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1. Introduction

Binary +1-valued Golay-Rudin-Shapiro sequences (2-GRS) associated with the cyclic group Z; were
introduced independently by Golay [1,2,3] in 1949-1951, Shapiro [4,5] and Rudin [6] in 1951. M.J.E.
Golay [2] introduced the general concept of “complementary pairs" of finite sequences all of whose
entries are +1. This was motivated by a highly non-trivial application to infrared spectrometry. Then
he gave an explicit construction for binary Golay complementary pairs of length 2™and later [3] noted
that the construction implies the existence of at least 2"m!/ 2 binary Golay sequences of this length.
They are known to exist for all lengths N =1710726”, where «,f,y are integers and «,f,7 >0

(Turyn, [7]), but do not exist for any length N having a prime factor congruent to the modulo 4
(Eliahou et al., [8]). In 1951, H. S. Shapiro [4,5] introduced what became known, after 1963, as the
“Rudin-Shapiro” polynomial pairs. Shapiro's work was entirely in pure mathematics. Budisin
[9,10,11] using the work of Sivaswamy [12] gave a more general recursive construction for Golay
complementary pairs and showed that the set of all binary Golay complementary pairs of length 2™
obtainable from it coincides with those given explicitly by Golay. For a survey of results on binary and
nonbinary Golay complementary pairs, see Byrnes [13] and Fan, Darnel, [14], respectively. In 1999,
Davis and Jedwab [15] gave an explicit description of a large class of Golay complementary
sequences in terms of certain cosets of the first order Reed-Muller codes.

Discrete classical Fourier-Golay-Rudin-Shapiro Transforms (FGRST) in bases of different Golay-
Rudin-Shapiro sequences can be used in many signal processing applications: multiresolution by
discrete orthogonal wavelet decomposition, digital audition, digital video broadcasting,
communication systems (Orthogonal Frequency Division Multiplexing - OFDM, Multi-Code-Division
Multiple Access - MCDA), radar, and cryptographic systems.
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For building the classical FGRSTs in bases of classical Golay-Rudin-Shapiro sequences the
following actors are used: 1) the Abelian groupz}, 2) 2-point Fourier transformF,, and 3) the

complex fieldC, i.e., these transforms are associated with the triple (zg FZ,C). In this work, we

develop a new approach to the so-called generalized complex-, GF(p)-, and Clifford-valued
complementary sequences. The approach is based on a new iteration generating construction. This
construction has a rich algebraic structure. It is associated not with the triple (ZQ,FZ,C), but with

(ZQ,{Fz(gl),Fz(gz),...,Fz(gn)},Alg), where {F,(&,),F,(s,),...F,(¢,)} a set of arbitrary unitary

1 - 1 1
(2% 2) -transforms of type Fz(g)z{1 8] (where ¢:=¢” eAlg, |¢|=1) instead of F, =L }

-1
Alg is an algebras (for example, Clifford algebras or finite rings Z, or finite Galois fields GF(q) )

instead of the complex field C.

The rest of the paper is organized as follows: in Section 2, the object of the study (Golay-Rudin-
Shapiro binary sequences) is described. In Section 3, the iteration rule for design of the Golya matrix
is introduced. In Section 4, the proposed method based on new generalized iteration construction is
explained.

2. The object of the study. Iteration construction of Golay matrices
We begin by describing the original Golay 2-complementary +1-valued sequences.

Definition 1. Let com®(t):=(c,,C,,...,.Cy_,) andcom'(t) =(s,,S,,....Sy_; ), Where ¢;,5, € B, ={+1}. The
sequences com’(t), com'(t) are called the 2-complementary ((J_rl) -valued) or Goley complementary

pair over {t1}, if COR°(z)+COR!(r)=N&(z), or (|COM°(z)|2+|COM1(z)|Z) =N, Wwhere

7=1

COR’(7),COR'(r) are the periodic correlation functions of com°(t), com'(t) and
COM’(z) = Z {com°(t)}, COM'(z) = Z {com'(t)} are theirZ —transforms. Any sequence, which is a
member of a Golay complementary pair, is called the Golay sequence and its Z —transform
COM, (z) = Z {com, (t)} is called the Golay-Shapiro-Rudin polynomial (GSRP).

We use two symbols a, €[0,2""-1]=Z, and t, €[0,2""-1]=Z , for numeration of Golay
sequences and discrete time, respectively. For integer a, [0,2"* —1] and t, €[0,2"* —1] we shall use
binary codes ('xn =(a, 05,0, Itn =(t, ...t ), where .t €{0,1}, i=1,2,...,n.

Let a, =(a,2,,...2,) and t =(t,.t,,...,t,) be binary codes, then define

n . r n ;
= Zan—iﬂzlil’ tn = = |(tl’t2""’tn) = Ztn—iﬂ2rH
i=1 i=1

tn
be integers whose binary codes are &n =(a,a,,...,2,) and 1[n =(t,t,,...t,), where «,,t, are less

a, :|(I;Ln| :|(a1,a2,...,an)

significant bits (LSB) and «,,t, are most significant bits (MSB) of &n:(al,az,...,an)and
t =(t,t,,...t, ), respectively. Obviously,
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?1:(‘?{1)EZ21
0,=(0,a,)€Z,x2,=15,
rooor

a,=(a,0;) e Z;xZ, = I,

0, =0,€L,,
(0, 0)€Z,x Z,,
(az,as)eZzzxZZ,
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&n:(a“,an)eZgleZ:ZQ, (0,,,0,)€Z,,xZ, .
r

t=(t)eZ,, t=tez,

roor

t,= (tl,t) Z,x2,=25, (tut)eZ,xZ

[ [

t=(tt)eZixZ,=25,  (Lt)eZxZ
P P o
tn:(tn—l’tn)ezg XZZZZQ’ (tn—l’tn)EZQHXZZ’

where Z% ={0,1}" =%24<%2x4..ﬁ§2 and Z,, ={01,2,..,2" -1}.

Let com["*” (), com[”*” \(t,.,) beasetof 2" pairs of complementary sequences of length 2"*.

Then the following matrix of depth n+1 has 5|ze 2" x 2t

a0+ g 2 g
[r+1] __ [n+1] _ [n+1] _
G EBCOIH (¢, )= EHBHCOHI(% L e
a, =0 a, =0,

nel =

[n+1]
Com(ll 0) tn+] )
[r+1]
com (0.1) (tn+l )

I(’IHE)l:] (tn+l )

B [n+1] 7
Com(()‘ﬂ‘...,U,U] (tn-—l )

[m+1]
COmMy40,..0.1) (tn+] )

[r+1]
CDH’](O 0,..,1,0) (tn+1 )

(1

2.1 [n+1] |; 1] 1]
:E com, o tn+1) _ (lH]—) (tn+|) — {:;.0 I)(tn+1)
m/"
a, =0 {:I 1}(tn+l) ......................................

com I;'\-Hl L0 ( n+l )

com [m+1] (t”Jrl)

CDmml L0} (tu I)

7C0m e 1,1 (tnﬂ) |

(2"-1,1)
16
[n+l] ( ) E
is called the Golay matrix, where ([‘r’::l‘;) ™71 are a pair of complementary sequences and is
Com(a 1)(tn+1)

[n+1] (t )

the symbol of the vertical concatenation of (2x 2"*)— matrices M0 Co) | pop example,
com[”*” (t..,)
(a,,1) \"n+1

e ) 1
GU}] s com, ( P - om!" (t ;
2 Lom&”(t.) om0

a,; =0
[2]
com;y’ 0(ts)

1 coml2 [ (t,)| | com!?! (t,)
[2] _ [2] (o UJ _ (0. \*2
G _[com (t, )] - EEcom (t,)= EB 2] = 2 ,

=0 a,=0 Com(a 0](t ) com(lﬂ](tQ)

2
comil?,)(tz)
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com! " 0 (t, )
comygy (t;)

com,; n)(t )
mb! t,)

Gl= [com”'(t ] Bﬂcom”l(t) Hﬂ Mg, 0 " com“)(t) .

=0 —0 Com(.; n ) Com(z 0)(t )

com(z,)(t3)

com(, m(t )

Com(sl)(tz)
3. Methods
The matrix GI)'Y is constructed by an iteration construction G -»G% — ... —» Gl —»GUIH. The

2n+l 2n41

initial  matrix G, is formed by starting with the Fourier-Walsh (2x2)—matrix

comi(t 1 1 . N . .
G[Zlﬂ =F, = E’l]( 1) = and by repeated application of the iteration construction to pairs of
com;"(t)| |1 -1

rows in the matrix. Let us to suppose that we have the Golay matrix G[z”n]. We need to construct the

next Golay matrix G[”njf] using only G[Z”n] and F, =G[11]. The matrix G[Z”n] have structure similar (1):
21 21l coml” | (t,.,)
n (a” 1.0y N+l
Gl =HHpoml(t,) = ()

o, =0 @y

=0 comm” D) (tn+l)
[n+1]

For constructing G, fromG[Z”n] we take each complementary pair from (2) in the form of

" comm Lt

(t,)
(a, ;.0)
|:comm (L, )} and construct shifted versa of their components

[n] n 2(00k) ;
(k) [n] Com(a""'m(t” +2 (O?k)) 'I“w "o {"Twl-o)(t”)
[ Teoml? (t,)]= =l =
com[”]il\l)(t" +2”(1623k)) Tt“‘ ™ com!”! (t,)

(a, (@, ,1)

(]
209 e com(y 4 (t,)
=diag;T, I, 2 ,

Com'(;'.,_n (t,)

where k =0,1 and thn"s is the shift operator on 2"s positions in time domain: Tz"sf(t )=f(t,+2"9).

Now we construct the general building blocks for the Golay(2"+1 x 2"*1) -matrix G, :

2n+1 -
1 Y08k 208k coms* ot
5, .I[(k:Tc{)m["] J(t”)u:L :|d1ag{ ( T (e } o 0)( )

(@, " [n] .
comg. (t,)
e 2,,(0@“ 2”(](-23,'\) [n] [n]
B Tr ” Tt,, ’ com,, ,0)(tn) _p Com(::“,n) (tn)
- = X ,
2 (0@ k) 2(18k) (n]
[n] com t
:[‘[” ST, com(um_n(t ) (4, ‘H( )
where
_Tz"(oezak) _|_2”(1629k)
t, t, 1 2'(09K) _2"(19k)
WF = = -diag{T, T, .
2'(09k) 21k 1 — n
_Ttn —Ttn
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Using these building blocks of (2”><2”)-matrixG[2”n] we construct the Golay (2" x 2" )-matrix

GD:¥ according to the following iteration rule [16]:

g [ (]| ([ T feomiz o ()]
com o (t,)]5 | Leomiy (t,)] L T JLeomEly (6) )]
M () | e [e0mE ()] || [T2 1, Jeomfl o (6) ]

I _com[(';]ll)(tn) | __Ttin _Itn__comETz]n,l,l)(tn)J

comfy) o (t,)+comiy]l (t,+2") | [comip o (t,.,)
o (t, +2") com[”*”m(tm)

(001

com[n 0)(t) comt™

(004.1)

Com(zln,l,l) (tn) + Com(un,l,o) (tn + 2 ) Com[nﬂll ,0) (tn+l)

(o,
n [n+1]
—com, o, (t)+com, o (t,+2") comg™ 4y (t,.1)
where
comig oo (t,.,) = com{l o (t)+comiy | (t, +2"),

1
comg,” 101) (th1) = ComET ) (t,)— COI’T\EZ] L) (t, + 2"),

(04

comig ™ o (t,) = coml) L (t)+comi] o (t, +2"),

(04

1
com(;” ]11) (tn+1) = _ComE?le,l) (tn) + COmEE]HYO) (tn + 2n)-

(04

are complementary sequences of twice length, belonging to G[Z'IZ”. Hence,
com["*—” L0,0) (trj*l )

n+l_ [r+1] m-l [n+1]
Gl — T ,Hn COm(’i,.m(tm) _ £ | comg Lo () _
o = FH [coml e, ) EEI g ~H| 5 |~
(tml) (tnll)

apg =0 a,=0| COM, ;) a,,=0| COM, gy

1
Com[n+ ]1 1)(tn+1)

th" Téu : coml”J ) (t,)
N 20 qe2nd [n] 2" (0@ ) 2" (18a,) -
ZEE I T Com(" w"(t ) % E]H T(,; : Tl,, ) <0 [Lu] - o(t,)
- 271 2".0 n = f s =
oo | T, T, ccam&“J 551 (tﬁ) ar 20| a=0 th (09} _Tr2 19 oml | (t,)
270 2.0 mi"]
—rt,, 7Tt” ;u, i I)( n)
2.(0® 2"(1®a,)
n- 2 ) [#] [n]
_ ﬁ ;E r[‘t" Com(:; 0)(t11) T Com(:: l)(tn) _
=il =0 2”~(0C:>r1") 2 (lEBa ) (]
- Ol comm nt)-T, -com, ., (t,)
[r] n
com, (t, )+ com( 1;(% +2") (3)
- [
B e Com(u ) (.)— Com(z |,l](tu +2%)
- [#1] " 2
=D comm n(t,)+com, (¢, +27)
—com{;! . (t,)+comly] ,(t,+2")
or
mi™ (t ) = comi™Y £ Y S AT om () =
comig "} (t,,) =comg”l, . (ta) =D (-1) t comy, , 5, () =

B=0

=comf! (tn +2" (a, eza0)) + (=)™ comi) (tn +2" (a, ezal)).
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Since t,,, =(t,.t,,,), then believing t, , = (, ®f3,) . we obtain

n+l

1 thi aml
ComETEM Opi1) n’ n+1) - Z ( 1)( ) mEZ]H,anezr)tM) (tn + 2“ 'tn+1) =

n+1 =0
_ (e Y (b comld) o (B 42" 1)
th1=0 (4)
Hence,
ay Oty |atn g
Comléznll]an ni1) (tn’tn+1) :(_1)( ’ ) ComEZ]n—lvan?tml) (tn) (5)
It is finally recurrent relation between complementary sequences from G and GI'.
Example 1.
com (t) 1 1
G[ll] E m[l] _1 aty ,
Y =F = omil ) |1 -1 =[comf, (1) ]=[ (- ]
comigly (t,) 1 1 14
[2]
comey(t,)| | 1 1 -1 1
Gl = AN (N [Com[zl (t,t ):I =
2 T leomfht,) | | 1 -1 101 (e 12
)
comfy(t,) | [-1 1 1 1
[1] (0 ®t)a, | ty (o ®ty) (@), | (@ )(en B,) (@t )2, ®t;) |
= comi gy (D) T | [ (DT () | [ (B gy e ]
= diag {(—1)‘1’1“2 }[(—1)(“1‘1?“2t2) } diag {(—1)“tz } ,
where %% =0,
comdoo(t)| [ 1 1 1 -1 1 1 -1 1]
comigl, (t;) 11 1 -1-1-1 1 -1
comigl o (t;) 1 1-1 1 1 1 1 -1
G _ comf, (t;) (1111111 )
2 comi ) (ts) 1 -1 1 1-1 1 1 1
comt, (t;) 1 -1 1 1 1 -1 -1 -1
omP,t) -1 1 1 1 1 -1 1 1
Lcomiin(t)] [1 -1 -1 -1 1 -1 1 1]
(o, Dt3) a3
[Com[(ill .t3) (t.t, ’ts):' = [Coma Ot (tl’tz)(_l) 2 :| =
(o O, )(a Dt; Y ) (a; Ot3)as (o @1 ) (e Oty) (o ®;)(2, Bt3) (o D3 ) (a3 Bty)
:|:(—1) 2 2°2 (_1) 2 :|:|:(—1) 2 2 (_1) 2 2 (_1) 2 2 :|:
= diag {(—1)“’1"2?“2“3>} : [(_1)(%‘1?az‘z?%?aﬂ‘s)} -diag {(—1)(t1‘2?t2t3)} ,
where ¢,,t, =0.
From (5) we obtain two expressions forcom{y™ (t, ;) :
1) comtri (t ) _ (_1)2“@(%?tiq)(am?tm)
() (it ' (6)
2) Com[n+1] (tn+1) ( )g Qi _(_1)0:1'(1?0:2&?; (aifa.fz)t. (_1)§ t.t.+1, (7)
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where «,,t, , =0. New sequences in (5) are orthogonal and complementary sequences.

4. Generalization
Our generalization uses the following iteration construction

GYU[F, (gl)] —> G[Z][F (¢),F (6‘2)] —> G[3][F (¢),F,(&,),F (53)]

Fy (&)
. = GII[F, (&), Fy(5,),. F, (s, )] —> G[MI][Fz(gl)’Fz(gz)V"’Fz(gn)’F2(5n+1)]’
based on a sequence of unitary transforms:
1 ,
Fz(gk)z[ gk}, g =e%eAlg, vk=12,..,n+1.
1 -
For brevity let U,(g,)={F,(&).F,(s,)...F,(e,)} and U, (e..)={F, (&) F.(&)... F, (&), F, (&)}
where €, :=(&,6,..6, )s €0y = (61,6511 6,,6,,1) - Let us assume that we have the Golay matrix
Gll[e, | =G U, (¢,)] =GU![F,().F,(&,)....F,(¢,)] (depending on n previous transforms
F,(5),F,(&,),... F,(s,) - We need to construct the next Golay matrix GI"[e,, ]=GLI[U, (e,.,,)] =
=GR, (£).F, (), F,(£,), Fy(&,.,)] using only GI'[U, (g,)] and F,(e,,,) . We are going to use for Golay
matrix GI'[&, ]=GU'[U, (g,)] = =GY'[F,(&,),F,(&,).....F,(&,)] the same structure as in (2)

27 com'"J ot 18,)
G[”](S )_ E ”] 150 n n
a, =0 [a 1 L)(t | 8 )

(8)

For constructing G[Z”n*” [¢,..] from GU'[e,] we take each complementary pair in the form of

comfy o (t, |g,) o e . .

from (8). The Golay (2 x2 )-matrlx G [s l] is constructed according to
[n] 2 N+
Com(un,l,l) (tn |£n)

the following iteration rule

i [n] 17 [T 2] [n] i
(O)F_(_g ) Com(:n 1,0) (tn | 8n ) Itn gn+1Ttn Com(z -1,0) (tn | 8n )
Z n+l [n] on [n]
ComE:] L0 (t | Sn) Com(u 1) (tn | €, )_ _ _Itn gn+th | Com(u 20 (tn | 8n) 3
[n] 2" 1 a
comg! . (t,1¢,) ] OF (s ) comE:] Lot |£n) T &l com[zln ot |£n)
n+1 on
ComE:],l 1) (tn |£n) _Tt,, _‘g‘nJrlltr| Com[(';] _1.1) (tn | sn)
comy) o (t, |€,)+ &, .comi) (t, + 2n le,) comip™ o (b, 1€,,)
B 00m<2] 1.0 (t,le,)— 5n+1C0mE:]H,1) (t,+2"|¢,) B Com&i 01) (o len.)
€n+1com[(2] L (t,le,)+ come, . o (t,+2"|g,) Com[ﬂflo) (t,.,| 8n+1)
—€,1C0M, o (t E: )+Com(a ,.0) (t,+2"|¢,) Coml(l;:llln) (o1 l€00)
where

1
Com[n+]00)(tn+1|8n+1)— Com[n] o)(t JRX IR com[”] 1)(t +2"),

(Y

1
Com[(2+1]01) (tn+1 | £n+1) ComET 1,0) (tn) - £n+1 : Com?;] 1.1) (tn + 2 )l

1
comb’ ]10) (toile.)= ¢

(Crep

-com{ (t,)+comiy] o (t, +2"),

n+l

1
Com[n+ ]11) (tn+1 |8n+1) - £n+l Com[n] 1:1) (t )+ Com[n] 10) (tn * Zn)

(04
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are complementary sequences of twice length, belonging to G[”*”[ 1] - Hence,

2+ g 27 CO[n[JHI (t ‘8 e )
el | n+l (w,.0) \n+l n2“n+l
G[Zj;-"l ](£;r+]) G[:;: ](sn’g;’+1) = E [COmL:}](t”H | £u’€n+] )] = % [n+1]
a, =0 a, =0 cam(u l)(tm-l |£u’£n+])
20 27 ] n] i
[i1] T T com; . (t, g, )
Com(:+ 1.0 0)(tn+l ‘ Eu’gnﬂ) Fa g s il
- 20 2 [n
— ﬁ Com[n:1\ 0.1) (tn+l Ian’gaﬂl) it _Tt” EHHT(‘ o Com((l” A ”(t” ‘ 3,1) —
o [n+1] 27, ana 1 =
=0 COMy . 101(tn+1 |£rr"L'ﬂ+I) w,,=0 Tl,, I SnHT ‘ t’.;]“ )(t |£ )
[r+1] n n
Com[ﬂ" 1! ”(t‘H] |£n’gn ]) th ! _é‘nHth N Com(i:l] 1s ”(tii ‘ 811)
. 2 (09 a,) 2" (1&a,)
_ m E t, B Em»l it - Coln(u i (})(t |E ) _
27 (0B a,) 2”-(@@,) B
=0 @, =0 T‘,. ) & e } %’;} 1> 1](tu ‘8 )
2" (0B ) 2"{1@0 )
P comt™ ™
ﬁ @ T[” [uu o)) (tn)+ n+| (ll” i ”(t )
— J - 2”_{()@(1”) "] 2" (|®(4 ) —]
s = Tl" ) -com (tu) 'En+l (U,; 1,1)( ")
B n] n
com, )(t )+£ﬂ+,c0m Lt +2 )
nel_ n
- ’BEI' com U)(t )=8_, com ,}(t +2")
- n
a, =0 ‘qn+l C()m -1 (t ) + C()m (t +2 )
n| |"|
Eax+1com 1) (tn) T+ com ()}(tn + 2 ) | (9)
or
[n+1] _ [n+1] _
Com(u 1) (tn+1 | 8n+1) - Com(m",1 o,y 1) (tn+1 | sn+1) -
2" (a, ®0) " (e, ©1)
_ A0 n [n] Ay, n [n] —
=g, T, 2 comp) o (t))+ (=D ng 2 comp! (t,))=

2" (0, @ B,)
—Z(n%ﬁah Poomlll | (t,]e,)=

=Zbﬁ%%8 com{ (6 +2" (e, @) 5, )
Since, t,,, =(t,.t,,,) then believing t, 1 =a,®,, we obtain

A ®tn+l Onyg Oln ®tn+
Com[ml] Qny1) (tn ltn+1 |£n+l) = Z ( 1)( ) 1 T2 tn+1C0mE2] -11n ®tn+1) (tn |8n ) -

(g0,
n+1’0
L Oty | @, Oty
= z (_1)( ’ ) gn+12 1 'Com[(zl A @t 1) (tn + 2” 'tn+1 | 8n):
th.1=0
1 ot
= (_1)0(”0(rHl z (_1)1,.40!,”1 8:212 " comEn],l an @t )(tn + 2” 'tn+1 |8n )
thig =0
Therefore,
1 Oty |ana @ Oty

ComE::,—l Ay, Qi) (tn ’tn+1 | 8n18n+1) ( 1)( ’ ) ‘9n+12 ComE:] 1.0y @tM) ( n | 8n )

(10)
The GoIay(Z”*1 x 2”*1) -matrix G[Z”"*” [¢,..] is multiparameter matrix, depending on n+1 parameters

(gl,gz,..., Ens 5n+1) . It is easy to proof, that sequences (10) are complementary and unitary sequences.
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Example 2. Let us construct G[” [£,], Gm[ ,] and G[? [&;]:

G[zlll (6)=F,(g)= [Com (tl | 1] |:C0m[§)] (tl | 81):| |:1 gl} =[(—1)”’1t1 gtl]z
(]

comll(t,|e)| |1 —¢

=[(—1)“1‘1] dlag { ﬂ F } G[Zlﬂ-diag{é‘f}v

ComEO]O)(t | &, €,) 1 gl & —-&&
[2]
comi (L, | &,&,) 1 g | —¢€ £,€
[2] oy 1é,8) | 1 2 261 [2] _
Gzz (‘91!52)_ Com[z] (t | ) — 1 [Com(a a (tzlé‘l,é‘z):l—
ao\l2 161, &, ) &8, &
Com[é]l (t;&,8,) —& &8 &

(o @t t) (g @)t (o @t ) a@t)
[ comi o (01T T ] (T ()T

:diag{gz”‘l}[( 1) T gyt e Z}duag{ ¢ = diag {5} -G - diag {l s | =

1 1 1] 1 -1t
1o 1 11 1|
T 1 1] 1 1 & |
&-1 1] 1 1 &8,
a8, (az®t3)
G[za;](gl,gz,gs) [COmEZ{ ) (3|€1’82’83)] Com al“z@ts (t |gl’€2)( l) :|_

=diag {85’183“2 } : G[;] -diag {811822 PN }
The resulting matrix still has the orthogonal rows and every pair is complementary in the Golay-
Rudin-Shapiro sense. From (10) we see that
G (e, 8y0mn8,) = COM | (t, 161600008, )]:diag{gzalgg’z g |- GU - diag{epep ... gh |,

Com[(ru]z] Ay yenOly) (tn | 81'52 " ) H8|+1 |:Com[(ru]z]1 Ay 1o Oly) (tn):| ' l%[‘%tl '
E (11)

If &=e" ¢ =0, ¢ =eeC are complex numbers, then G, is the complex-valued (C-
valued) Fourier-Golay-Rudin-Shapiro transform (FGRST).
If &, ¢,,.., & €GF(p), tnen G 1(&,,&,,..,€,) is the number theoretical Galois-Golay-Rudin-

Shapiro transform (GGRS-NTT), if ¢, ¢,,..., ¢,,, Clif , where CIlif is the Clifford algebra, then

Gl(e,&,....6,) is the Clifford-Golay-Rudin-Shapiro transform, if &, ¢,,..., &,, € Ham, where
Ham is the quaternion Hamilnon algebra, then G[Z”n](gl,gz,...,gn) is the Hamilton-Golay-Rudin-
Shapiro transform and so on.

5. Conclusion
In this paper, we have shown a new unified approach to the so-called generalized complex-, GF(p) -,or

Clifford-valued complementary sequences. The approach is based on a new iteration generating
construction. This construction has a rich algebraic structure. It is associated not with the triple
(z3.F,.C), but with (Z3,{F,(£,),F,(5,)....F,(&,)},Alg), where {F,(s,),F,(s,),.F,(s,)} a set of

1 .
arbitrary unitary (2x 2)-transforms of type F, () :L ‘1 , (where ¢:=e" eAlg, |¢|=1) instead of
—&
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1 1
F, { _J, Alg is an algebras (for example, Clifford algebras or finite rings Z,, or finite Galois

1

fields GF(q) ) instead of the complex field C.
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