBAIOT BIMSHUC Ha €r0 CBOHCTBA U
(OVHKLHMOHANBHBIC XapakTepPUCTHKH. Takas JBOHCTBCHHOCTb HEAOCTYIIHA
CTaHJAPTHBIM MeTomaM Moacauposanus. [oHATHE CTPYKTYPH MK 00BEMA
ABISICTCS TCPBHYHBIM U He(opMamTu3yeMbIM B MaTeMaTHUYCCKOH (H3HKE.
[Tosromy, HanpUMep, TCOPHH CIUIOLIHBIX CPEJ YacTO HAYHHAIOTCA ¢ (passl
«paccCMOTPHM HEKOTOPHIH 00BEM, COCTOSIIUMI U3 TOUEK ... ».

BeixomoM u3 3aTpygHEHHS MOXKET CIYKUThH (hopManu3anys aHTHHO-
MHUH MaTepHH, PELICHUEM KOTOPOH SBISACTCS MOHATHE (PAKTAIBHOTO 00bE-
Ma. Takoi 00bEM Kak IEJI0€ MOXKET ObITh BKIIOUEH B CTAHJAPTHBIC MOACTH
CIUTOIIHBEIX CPEJ M OTHOBPEMCHHO, KaK COCTABHOW, — B CTaTHCTHUYCCKHC
Teopuun. B aToM criyuac oOmas cxeMa aHTHHOMUYHOTO YPABHCHHS (CM. BBI-
II¢) MPUMET BH;

D(a,x,1)=V(1,7) = S(a*,x*,7),

B KOTOPOM ClEBa CTOHT (HOPMYITHUPOBKA KPacBOH 3aJadyH, ONpEaeIOICH

BHCIIHEE BO3ACHCTBHE, crpaBa — (GOPMYIHPOBKA CTATUCTHICCKOW MOACIH,

OTpaKaroIcH BHYTPCHHIOW IUHAMHUKY. COOTBETCTBCHHO CONPSDKEHBI BpPE-
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MCHHBIC U (DU3MYCCKUC MCPEMCHHBIC Moaeac. MCXomHbIM MyHKTOM ISt
BBIBOJA YPAaBHEHUM CIIVKar, IO UACOJIOTUM MOJEIN, MHTErPAIbHBIE COOT-
HoOIeHUs. HTErpaabHBIC COOTHOIICHUS HECYT MH(OPMALIHIO O CYMMHUPO-
BaHUU HEKOTOPOU pacmpeAclEHHOW BEIWYUHBI, TO €CTh HESBHO OCHOBAHBI
Ha TOH K¢ KOHBCPTCHTHO-AUBCPIeHTHOU cxeme moaenu. Hanmpumep, s 3a-
KOHA COXpPAaHEHHUS MacChl, B BUJIE

m={p-f-dV =3 pi-fi-w;.
v i

rae P, f, W — INIOTHOCTh MACChl, INIOTHOCTh (PYHKLMK PACTIPCACICHHS BE-

POSATHOCTCH W 3IEMEHTH 00bEMA COOTBETCTBEHHO, AupdepeHIpoBanuem
MO BCEM TPEM MECPEMCHHBIM MOXKHO MOIYYHUTh TAKOS CAMOABOMCTBEHHOC
nuddepeHINATEHOS VPABHCHHE, B KOTOPOM 00BEM JBIDKETCS B ABYMCPHOM
Bpemenn (7,7). B aToM ciyuae mpousBOAHAS MO BPEMCHU MMEET CMBICT

JUBCPICHIIMHN O IBYM BPEMECHHBIM OCSIM.

IMoxpoGHas paspaboTka TaKOW MOACIH BKIIOYACT B CEOs JBOMHBIC
ONpeIeNICHHUS NEPEMEHHBIX, (DYHKLUH, MPOU3BOAHBIX U UHTCTPAJIOB U SBJI-
STCSl ACJOM OTACIBHON paboThl. MbI, YTOOB OCTATHCH B paMKaxX OCHOBHOM
HJACH, OTpaHrIHMCs OoNice MPOCTOW CXEMOH, KOTOpas 3aKIIovacTcd B Mps-
MOM Hepexone oT U pepeHIHATBHEIX VPABHCHHH K HX MaTPHYHBIM aHAJIO-
raM.

MaTpuisl OTHOCATCS K HCKOMMYTATHBHBIM YHCJIOBBIM OOBEKTaM |55,
1. 2]. MaTtpunamMu MOTyT OBITE HPEACTABICHBI HE TOJNBKO JHHCHHBIC Mpe-
o0pa3oBaHMs KOOPAWHAT U BEKTOPOB, KOHCUHO-PAZHOCTHBIC CXEMBI KPAacBhIX
3ajad, HO U CTPYKTYPHl paclpeIcISHHBIX OOBCKTOB 3aJA0TCS MaTPULIAMU
CMEKHOCTH, PACCTOSHUS, HepapxuiueckuMu. VX uucnoBas, anreOpanieckas
JENacT BO3MOXKHBIM MEPCHECCHHUE HA PACHPEACICHHBIC CHCTEMbBl MHOTOTO
13 OCHOBHBIX TIOTOKCHNUH (PH3HKH.

HedopmanbHo roBOps, €cnu Kakoe-T0 YpaBHCHHE BEPHO AJIS 3ICMCH-
TapHOTro 00BEMA, TO OHO BEPHO A KAXKIOTO H3 AHANOTUYHBEIX OOBEMOB,
COCTaBIMIOLINX CTPYKTYPY, 3aJaHHVIO CBOCH MAaTPULICH CMEKHOCTH H, Clic-
JOBATCIbHO, JUTSI BCCH UX COBOKYIHOCTH.

B stom cnyuae mcxomHeIMH (HOPMYTHPOBKAMU, JOMYCKAIOIIMMH Ta-
KOU IpHEM, CTVKaT HMECHHO HHTETPANbHBIC COOTHOLICHU. MaTtpu4Hoe uc-
YUCICHHUE €CTh, MO CYTH, MX AUCKPCTHBIH aHANOT, aHATIOTHYHBINA Pa3HOCT-
HBIM cxeMaM pemeHus anddepeHImanbHex ypapHeHHH. OObvHO 3TH
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CXEMBI PACCMATPHBAOTCS KaK AMMPOKCHUMAIIHS MIAAKHX 3aBucuMocTed. On-
HAaKo Ha (ppakTambHBIX CTPYKTYpax, TAC MIAIKOCTH HET MO ONMPCACICHHIO,
CUTyalus ¢ aJCKBAaTHOCTHIO oOparHas. |mankue (GyHKIHMH CTOUT paccMar-
puBaTh Kak OrpyOJCHHE, CIIIAKUBAHKUE, PETYIIPH3ALMS WIH YCPSIHCHUC
HUPPETYISPHBIX PACTPSACICHHM, YTO, OYCBHAHO, SBISCTCS MPUBBIYHON
HPaKTHKOM.

Pacripeaenéuusiii wiu pakTaibHbIi 00BEM €CTh YUCTO TCOMETPHYIC-
CKOC MOHATHE, €r0 MOPMKICHHEC U NPeoOPa30BaHUS XOPOIIO H3YYCHBI B
TeopeTnucckoii uapopmaruke. s aroro paspadorano OONBIIOE KOJHUCCT-
BO AJTOPUTMOB KOMITBIOTCPHOU rpaduKu, UMCIOIINX HAICKHYI0 MaTeMaTh-
YCCKYI0 OCHOBY B BHJC MTCPATUBHOM CHUCTEMbI (DYHKLMH, THUHAMHYCCKHUX
CHUCTEM U Teopuu Mepbl. KoHCTpykTHBHAA reoMeTpus Ten (comstructive
solid geometry), nMerOIIAs 1CIBI0 BOCIPOU3BSACHUE PCATbHBIX TPEXMEP-
HBIX OOBEKTOB, SIBJISICTCS PA3BUTHEM 3TOH TCXHUKH M TAKKEC OCHOBAaHA HA
3TOU MaT€MaTHKe.

Jis ueneii HacTosIICH paboThl MBI OTMETHM JTHIIIb OOIIYIO YHCTIOBYIO
OCHOBY BCEX BApUAHTOB 310U TexHHUKH. OHH OCHOBAHBI HA MPCACTABICHHUH
(dbpaxkTanbHON MATCPUU CTPOKAMU CHMBOJIOB, TO €CTh 2-3AMYCCKUMU HHC-
AaMH. DTOT MPUEM MPUBOJUT, KAK TOBOPHUIOCH BHILIC, K TCXHUKE UTCPATHUB-
HOHM CHCTEMBbI (PYHKIUH H, COOTBETCTBCHHO, K MAaTPHUIAM, SICMCHTAMH KO-
TOPBIX SIBJSIFOTCS P-aIUICCKUE YUCIIA.

Obmas dopmyiaa 4uCIa U3 KAHOHUYCCKOTO MPSACTABICHUS p-aau-
ueckux uucen (1) uMeer BuA NPOU3BEACHUS BEIICCTBCHHOM U UHGpOPMALIH-
OHHOM YacCTH:

x=p""(a, +ap+..+a.p+..)=p""E.

AHAJOTHYHO MATPHIIBI KAK YHCIOBBIC OOBESKTHI, COCTOSIIUC U3 HAOO-
pa YHCe 3TOr0 BHAA, MOXKHO MPESACTABUTh B BUIC

M=M,-M,.
37ICMECHTAMHU KOTOPBIX SBJISIFOTCS BEIICCTBCHHAS U P-aAMICCKAS YaCTH YHUCTA
COOTBSTCTBCHHO, & YMHOXCHHUE SIBJISICTCS TIOICMEHTHBIM, aJaMapPOBbIM YM-
HOKCHHEM MATPHIL,

A=B(C al.j=bl.j- c;

Bemecteennas matpuna My npeobpasyeTcss OOBIYHBIMHA MATPUYHBIMH IIPE-
oOpazoBanusaMu, HHpopmannoHHas AM; — KPOHEKEPOBBIM YMHOKCHHEM

MAaTpHILI.
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OcHOBOH NMPHUMCHEHHS MAaTPHUL CAYKUT aHATOTHS MEXIy (parMeH-
THpOBaHHEM 00bEMa HAa OTACIBHBIC YACTH H PA3NOKECHHECM THIBOCPTOBA
MPOCTPAHCTBA HA OPTOTOHAJIBHBIE JOMONHEHMS. Torma Bech OOBEKT pac-
CMAaTPUBACTCA KaK TEH30PHOE MIPOHU3BEACHHE 3TUX MOATIPOCTPAHCTB.

OcHoBHbIC (aKTBI KPOHEKEPOBA WM TCH30PHOTO YMHOMCHUS MaTPHLL
[104].

1. Ans nByX MPOW3BOIBHOTO NOpsaka Matpull 4 U B pa3MepoB #1 X 1

U P X COOTBETCTBEHHO

1 2 3
a b
A{ } B=|4 5 6
c d
7 8 9
) [y e
alas6| bl456 7“8“9“ s ohon
789 789 a8a9a Tb8 9
AOB= 11031 1231 T
asel dlase c2c3¢c d2d3d
0789 Tee 4c5c6c 4d 5d 6d
- - _7cSc9c 7d8d9d_

ONPEENICHO X KPOHEKEPOBO MPOU3BEACHUE. Pe3yabTaT YMHOKCHHS — MaT-
puna pazvepa. Ou3nvecku — 3TO AUBEPrEHTHHIA MPOLICCC ACICHHUS HCXO-
HOTO 00OBEKTA, 3aAaHHOTO MATPHULICH MHIUACHIMN H PACCTOSHHM.

2. KpoHekepoBo MpoOW3BCACHUC HEKOMMYTATHBHO. Kak IWUBCPreHT-
HBIHA IPOLIECC OHO HEOOPATHMO.

A®B=C =C®B"' =(A®B)®B'=A®(B®B)=A®I

rac # — nopsaok B. [ling mamero npuMepa

a b 0 0 0 0
c d 0 0 0 0
100
a b 0 0 a b 0 O
ARI, , = ® (010 = z A
c d 0 0 ¢ d 0 0
001
0 0 0 0 a b
0 0 0 0 ¢ d]
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TeM camMbIM MONMY4aeTCs MATPUYHBIH aHANOT AJIS SBJICHUS HapyIIc-
HUS CHMMETPHH B (H3HKE KOHACHCHPOBAHHOH cpepl [15].

3. KpoHekepoBo Mpou3BEACHNUES COBMECTUMO ¢ OOBIYHBIM MATPHIHBIM
yMHOKeHHUEM. COXPaHSIOTCS TaKKe MOHATHS COOCTBCHHBIX YUCEN U BEKTO-

POB, KOTOPBIC JICTKO TOYYIAIOTCS U3 TTPABUIT YMHOKCHHS.
c A 4B
C=4®B = Ac= Iﬂ-,-j = Ili A

4. Ncxoanas Marpuna CMEKHOCTH CTPYKTYPHI TOJ JEHCTBHEM 3TOTO
VMHOKCHHS Tpeodpasyercs B MaTpULly CMEKHOCTH HOBOH CTPYKTYPHI
[105].

5. Kak Buano u3 mpumepa, prsnueckoe JCHCTBHEC KPOHCKEPOBA YM-
HOXKCHHsI QHAJOTHYHO JACHCTBHKD MHOTOMEPHOM HUTEPATUBHOM CHUCTEMBI
¢vHkuumi. M3BecTHA CBA3b NUBEPICHTHOH FE€OMETPHU MAaTpHL KPOHEKEPOBa
ymuoxkenus u ppakrainos [106, Ch. IX, X] u [107, Ch.IX, P.162].

®pakranapHbIE CBOWCTBA KPOHEKEPOBA MPOM3BEACHHS ACHBI U3 PUCYH-
ka [106].

a) KpoHekepoBo mpomsBeAcHHE — ABYMEPHAS UTCPATUBHAS CHCTEMA
(VHKLHUH.

M xRy, M X Rl

i
7/

I

M % Ryo

Makpockonngeckuii Bua Matpuns & = M @ R.
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b) Pednexcupnas, camononobHas Marpuna

10 1 (10 1'000'10 1
{220} 220000220
310 3.1.0,000;3.10
y 20729027000
44 0'440'000
620620000

303" T01" 000

66 0220000

93 0!310'000]

IM(Q)

dpakranbuas marpuna M

Mo M | Mg 2 M | My 3 M

Md | MM | MiaM | M sM

7‘"".,_ Ma oM [ M2 M | Mz 2M M3 M

CamononoGue (pakTalbHOH MaTPHITH.

Puc. 29. Opakransl 1 MaTpurist

6. KpoHCKepOBO TPOM3BEACHUC TIOSBIICTCS B MHOTHX PA3Aciax BbI-
qucauTeapHOU Hayku [ 108], B 3axadax CTAaTHCTHYCCKON W KBAHTOBOM MEXa-
Huku [109].

7. NubdepeHIpaIbHbIC U HHTCTPAIBHBIE ONECPALMH OCYIICCTBIISIOT-
€S TIOBNIEMEHTHO, TaK K€ Kak W s oOBIYHBIX Marpuu. s Hac uHTEpEeC-
HBIMU SBISIFOTCS MNPCACTABICHUC HMHTCTPANTBHBIX COOTHOLICHHUN (PH3HKHL.
Hanpumep, BbhIUmCICHHE KpaTHOrO HHTErpana mo oObEMY BBINILAWUT ClIC-
JYEOIIUM 00pa3om:
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_[_UF(x,y,z)dxdydz zZZZwlx -w;-’ Wi F(x,y;,2) =
i j k

= (WW W) F(x®y®:z).
[loacraBnsas B 3TO BBIPAXKCHHE BMECTO MONBIHTCTPATIBHOU (YHKIHH
F=p-f,me p— mWIOTHOCTh BCWIECTBA, f — IUIOTHOCTD PACTIPEACIICHHS

BEPOSATHOCTHU, MTPUACM K BBIPAKCHHUIO [JTs pacupeacaéHuou maccer. Jdudde-
PCHLIMPOBAHUEM 3TOTO BBIPAKCHHS MOJKHO MONYYHTh MATPHYHBIA BUX
VPaBHEHHS COXPAHECHUS MACCHI.

8. JlelicTBuEe KpOHEKEpOBA YMHOKCHHUS Kak (prsmdeckoro mpouecca
JEJICHHUS MATCPHUH, KaK ABMKCHHS [0 KOOPAHHATE Pa3MEPOB YaCTHL BEAST K
VBEJIMYCHHUIO Pa3MEPOB MATPHL, K YMEHBIICHHIO Pa3MepoB €& 31eMeHToB. B
mpeacac MONYYAITC OCCKOHEUHOMEPHBIE MATpHLBl KaK OMNEpaTtopbl B
THIBOCPTOBOM MPOCTPAHCTBE KBAHTOBOH mexanuku [15 rmn.2]. Tem cambim
MaTpHYHAS UHTECPIPETALHS ACTUMOCTH MATCPUH OCTABISICT HHBAPHAHTHON
OCB pPa3MepoB.

B cBa3u ¢ pa3priBHOM reomMeTpHeH (pPaKTaIoOB €CTCCTBCHHO CUUTAThH
MEPBUYHBIMA BEKTOPHO-MATPHYHO-TCH30PHBIE 3aBUCHMOCTH. MarpuyHsie
BBIYUCICHHS OCHOBAaHBI Ha GA30BEIX OMCpaLMAX KOMOBIOTCPHOU MaTeMaTH-
KU — COBHUIC H CIIOXKCHUH, KOTOPBIC SBIAIOTCS PU3HUCCKH peanusyeMbiMi. B
3TOM ciy4yac pU3NUECCKUE BETUUNHB OKa3BIBAIOTCS BHIYHCIUMBIMHU MOCPE-
CTBOM (PM3HYECKHUX K MPOLECCOB, a HE MPOrpaMMaMy BBIYHMCIICHUIH HWHTE-
rpanoB u QYHKIUHI, U OITOMY CTAHOBHUTCS OO0JICE MPO3PAMHON HX CBSI3b C
TpanchopManmIMu MarepuanbHOro oobekra. Tem cameiv nudposas Gumo-
codusg MaTepUu MOIYYACT HMOAKPEIUICHHE CO CTOPOHBI (PU3HUKH, & KOMIIbEO-
TEpPHAS TECXHHUKA MOJICTHPOBAHHS MATCPUATOB CTAHOBUTCH (PH3MUCCKUM
ITPOLIECCOM.

C yuérom 3T0# HHPOPMALIMK PACCMOTPHUM 3BOTIOLHIO (BPAKTATEHOTO
00BEMa, TO €CTh CTPYKTYpH ¢ Matpuuei cMmexxkHocta V. CormacHo u3no-
JKCHHOMY 3BOTIONMSA 00bEMA MPOUCXOAUT MO ABYM BPEMCHHBIM OCAM —
BHCIIHEMY / M BHYTPEHHEMY I10 OCH pa3mepoB — 7 . [Tostomy

V(t, 0 =Vr0)eVz ()

H, COOTBCTCTBCHHO,

dV:dVR dl+dVZdr~
dt dr
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Crpykrypa obvemMa Ha N-H cTaauy ACICHUS MOIYYacTCs UTCpaluei
KPOHEKEPOBa VMHOXCHMS MaTpuubl My 0000IEHHON HUTCPAaTHBHOMN CHCTE-
MBI (PYHKIUH BUAA

V,(t=N)=M,®M,®..QM, =M,

VY¥(t,7) = V(1) oMY

COBOKYITHOCTB 3JIEMEHTAPHBIX 00BEMOB HPEACTABIAIOTCS MATPHLICH

|VN(I,T:N)|p: Ivij |p_:VR(Z) © |:|mij|j:|N’

rae D — (dpakranpHas pPasMEPHOCTh. DJICMCHTHI CTCIICHH MAarpuilsl My
KOIUPVIOTCS 2-aTUICCKUMU CTPOKAMHU, TIPCICTABIIOIIUMU ITYTH TI0 ICPEBY
JEITUMOCTH WM PA3JI0KEHUE HHIAEKCOB B IO3UIIMOHHBIM YHCIOBOM paX

(cMm. puc).

(i,)) =a,ay...ay_, Ay iy

2—D~N

Torza xoopauuara ocu pasmepos /[, =—In =D-N . C varpuucit

00BEMa OKa3BIBACTCA COMPKEHHON CHUMBONHMYECKAS MAaTpULA CBOWMCTB

P, = laoal c-@y),; . Kaxaomy guanasoHy 3HAYCHHUI KOOPAMHAT pasMepa

COOTBETCTBYET CBOSI TCOPHs. YHPOINAS PA3IHYHBIC TCOPHUH, BBIPAKAFOIIUC
CBOHCTBA BEICCTBA, HA OCH Pa3MEPOB MOXKHO PACIOIOKHUTh CICAYOIHM
obpazom:

“MEXaHUKa TBEPAOTO TEIa — TCOPUS YNPYTOCTH M ILIACTHIHOCTH —
MOJICKY/ISIPHASL AUHAMUKA — Teopus AU(GPY3UHd — KUHCTHUCCKAS TCOPUS —
KBAaHTOBAs MCXAaHHUKA .

JuamazonamM pasMEpoB COOTBETCTBYIOT MEPCKPHIBAOIIUCCS TCOPUH,
COBMECTHO ACUCTBYIOIIHE CBOMCTBA. DopMaibHO 3TO 0TOOpaskacTCs Mar-
pureii ceoiicts P.

IBOTIOLMS BEUICCTBCHHON 4YacTu 00bEMA Vx(7) oTpaskaercs marpu-
el obmiero Buaa My, KOTOpas SABISCTCS MATPUYHBIM AHAJIOTOM MOACTH

BHCIITHETO BO3ACHCTBUA
Vie(ty) =Mp-Vg(1)
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¢ OOBIYHBIM MATPUYHBIM YMHOXxCHHEM. [IpeacraBuM 3BoMOLUIO AN Ha-
IJISITHOCTH B ACHMMETPHUYHOM BHJIE (CM. PHC.)

V(t,t) = My(1)V,(1=0,7=0)®M, (7).

¥iT) >

Mgt}

o
=

] M, (7)

Puc. 30. J[ByMepHast ceMaHTHKa MOJIETTH

3TO COOTHOLICHUC ABJIACTCA MATPUYHBIM YPaBHCHUCM 3BOJIFOIIUU
¢pakrampHOro 00bEMa. OCTaIOCh BKIIOYHTE B MOACTH FOIOTPAMMY.
N3 pedrnekcuBHBIX CBOWCTB MPOCTPAHCTBA CIICAYET COOTHOLICHHC

p iz = prz - 3mech koaddurmenTs p'“ =1 wurparor pomb KoOpIH-

HATHI HA OCH Pa3MEpoB, ICTCPMHUHUPYIOMINX CBOHCTBA BELICCTRA.

[IpoctpanctBo HenpepriBHBIX GVHKUUH ((Z5Z;) aBasgeTCA, OYCBHUA-
HO, MOJICM T'PAANCHTOB M HHTCPIPETHPYETCS KAK OJHO U3 U3BECTHHIX (PU3H-
YECKHX TIOJIEH: HaNpsDKeHUH — P, TeMrieparypsl — 7, CKOPOCTEH MOTOKA Hac-
i Juddy3ur (3MCKTPOHOB, MONEKYI H T.IL) — D, anekTpudeckoro — F,
marautHoro — M. Torma

Vit,o)=C(Z,,Z,) =1 -Z) x1,- Z, xI,-Z2 xI,-Z7 xI,- Z3" .
" YpaBHCHUC 3BOTIOIUN JOMOJHACTCA YPABHCHUCM JUHAMUKU CBOMCTB
Vt,t)=Mp(1)-C(Z,,Z,)®M (7).
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OObIYHO pachpeACHEHHBIC (BHUINICCKUE BEIHYMHBI MTPCACTABISIOTCS
MEpaMH Ha MHOKCCTBE, B JAHHOM ciiydac Ha oOwéme V. Kaptuna mpeoGpa-
30BaHHUs MCP MO ACHCTBHEM MATPHILl XOPOIIO H3ydeHA. MBI OTMETHII JTUIIB
ocobeHHOCTH. Mephl, Kak U BCe (U3MUCCKUC BEIMYUHBI, UMEIOT KaXKAAS
CBOIO 00JIACTh MPOMEIKYTOYHOH ACHMITOTHKH HA OCH Pa3MEPOB HACTHII, TO
€CTh CYIICCTBYIOT B OTPAHMYCHHOM JUANA30HE HA 3TOH ocu. BHE 310i 00-
JaCTH MEPa, BHIPAKAIOLIAST OXHO M3 CBOHCTB, HCUC3ACT M CMEHSICTCS IPYTOM.
TO SBICHUE OTOOPAKACTCS TEXHHUKOH KPOHEKEPOBA YMHOKCHHSL.

MarpuuHblii aHAIH3 B U3I0KCHHOM JABOWHOM CMBICIC OOrar BBIYHC-
JUTCIBHBIMU M AHATUTHYCCKUMHU cxemamu. Lleapro paboTel ObLIO BBISICHE-
HUC TPUHLHNHAIBHON BO3MOKHOCTH U aICKBATHOCTH €r0 MPUMCHCHHUS K
3aJaUuaM TEXHOJOTHH MarepuaaoB. Pa3paboTka BBIYHUCIHTCIBHON CXCMBI
npeanonaractT paspaboTKy TCOPUH U3MEPCHHH M SIBISCTCS ACTOM OTACTb-
HOWM paboThI.
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JAK/TFOYEHUE

HcxoaHBIM MYHKTOM H3I0XKCHUS SIBUICS SMIMPHUYCCKUN (pakT ABOH-
CTBCHHOCTH MPHPOABl (PPAKTATBHBIX OOBCKTOB — SKCTCHCHBHO-WHTCH-
CUBHON U MaTepHalbHO-CUMBOJBHON, KOTOPAs MPEACTABIAETCS aACKBaTHOU
3agadaM XUMHYECKOH TexHonoruu. C 3TOH TOUKU 3peHHs (PpaxTansl npea-
CTAIOT KaK MHBAPHAHT B3aMMOJCHCTBHM MPOLIECCOB, UMEIOIINX PA3THIHYIO
(PUBHUCCKYIO TIPHPOAY, HO CXONHYIO JIOTHKO-TONOJOTHYCCKYHO OWHApHYIO
KOHBCPTCHTHO-TUBCPICHTHYIO CTPYKTYPY. ITO, B CBOIO OUCPEAb, MO3BOJSCT
IS ONTUCAHUS CBOUCTB (DPAKTATBHOW MATCPHM MPHBICYb SBHBIM 00pa3oM
TCOPUH MaTeMaTHICCKON (PU3MKH Kak TCOPHH, YIAaCTBYIOIIKEC B (GopMuUpo-
BAHUM CBOWCTB BELICCTBA.

[Tostomy ams onucanmst UZHKO — XUMHYECKOTO MPOCTPAHCTBA CO3-
JAHHS MaTePHATOB HCIIOIb30BAHO PACIIUPEHUE (PU3HUECKOTO NPOCTPAHCTBA
(pakTadbHBIM, B €r0 NPCACTABICHHH p-aAWdCCKHUMH (B YacTHOCTH
2-auue CKUMH ) IHCIaAMH.

Takoe paciupeHHe IMEET COOTBETCTBHE B (POpManbHOI TEXHUKE, KO-
Topoe OBLIO HA3BAHO HYHCIOBOH ACHMMETPHEH WM YHMCIOBOW JOTIONHH-
TETBHOCTBIO. DTOT MOIXOA TMO3BONSCT BOCIPOM3BECTH NPUCYINYIO (pakTa-
JaM OWHAPHOCTh BO BCEX OCHOBHBIX MHIPCIUCHTAX MAareMaTHueCKOU
MOJENH — YUCIOBOH CHCTEME, JIOTHKE, TEOMETPHH, IPOCTPAHCTBE — BPEME-
HH, (VHKLIMOHATBHBIX 3aBUCHMOCTAX, TCOPHH H3MEPCHHHA U JHHAMHKE 00b-
CKTOB. JTO JCNAcT BO3MOXKHBIM COBMCEINCHHE (POpManbHBIX TEXHUK, OTPa-
JKAIOIIUX PA3IUYHEIC CBOHCTBA MATCPHATIBHOTO 00Pa30BaHU.

JlOCTOMHCTBOM TaKOTO Iara SBIAETCSA TO, UTO B OIHCAHHUE YAAETCSA
BKITIOUUTb TC PE3YNIBTATH, KOTOPHIE HE MOTYT OBITh BKIIOUCHBI B MOJEIb
MPH TPAAULHUOHHOM (PH3HKO-MATEMATHYCCKOM MOAXOJE.

I'maBHBIM 30ECH sIBASICTCA ABOMCTBEHHOCTh CTOYHA, KOTOPYIO MOMKHO
CUNTATh Y370M CBSI3H MEXAY (PU3MKOH, MareMaTtukoil U HH(OPMATHKOM.
Brionse normuaHbiM OBLITO OBl HAMATH H3MOKCHUE TCOPHH (PAKTAIOB UMCH-
HO ¢ 3TOro peayaprara. MseectHas Makcnma M. CroyHa — «HyxHO Bcé To-
MOJIOTH3UPOBATh!» B TOUHOCTH COOTBETCTBYET COBPEMEHHON KOHBEPTCHIIMN
MarepuH ((Ppuzuka) 1 cuMBoia (OyIeBEl anreOprl) Kak ABYX OCHOBHBIX KOM-
MOHCHT (ppaxTaabHON TCOPHH.

Bropoii moa0KUTCIEHBINH MOMCHT 3aKTFOYACTCSA B TOM, UTO B OTHOM

MOJCINA CTAHOBUTCS BO3MOKHBIM COBMCIICHHC KaK B rOJIOTpaMMC Pasind-
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HBIX (u3nueckux teopuii. M, mostomy, yaepxarb B MOACIN BCE MONOXKH-
TEJIbHOE, JOCTUTHYTOE HayKOM.

Tperuii IIr0C B TOM, YTO METOAB TCOPETHUCCKOW HH(POPMATHKH IO~
3BOJISFOT BK/IIOUUTH B MOJAC/Ih BHYTPCHHIOK reOMETpHI0 00bEMa o0pasia o,
TEM CaMbIM, COTIPSTIb €T0 AUHAMHKY C BHCIIHUMH BO3ACHCTBHIMH.

Kak cnencTeue, mpeanokeHHbIH OAX0 BOCIPOU3BOIUT COBMECTHOC
JCHCTBHC Pa3NuYIHBIX (H3UICCKUX (HAKTOPOB, B TOM HUUCIC U CTPYKTYPHI
BCIIECTBA, KOTOPOEC COCTABIACT CYTh SKCICPUMCHTA U MPOSBIICTCSA B IPO-
LECCEe DKCITYaTalud M3ACTHA. DTO OTKPBIBACT BO3MOXKHOCTD Pa3paboTKU
METOAOB MOACTHPOBAHHS MATCPHATIOB C MPHUBICUCHUEM HU3BECTHBIX PE3VIIb-
TaTOB MATCMATHYCCKOH (QU3MKH U TCOPCTHICCKOH MHPOPMATHKH, KOMITbIO-
TCPHBIX CHCTEM KCIICPUMCHTA.

[IpencraBieHre cenupUKH XUMHYCCKOTO NPOCTPAHCTBA OCBIO pas-
MEPOB YaCTHUI[ HC YUUTHIBACT, KOHCYHO, COOCTBCHHO XUMMYICCKOH MPUPOIBI
BCILIECTBA, TO €CTh B MOJCIH OTCYTCTBYCT HMH(OpMAIMS, COACPKAIIAAC B
tabnuue MeHaeaeeBa, 4To OUCBHAHO, OTPAHUYIMBACT BO3MOKHOCTH IIPEAa-
racMoro moIxoAa.

Tounee kak AETUMOCTb, TAK H CHHTE3HPYEMOCTh BELICCTB HE BCETAA
MPOUCXOOUT YUCTO MexaHmieckuM mytéM. Hanbonee coneprarebHbIM ObI-
70 OBl BKIIOUYCHHUE B TCOPHIO CHCUU(UYCCKH XUMHYCCKOU WHPOPMALH —
CBOWCTB BCLICCTB, TCOPUH XHMHUYCCKOTO CpoacTBa W cBiA3u. OQIHAKO, Kak
OTMEUANOCh BBHILIE, STOT HEAOCTATOK SBJSICTCS OOIIMM IS BCEX MaTeMaTH-
yeckux Mozenei. [lostomy 3ta muHMS pa3BUTHI OHHAPHOCTH OCTAETCA OT-
KPBITOH IPOOIEMOH.

Pa6ora Bemonnena B pamkax nporpammel OXHM PAH «Co3nanve
HOBBIX METAUTHYCCKHUX, KEPAMUYCCKUX CTCKIO-, MOIUMEPHBIX U KOMITO3H-
LIUOHHBIX MaTCPHATIOB.

ABTOpHI OnarogapsaT kaHauaara xumuueckux Hayk H.M. Inuyruny, a
take E.A. u B.O. M30T0BBIX 32 mOMOIIE MPH paboTe HAJ JAHHON KHUTOM.
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IMPUJIOXKEHUE 1

Hcnonb3osanne MeTonos GppakrajibHOH reOMETPHH AJISI AHAJIH3A

KHHETHYECCKHUX KPHBBLIX PACTBOPECHUSA OKCHAOB METAJLJIIOB

JU1st 0OCY)KACHHST KHHETHYCCKHUX JaHHBIX PACTBOPCHHS OKCHIOB ME-
TaJIJIOB LIMPOKO HCTIOIB30BATUCH MOJCIH, OCHOBAHHBIC HA YIACTHU B IPO-
LIECCe BCCH MOBCPXHOCTH YACTHL] OKCHIOB HJIH PACTBOPCHHS MO AKTHBHBIM
ueHrpam. [Ipu MOZCTHPOBAHUH NPOLIECCOB U3MCHCHUS MOBEPXHOCTH pac-
TBOPSFOLIMXCS] YaCTHLl BBOAUTCS (PPaKTATBHOCTh 00OBEMA M MOBEPXHOCTH,
TaK Kak MPOLIECC PACTBOPCHHUS MOXKET MPOTCKATh B TPEX-, ABYX-, U OAHO-
MEPHOM MPOCTPAHCTBE, YTO COOTBETCTBYET 'CXKUMAIOIMUMCA" 00BEMY, MO-
BEPXHOCTH W JINHHM,

PactBopenue yactuusl 110001 GOPMBI B TAKUX MOICTSIX OMUCHIBACT-
¢ YPaBHCHHUSIMHU, KOTOPBIC YUHMTHIBAIOT YMCHBIICHHE MOBEPXHOCTH TaKOH
gacTuipl (S) U u3MeHCHHE (PpakTaIpHOH PA3MEPHOCTH PACTBOPSIOIIETOCS
mpocrpadcTsa (d).

3anaua CBOAUTCS K HAXOXKACHHIO 3aBHCHMOCTH JOJH PACTBOPESHHOIO
okcuza (o) ot Bpemenu (f). s 3Toro 00beM pacTBOPSIOMICHCS YACTUIBI C
HCXOJHBIM PAINyCcoM Ry — X pa3o0beM Ha CIOH TOMIIUHOHN dX, HAXOISLIHECS
Ha pacctosHud (R — x). [Ipumem, 4to Jons pacTBOPEHHOTO KAKIOTO CIIOS B
MOMEHT f paBHa a(x, f). Toraa:

oc(x,t)zd—de, (IT1.1)

Y
rae dV-dx — pactBopeHHbIi 00beM; V) — HCXOMHBIN 0OBEM PACTBOPSIOIIUX-
cs yactui. OOBEM PaCTBOPSIOIICTOCS MPOCTPAHCTBA B BUAC cheprl (kyda)
MOKHO MPSACTaBHUTh Kak o =(p1R03, JUTSL LWAJTHHPA C BBICOTOM /1, pacTBoO-
pstromerocs ¢ 60koBoil mosepxHocTH Vo = 02Ryh u Topua Vo = @3 Roh

(P1, P2, (3 — NOCTOSIHHBIC, XapaKTEPUSYIOIUE (HOPMY PaCTBOPAOLIETOCS
MPOCTPAHCTBA).

B oOmiem BHAC pacTBOPSIIOIIMICS O0BEM JIFOOOH YACTHIlBI MOXHO
BBIPA3UTh B BUJC MHOTOMEPHOTO MPOCTPAHCTBA, UMEIOMICTO (hPAKTAIBHYHO
PasMEPHOCTS d.

B sTom cmyuae
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Vo = (pRéi,
a  dV=do(Ry—x)7V dx. (I11.2)

JIoMK0 PacTBOPEHHOTO OKCHIAA (L K MOMCHTY BPEMCHH ! BBIPA3uUM B
BUIC!
R R d-1
= Idldx:dj%. (I1.3)
o Vo 0 Ry
Beons ansa yno6ersa G6e3pasmepubie napametpol T = Wit/Ry (6espasmepHoe
Bpems), rae W;= x — ckopoctdb pactBopenus okcuaa, & = x/Ry (otHOCH-
TEJIbHAS JJTMHA), U YUUTBIBAA, YTO MPEICIIbl MHHTCTPHUPOBAHUS X U3MCHAOTCS

or 0 1o R, a & ot 0 1o T, HAlineM 3aBUCHMOCTE O OT T:

T NCE)) T
N CLUE i M R
0 0

. (T11.4)
=d [1-&)"de =1-(1-7)*
0
Js TpexmepHoro mpouecca pactBoperus (d = 3) umeeM:
1-(1-wP=1= Wiz, (I11.5)
RO
JIsE IByMEPHOTO — (d = 2):
w.
1-(1-o)=1="Ly (I11.6)
0
u ogHOMepHOTO — (d = 1):
W
a=1=—I1. (I11.7)
Ry

[Ipoxuddepenumposas ypasHenue [11.4, nHalimem, 4TO CKOPOCTBH
pacTBOpeHus OKCUIHBIX (a3 (do/dT) MOXKHO MPEICTABUTD B BUAE:

4% _ (1= (I11.8)

dt

Hns onpenencHUs W3MECHEHHS MOBEPXHOCTH PaCTBOPSIOIICHCS Hac-
THULBI OT MPHBCACHHOTO BPESMCHH JAHHBIC MPCACTABUIN B BHAC 3aBHCHMO-
CTH O OT IIPUBECACHHOTO BPEMEHHU [/ / fys.
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097 4

0.8 - A
0.7 4 AM
05 - A“

0.5 1 f
0.4 1
0.3 4

0.2 - A
0.1 4 “ :
. ttys
0 4—2 v v : :
0 0.5 1 1.5 2

Puc. I11.1. 3aBUCHMOCTH IO PACTBOPEHHOTO OKCHJIA ¢, OT IIPUBEJICHHOTO BPEMEHU
Ha npumepe Hukens (I11) u okcuaa Hukens (111)

Haﬁ,[[CHHbIC 3aKOHOMCPHOCTU TIO3BOJIMIIN YCTAHOBUTDH BJIIUAHUC
(dpakTanbHOW TEOMETPHHM HA BCIUYHHY CKOPOCTH PACTBOPCHHS, a TAKKE
BBIACHUTB, YTO HU3MCHCHHC TIOBCPXHOCTU OHNPCAC/TACTCA BbIPAXKCHUCM
fo)=(01- 0()3/5 M YKa3bIBACT HA €¢ MOHOTOHHOE YMCHBIICHIE B IPOLIECCE
pactBopeHust. [[poOHOEC 3HAYCHHWE PACTBOPSIOIETOCS O0bEMA HACTHIIBI
TOJBKO MPHOIMIKACTCS K cepe, TO €CTh MPOLIECC MPOTEKACT MPEUMYILESCT-
BCHHO IIO ABYM KOOpAHWHATAM € YaCTHUIHBIM YYaCTUCM TpCTbCI\/'I, a SHAUYCHHUC
BCIIMYIUHBI d MCHBIICC CAUHULIBI, YKA3BIBACT Ha TO, UTO IMPOLCCC PacTBOpPC-
HUA TPOTCKACT TOJIBKO IO aKTUBHBIM LICHTPAM.

Puc. T11.2. Mojenp «cxxuMaromerocs GppakTalbHOTo 0ObeMay: oOIIHi BU]] 3aBUCUMOCTH
-]
a=1-q-t°

Bomnpockl BIHMSHHSA Ha MPOLECC PACTBOPCHUS PAa3NHUHBIX (AKTOPOB
(7, xOHLCHTpAITUM PACTBOPUTEIL, MMOTCHIMANA U T.JI.) BBIHOCATCSH 32 PaMKU
JAHHOTO aHANH3A.
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MMPUJIOKEHUE 2

Jlornyeckue npodaemMbl GppaKTaibHOH reoMeTpUH

OmBIT MaTEMATHYCCKOTO MOACIMPOBAHUS M OMUCAHUS (HpaKTamIbHBIX
OOBCKTOB MOKA3aJT, YTO OHH, KaK MPABHIIO, HC YKIQIBIBAIOTCS B MCXaHHKO-
MaTeMAaTHICCKYIO mapagurmy. Kpusbie v MOBEPXHOCTH HECIIPSMILICMBI, 10~
BCACHHC — HCTPEACKA3yeMO, mapamMeTpusanus HeycToituusa. JIume npu 10-
MOJHHUTEIBHBIX OrPAHUYCHUAX, BBCACHHH PETYLIPHOCTH — HAa [IYOHHY
CKCHIMHTA, MPCAMOJIOKCHUH TOYHOTO HIIH OrPAHHYCHHO MCKKCHHOTO Ca-
mMomnonobus (bounded distortion- anen.) UX yAacTCs VAOBICTBOPHUTEIBHO
onucarh. TaKUMH SIBISIFOTCSI HCKIFOUUTCIBHO UCKYCCTBEHHBIC, MATCMATHYIC-
ckue (pakraner — kpubie CeprnuHCKOTO, KOHTHHYYM Menrepa, kpusas Koxa
U uM moaoOHsIe. [ €CTECTBEHHBIX 00Pa30BaHHA HUYETO MATCMATHICCKU
MCPCIICKTHBHOTO MONYYUTh HE yAASTCs. BMECTO TOYHBIX 3HAYCHHHA pas-
MCPHOCTH, HAPUMEP, AOCTHKUMBIMUA OKA3bIBAKOTCS JIUIIb TPAHHLBI ¢€ BE-
JMYHHBL, TPUYEM KaK PU3MUICCKUMH, TaK U HHOOPMALIMOHHBIMH METOAAMH.

JTa KapTHHA €CTh NPU3HAK HEHOMHOW (HOpPMaNTN3yeMOCTH — OOBEKT
COXpPAHSCT CYIICCTBCHHBIC CTCIICHH CBOOOBI, HC BOLICIINC B MATCMATHYC-
ckoe onmcanue, Gpopmyiasl, ypasHeHus1, Teopun. Ha mpakTuke 310 BEIISIAUT
Kak (pparMeHTapHOE OMHCAHUE, KOTAA OJHOMY U TOMY JKC HapamMeTpy COOT-
BCTCTBYIOT Pa3JIMYHBIC TCOPHH, OTIMYAIOINUCCS APYT OT APYra TEMHU JOIMY-
IICHUSMH, KOTOPBIC 3aJI0KCHBI B HUX OCHOBY. HemomHas wiH, HanpoTHB,
MHOKCCTBCHHASI (POPMATH3YEMOCTh  SIBISIIOTCS  [IPU3HAKOM  CIIOYKHOCTH
CTPOCHHS M TOBEACHHUs 0ObekTa. Hamm mpeapiayinne paccMOTPEHHS MOKa-
3BIBAIOT, YTO B (PU3HUCCKOI TCOPUH (PPAKTATIOB HTHOPHPYETCS ACTUMOCTD —
KOOpPAMHATA pazMepa, BHYTPSHHAS cTelicHb cBoOoapl. B mroboM obbreme Be-
[ECTBA KOHCYHOTO pasMepa, OUYCBHAHO, COACPKHUTCS OCCKOHEYHAs HYacTh
JACKCUKOTPah IS CKOTO ACPEBa.

WpperynsipHoe nmoseacHHe HU3UKO-XUMHUCCKHX MTAPAMETPOB U OTHO-
CHUTEIBHO HEOONBINNE YCIICXH B PA3BUTHH (OPMATBHBIX TCOPHI B MaTepHa-
JIOBCACHUH SIBIISIFOTCSL CHHAPOMOM HEIPOSICHCHHBIX JIOTHYCCKUX MPOOIeM B
UX OCHOBaHMsIX. TOMY MPUMEPBI BEIYHUCICHHS (DPAKTATBHONW PAa3MEPHOCTH U
Mmepsl Xaycaopda.

Jlornueckue mpoOneMsbl, CBA3aHHBIC € MOCTPOCHHUEM (OpMabHBIX

Moaened (paxranbHBIX OOBEKTOB, UMEIOT ABe npuunHbl. [lepsBas n3 Hux
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CBfI3aHA ¢ OPSAMBIM MEPEHOCOM METOROB UG GepeHINPYEMOH KOHTHHYAb-
HOM MEXaHHKH U aHAJIN3a HA MHOXKECTBA, [J€ 3TH ABE OA30BBIC MPEATIOCHLI-
KH OTCYTCTBYIOT (cM. paccyxkacuus C.Vinama).

Bropas — ¢yHaaMeHTaIBHBIC BONPOCH OCHOBAHHHM MAareMaTHKH, KO-
TOPBIC OTCYTCTBYIOT B KJIACCHKE MareMaTHUECKOH (M3UKH U CTAHOBITCS
MOHATHBIMH U OYCBUIHBIMU B KOHTCKCTE (PPaKTATBHOU FEOMETPHHL.

B kauecTBe mpuMepa CIIOKHOCTH MEPBOTO THMA PACCMOTPUM MOCTY-
JIUPYEMOE B MEXAHUKE CIUIOLTHOH CpeIbl YPABHEHHE KOJIMYCCTBA ABIKCHUS
CHCTCMBI MaTepuanbHEIX TOUCK [1, ¢. 136-139]. [Ing kakmol MaTeprambHOM
TOYKH CIIPaBeAIuBO ypaBHeHue HproTona

(T2.1)

[JC 71 — Macca, vV — CKOPOCTh TOUKH, I — ACUCTBYIOMIAA CHIA.

Ilpu mepexoae k TPEXMEPHOMY CIVHAO TPH OMPCACICHUN CKOPOCTH
JBUKCHHSI CUCTEMBI TOUCK HIIM 3ICMEHTA 00bEMa CILIOIIHOW CPEIBI 3TO
VPaBHCHUC TIPUHUMACT BUJ YPABHCHUS KOTHYCCTBA TBIKCHUS

Q= [v-pdr. (12.2)

rae () — KOMUYCCTBO ABHKCHHUS CUCTEMBI, J — 00BEM, V — BEKTOPBI CKOPO-
CTEU YacTull, p — INIOTHOCTb.

CH0KHOCTB 31ECh B TOM, YTO B TPEXMEPHOM MPOCTPAHCTBE BEKTOPHI
CKOPOCTEH HETb3s, BOOOIIEC TOBOPs, CKIAABIBATH, 0OPAa30BBIBAs HHTETPAIL,
TaKk KaK OHH MOTYT 0Opa3oBbIBATh CKPEIIUBAIOIIUCCS MPSIMBIC H, TIO3TOMY,
X CYMMa HE MOXKET CBOAWTHLCI K OXHOMY BekTopy miau uuciay. Cxopoctu
SBIISIFOTCS CKOTB3AIIUMHE, a HE CBOOOAHBIMH BEKTOpaMH. sl MEXaHHUKH pe-
aBHO CIUIOLIHBIX Cpel mpodmeM ocoObIX He BozHHMKacT. Ho mng 3amau, rae
BHYTPCHHSIS CTPYKTYPA ABIACTCS PU3HICCKUM PakTopoM, npodbiema BCTaéT
BO BceH momHOoTe. [[pyroi moaxox, OCHOBaHHBIN Ha IONBITKE YUECTh BCIO
BO3MOJKHYIO KOMOWHATOPHKY KOH(GHUrypauuid apryMeHTOB B (YHKLMSX,
MPHUBOJNUT K TAK HA3BIBACMOMY MNPOKIATHIO PAa3MEPHOCTH — Pa3MEPHOCTh
3aJady MPEBOCXOANT BCE MBICJIUMBIE IPEAETEL, BO3pacT BeeneHHo, pasme-
PBl TATaKTHK, 3EMIH U T.I. JTO SBJICHUEC XOPOIIO H3BECTHO B AHCKPCTHOU
MaTreMaTHKE, IPEAMETOM KOTOPOH U ABIIIOTCS MOJOOHBIE paclpeAcIEHHBIC
OOBEKTHI.
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Bropas c10’KHOCTE BHIHA B «ONTHKE» TCOPETHUCCKOH HHOPMATHKHL.
OpakTansl ABIIOTCS PE3YABTATOM COBMECTHOIO JNCHCTBHS KOHBEPIEHTHO-
JUBCPTCHTHBIX MPHYHH U MO3TOMY HE CBOAATCS K MPOCTBHIM, TOMOTCHHBEIM
oObektaM. Tak ke, kak B rpadax, CeTIX W PELICTKAaX CBOWCTBA (paKkTaios
ONPEICIAIOTCS KaK UX COCTABOM — V37aMH, KIAaCTepaMH, TaK U HX B3aHM-
HBIM PacloiIOKCHHEM H B3aMMOACHCTBHEM B mpocTpaHctse. [losTomy mo-
HATHE MaTCPHATIBHON TOUKH, OECKOHECUHO MaJIoro Gpu3nieckoro oobema, otT-
pe3ka, MOBEPXHOCTH UTS HUX, BOOOIIE TOBOPS, HCAACKBATHO, TaK KE KaK U
MOHATHE aDCOMIOTHO MYCTOTO MPOCTPAHCTBA TCOPETHUCCKON MEXAHHKH.

Bonee Toro, mpucyTcTBHE B MaTepHATbHBIX OOBEKTaX CKPBITOH ceTe-
BOH CTPYKTYpPBI CHIIBHO OCJIOXKHSET MAarcMaTHUCCKOC MOACTHPOBAHUE HX
CBOMCTB TPaAULIUOHHBIMH METOAAMH, OCHOBAHHBIMH HA JIOTHKE «H30CTaHus
npoTuBopeuniiy. CeTeBre CTPYKTYPHI SBILIIOTCS YHUBCPCATBHBIMH BBIUHC-
JUTCNBHBIMU YCTPOWCTBAMH, COBPEMCHHBIC KOMITBIOTEPHI SIBISIOTCS HX BO-
IIOMICHUEM. Takue yCTPOMCTBA CIIOCOOHBI K JIFOOBIM BBIYHCACHHUIM B paM-
kax mro0o# Teopun. OgHaKO, KaK OBLIO MOKA3aHO, YHUBEPCATBHOCTE TECHO
CBSI3aHA C MPOTHBOPCUHIMHU M MAPaIOKCaAMH, KOTOPHIC U COCTABISIOT CYII-
HOCTb CIIOYKHOCTH CHHTETHUICCKOM TCOPHU MATCPHH.

ATOMHO-MONEKYIISIPHBIE CTPYKTYPhl MaTCPHATIOBEACHUS TAKKE SIBILA-
IOTCSl MATEPHATBHBIM BOIUIOIICHUEM 3TOH CHUTYALIH, HO HMCIOT emé OJHO
YCIOKHSOIEE CBOMCTBO. Takue pacupeacaéHHbIC OObESKThI — PEHIETKH, CC-
TH, rpadbl HE SBIAIOTCA MATCMATHUYCCKH ONPEACTUMBIMH, X HEBO3MOXKHO
BKITIOUUTh B BBIYUCICHUS, BBIBOJBI, JTOTHKY H, MOSTOMY, B TCOPHIO TPAHC-
tdopmanmu mMatepun. s Takux pactpeAcaCHHBIX MHOXKCCTB, TOBOPS SA3bI-
KOM MAaTEMAaTHKH, HCBO3MOXKHO ONPEACIUTh OCHOBHBIC apH(PMETHUCCKHC
onepauyy HaJ UX SIEMCHTAMH — CIIOKCHUE, VMHOKCHHE, BEIYHUTAHUC U AC-
JICHUE, KOTOPBIE IS CBOCTO OCYLICCTBICHMS TPeOYIOT CBOOOTHOTO mepe-
MCIICHHUS apTYMEHTOB KaK COOTBETCTBYIOIIMX (PU3HYCCKHUX CYIIHOCTEH B
MPOCTPAHCTEE.

DIEMEHTBI PACHPEACIEHHBIX CTPYKTYP MOMKHO VIOZOOUTH HYHCIIAM,
MPUKICCHHBIM K (PHKCHPOBAHHBIM TOUKAM NMPOCTPAHCTBA. JTO TOT BKIAA B
CBOMCTBA MATCPHAIOB, KOTOPBIH HE YUHUTHBACTCA (POpMATEHON TEXHHUKOH, B
YACTHOCTH CTATHUCTHUCCKUMH TeopusmMu. Hampumep, A HUX TEPSIOT TEO-
PEMHYIO HaAEKHOCTh KIACCHYCCKUE MOHATHS BEPOSTHOCTHO-CTATUCTHYC-
CKHX METOJOB, OCHOBAaHHBIC Ha KOMOWHATOPHKE BO3MOXKHBEIX COCTOSIHHH,
TaK KaK MOJyIacMBIC BEITUUUHBI HE SBISIOTCS (PU3HUCCKU ACHCTBYIOIINMH,
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OHH TEPAIOT KOOPAMHATHYIO NpuBA3KY. Hanmpumep, cpeaHue BeTUUHHEL, OII-
peacIsIeMBIE CTATUCTHICCKUMU METOAAMH, HE BCELIA CYILECTBYIOT MaTCpH-
aJbHO U HE UMCIOT KOOPIUHATHOH XapaKTCPUCTHKH.

JelicTBHE arOMHO-MOJICKYTAPHBIX CTPYKTYD SBISCTCS VHHUKAIBHBIM,
OHO MPOABISICTCS MAPAIICIBHO cpa3y BO BCEM 00bEMe obpasma. Tem cambim
reoMeTpus 00bEMa BEIECTBA H €€ OCOOCHHOCTH CTAHOBATCSH (PU3HUCCKHM
daxropom. Crermduka 31oro pakropa B TOM, IYTO 00bEM HE SBJSICTCS HPHU-
BBIYHOU (pH3HvecKON BEMYMHOM, OIS HETO HE CYIIECTBYCT ICPBBIX MPHH-
LUTIOB», 3AKOHOB COXPAHCHHUS U T.J., ¢ KOTOPBIX HAMHHACTCS BBIBOJ YpaBHE-
Huil apwkenna. K tomy ke ¢pakrtampHbii 00BEM Kak 007acTh, B
(U3HYCCKOM TMPOCTPAHCTBE JOMYCKAMOWAs ABOHHYIO KOOPIHHATH3ALIUIO,
ABISICTCS, OYCBHOHBIM OOpPa3oM, SKCTCHCHBHO-UHTCHCUBHBIM MApaMETPOM.
C oxHOU CTOPOHBI, B €BKIMIOBBIX KOOPAMHATAX OH SBJSCTCS TEJIOM, C APY-
TOH, B p-allIeCKUX — CIOKHOH MOBEPXHOCTHIO. IMEHHO 37€Ch, B aTOMHO-
MOJCKYISIPHBIX CTPYKTYPAX, CO BCCH OUCBUIHOCTBIO CTAHOBUTCS SCHOU
CBs3b (PU3UKU U UHPOPMATHKH.

CMEICT BBEACHHS MOHATHH U METONOB TCOPETHUYCCKOH HHPOPMATHKN
B (PH3UKO-XHUMHYCCKOC CONCPIKAHHUC TCOPUH MaTepHANTOBCACHHS CICIYEO-
uuil. BHEIIHEH OpUYHHON 3TOrO mara sBIsieTCs OO0IHOCTh OHHAPHOTO ¢
peBa quis dpakTtanbHOM Marepud U (popManbHBIX 43bIK0B. OQHAKO 33 3THM
MOBEPXHOCTHBIM COBIAACHUCM CTOUT PsA HEJABHO MONYUCHHBIX PE3ybTa-
TOB, KOTOPBIC UMCIOT MPO3PauHEId (PU3HICCKHI CMBICT U ACTAIOT BUIUMBI-
MH JIOTHYECKUE CTOKHOCTH U NIEPCICKTUBEL MOACTHPOBAHHSL.

K HuM oTHOCATCSI BONPOCH! BRIPA3UTENBHBIX CIIOCOOHOCTEH MareMa-
Trdeckux moaeiae. HauGonee Gmuskumu 1j1st GU3UKU SBSIOTCS BOPOCHI
BBIYUCIUMOCTH M Pa3pelIMMOCTH MHOXKECTB U (popmanmbHbIX Tecopuid. Pas-
PEIINMOCTh MHOXECTBA O3HAYACT BO3MOXKHOCTD MOIYICHUS CIUHCTBEHHOTO
PCLICHHS, KOTOPOE, K TOMY K€, MOXKET ObITh 3((CKTHBHO BBEIYHCICHO.
®pakTanasl OTHOCATCS K HEPa3pEeIINMBIM MHOKECTBaM [2], moaTomy ctpare-
T'Hsl MOACTHPOBAHMS JOJDKHA CTPOUTBCA € VUETOM 3TOrO OOCTOSATEIBCTBA.
HepazpemumocTs ¢pakTanibHBIX MHOXKECTB O3HAYACT, YTO MPHUHLHUI HEOI-
peaenéuHocTu | elizeHOepra B KBAHTOBOW MEXAHHUKE UMECT TOYHBIH aHAJIOT
B JIOTHKC W BBIYHCIMMOCTU — SHTPONHUIHAS, HEUSTKAS COCTABILIOIAS, HE-
CAMHCTBCHHOCTh PEIICHHUS 3TUX MPOLIECCOB HeyCTpaHumMa. MHpIMu ciosamu
HEPa3peIIUMOCTh €CTh TCOPETHUCCKUH aHamor aHTHHoMuu Marepun. OHa
BCETAA AT PCUICHHUE B BUIC BHJIKH MM BECPa BO3MOKHBIX MPOJOIKEHHUH.
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10, B CBOKO OUCPE/b, O3HAYACT, YTO, C OMHOU CTOPOHBI, OC3HAAEKHO
1OoOUBaThCS CAMHCTBCHHOCTH PCLICHUH U K000, Hamepéa 3aIaHHOU TOU-
HOCTH BBIUHCICHUH, a C APYIOH CTOPOHBI — OTKPBIBACTCSA BO3MOXKHOCTD
MPUBJICYCHUS A1 MOICTHPOBAHHUS TMPAKTHUECKHA BCETO CIEKTpa (pH3uKo-
MATEMaTHYCCKUX TCOPHH — reOMETpUH, (GOPMATIBHBIX TCOPHH, TAHAMHYC-
CKHUX cHUCTEM. TeM cambliM 0OECHEUHMBACTCSH CBA3b MEXKAY (PU3HICCKHUMU
MPOIICCCaMU W MPOIICCCAMHU BBHIYHCICHHUM, BBHIBOJOB U MOKA3aTCIBCTB [3].
HepazpemnmMocTs 1 HEBEIYHCITHMOCTD OKA3bIBAIOTCS TUIHYHBIMH 7151 Ma-
TEPHATBbHON HayKH, MCTOYHHKOM HEOTPEACISHHOCTH M CIydaiiHOCTH [4].
JTa THUHHS HCCICAOBAHHH YKE MPUCYTCTBYCT B TCOPUU KBAHTOBBIX BBIYHC-
JeHUH. 3aMeuaTeabHBIM (PAKTOM SBISCTCS HE3aBHCUMOCTh METONOB TEOPE-
THYCCKOH WHPOPMATHKH OT (HUIHUKO-XUMHUUCCKOW MpHpoAsl Marepuu [3]
Buonndopmaruka ¥ HOBbIC BBIYUCIUTCIBHBIC MAPAAUTMBbI UCIONB3YIOT TC
JKE JIOTHIECKHE CTPYKTYPHI [6].

B neniom ¢paktanbHOCTE KaKk HOCUTEIb HEPA3PCIIUMOCTH PACIIHPSCT
MPHUHLMI HEONPEACICHHOCTH, 0OOCHOBBIBACT U MPHUIAST €My OOIICHAYYHBIN
craryc. I1ockonbky B JTUHAMUYCCKUX YPABHCHHAX OJHOBPEMCHHO MPHUCYT-
CTBYIOT KOOPIHMHATHI TOYCK, (PYHKLMH OT HUX M CKOPOCTU CPEABl B 3THX
TOYKAX, 3HAUCHHUS KOTOPBIX HE MOTYT OBITh ONPEACICHB! C OANHAKOBOH BBI-
COKOM TOYHOCTBIO, TO Ha (PpaKTaTbHBIX MHOXKCCTBAX FOPHU30HT MPEICcKa3ye-
MOCTH 3HAUUTCIBHO OrpaHHycH. lIpeackasyeMOcTb CTAaHOBHTCS MapameT-
POM, MOSBIICHUE KOTOPOTO HY?KHO AUATHOCTHPOBATE.

Henocratkom cyiiecTByrommiei (ppakragpHOH TCOPHH SIBISICTCSA TO,
YTO HECMOTPSl HAa PA3UTCIBHOC HECOBMAACHHC Pa3pbIBHOM TOMONOTHH €&
O0OBEKTOB CO CBA3HOH TOMOJOTHEH BEINECTBCHHBIX YHCET, HCCICAOBAHHC
¢pakranaoB npoBoauTcs Ha 6a3e BELICCTBCHHO3HaYHOro anammsa. Mppery-
JSIPHOCTh M Pa3pBIBHOCTbE MONCTHPYIOTCS PETYISIPHOCTBIO U CBA3HOCTBIO.
[TosroMy M3 Bcero crmekTpa BO3MOXKHBIX SBICHHH Ha (pakTanax Teopueit
BBICBCUHBAIOTCS JTHIND TC, KOTOPHIC JOMYCKAIOT HAACKHYIO KOHTHHYAIBHYIO
dhopMaTH3aLHIO.

Kak mpencrapnsgercs, COBMECTHOEC HCHOIbB30BAHUE ABYX YHCIOBBIX
cucreM R U Z; BMECTE ¢ OZHOBPECMCHHBIM HCMIOIB30BAHUCM JBYX MCTPUK:
apXUMEIOBOH U VABTPAMETPUKH, KOTOpOE Jomyckaetcs teopemoil OcTpos-
CKOT0, C OXHOBPEMCHHBIM NIEPCHOCOM TCOPUH BO (PPAKTATBHOE P-aIHICCKOC
MPOCTPAHCTBO, OTKPHIBACT BO3BMOXKHOCTH OOBEANHCHMS ABYX (DCHOMCHOB —
JETCPMHHN3MA M HENPEICKA3YEeMOCTH — AJIS CO3JaHMs OO0Jee aJeKBATHBIX

MOJEJICH MaTepuu.
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