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ɈɐȿɇɄɂ ɉɈɅɈɀɂɌȿɅɖɇɕɏ ɊȿɒȿɇɂɃ 
ȾɂɎɎȿɊȿɇɐɂȺɅɖɇɈȽɈ ɍɊȺȼɇȿɇɂə 

ɋ ɄȼȺɁɂɉɊɈɂɁȼɈȾɇɈɃ ɋ ɇȿɈɌɊɂɐȺɌȿɅɖɇɈɃ 
ɋɌȿɉȿɇɇɈɃ ɇȿɅɂɇȿɃɇɈɋɌɖɘ 

 
Ⱦ.Ⱥ. Ȼɟɡɭɯɨɜ 

 

Ɇɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞɚɪɫɬɜɟɧɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ ɢɦ. Ɇ.ȼ. Ʌɨɦɨɧɨɫɨɜɚ 
 
ȼ ɪɚɛɨɬɟ ɢɡɭɱɚɸɬɫɹ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ ɫ ɤɜɚɡɢɩɪɨɢɡɜɨɞɧɨɣ ɫ ɧɟɨɬɪɢɰɚɬɟɥɶɧɨɣ ɫɬɟɩɟɧɧɨɣ 
ɧɟɥɢɧɟɣɧɨɫɬɶɸ. Ɋɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɩɪɚɜɢɥɶɧɵɟ ɪɟɲɟɧɢɹ, ɬɨ ɟɫɬɶ ɬɟ, ɤɨɬɨɪɵɟ ɨɩɪɟɞɟɥɟɧɵ ɜ ɨɤɪɟɫɬɧɨɫɬɢ ɩɥɸɫ 
ɛɟɫɤɨɧɟɱɧɨɫɬɢ. Ⱦɥɹ ɩɪɚɜɢɥɶɧɵɯ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ ɫ ɤɜɚɡɢɩɪɨɢɡɜɨɞɧɨɣ ɩɨɥɭɱɟɧɵ ɜɟɪɯɧɢɟ ɫɬɟɩɟɧɧɵɟ 
ɨɰɟɧɤɢ, ɞɥɹ ɩɪɚɜɢɥɶɧɵɯ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ ɫ ɩɪɨɢɡɜɨɞɧɨɣ ɩɨɥɭɱɟɧɵ ɜɟɪɯɧɢɟ ɢ ɧɢɠɧɢɟ ɨɰɟɧɤɢ. 
 

ȼ ɪɚɛɨɬɟ ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɫɥɟɞɭɸɳɢɟ ɭɪɚɜɧɟɧɢɹ: ݎ௡ሺݔሻ ௗௗ௫ ሻݔ௡−ଵሺݎ) ௗௗ௫ ቀ… ௗௗ௫ ሺݎ଴ሺݔሻݕሻ … ቁ) = ሺ−ͳሻ௡݌ሺݔሻ|ݕ|௞,      (1) 

ɢ ݕሺ௡ሻ = ሺ−ͳሻ௡݌ሺݔሻ|ݕ|௞,        (2) 

ɝɞɟ ݊ > ͳ, ݇ > ͳ, ɮɭɧɤɰɢɹ ݌ሺݔሻ ɧɟɩɪɟɪɵɜɧɚ ɢ ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɭɫɥɨɜɢɹɦ ݉∗ݔ� ൑ ሻݔሺ݌  ൑݉∗ݔ�, � ൒ Ͳ, Ͳ < ݉∗ < ݉∗ < +∞, ɚ ɮɭɧɤɰɢɢ ݎ௝ሺݔሻ ɧɟɩɪɟɪɵɜɧɵɟ ɢ ɭɞɨɜɥɟɬɜɨɪɹɸɬ 
ɭɫɥɨɜɢɹɦ  Ͳ < ௝݉ ൑ ሻݔ௝ሺݎ ൑ ௝ܯ < +∞, ݆ = Ͳ, … , ݊. 

ȼɜɟɞɟɦ ɫɥɟɞɭɸɳɢɟ ɨɛɨɡɧɚɱɟɧɢɹ: ݕ[௝]ሺݔሻ = ሻݔ௝ሺݎ ௗௗ௫ ሻݔ௝−ଵሺݎ) ௗௗ௫ ቀ… ௗௗ௫ ሺݎ଴ሺݔሻݕሻ … ቁ) – ݆-ɚɹ ɤɜɚɡɢɩɪɨɢɡɜɨɞɧɚɹ ɮɭɧɤɰɢɢ ݕሺݔሻ, ߙ = ௡௞−ଵ, ߚ = �௡−ଵ. 

Ɍɨɝɞɚ ɭɪɚɜɧɟɧɢɟ (1) ɦɨɠɧɨ ɩɟɪɟɩɢɫɚɬɶ ɜ ɜɢɞɟ: ݕ[௡] = ሺ−ͳሻ௡݌ሺݔሻ|ݕ|௞. 
Ⱦɥɹ ɭɪɚɜɧɟɧɢɣ (1) ɢ (2) ɩɨɥɭɱɟɧɵ ɨɰɟɧɤɢ ɩɨɥɨɠɢɬɟɥɶɧɵɯ ɧɟɬɪɢɜɢɚɥɶɧɵɯ ɪɟɲɟɧɢɣ, 

ɞɥɹ ɭɪɚɜɧɟɧɢɹ (1) – ɨɰɟɧɤɢ ɢɯ ɤɜɚɡɢɩɪɨɢɡɜɨɞɧɵɯ, ɚ ɞɥɹ ɭɪɚɜɧɟɧɢɹ (2) – ɨɰɟɧɤɢ 
ɩɪɨɢɡɜɨɞɧɵɯ ɪɟɲɟɧɢɣ. 

ȼ ɪɚɛɨɬɚɯ Д2Ж ɢ Д3Ж ɪɚɫɫɦɚɬɪɢɜɚɥɨɫɶ ɭɪɚɜɧɟɧɢɟ ɬɢɩɚ ɗɦɞɟɧɚ-Ɏɚɭɥɟɪɚ, ɬɨ ɟɫɬɶ 
ɭɪɚɜɧɟɧɢɟ ɜɢɞɚ: ݕሺ௡ሻ =  ,ݕ௞sgn|ݕ|ሻݔሺ݌
ɚ ɜ ɦɨɧɨɝɪɚɮɢɢ Д1Ж – ɭɪɚɜɧɟɧɢɟ ɬɢɩɚ ɗɦɞɟɧɚ-Ɏɚɭɥɟɪɚ ɫ ɦɥɚɞɲɢɦɢ ɩɪɨɢɡɜɨɞɧɵɦɢ: ݕሺ௡ሻ + ܽଵሺݔሻݕሺ௡−ଵሻ + ⋯ + ܽ௡ሺݔሻݕ =  ,ݕ௞sgn|ݕ|ሻݔሺ݌
ɩɪɢ ɷɬɨɦ ɜ ɪɚɛɨɬɟ Д3Ж ɢɡɭɱɟɧ ɫɥɭɱɚɣ � = Ͳ, ɜ ɪɚɛɨɬɟ Д2Ж ɩɪɟɞɩɨɥɚɝɚɥɨɫɶ, ɱɬɨ � < −݇ሺ݊ − ͳሻ − ͳ, ɚ ɜ ɪɚɛɨɬɟ Д1Ж ɨɩɢɫɚɧ ɫɥɭɱɚɣ  � ൑ Ͳ. 

ȼ ɪɚɛɨɬɟ Д4Ж ɪɚɫɫɦɚɬɪɢɜɚɥɨɫɶ ɭɪɚɜɧɟɧɢɟ (2) ɜ ɩɪɟɞɩɨɥɨɠɟɧɢɢ, ɱɬɨ ݌ሺݔሻ ≡ ͳ. 

ȼɜɟɞɟɦ ɞɜɚ ɨɩɪɟɞɟɥɟɧɢɹ. 
Ɉɩɪɟɞɟɥɟɧɢɟ 1. Ɋɟɲɟɧɢɟ ݕሺݔሻ ɭɪɚɜɧɟɧɢɹ (1) (ɢɥɢ (2)) ɧɚɡɵɜɚɟɬɫɹ ɩɪɚɜɢɥɶɧɵɦ, 

ɟɫɥɢ ɨɧɨ ɨɩɪɟɞɟɥɟɧɨ ɜ ɧɟɤɨɬɨɪɨɣ ɨɤɪɟɫɬɧɨɫɬɢ ɩɥɸɫ ɛɟɫɤɨɧɟɱɧɨɫɬɢ. 
Ɉɩɪɟɞɟɥɟɧɢɟ 2. Ɋɟɲɟɧɢɟ ݕሺݔሻ ɭɪɚɜɧɟɧɢɹ (1) ɧɚɡɵɜɚɟɬɫɹ ɤɧɟɡɟɪɨɜɫɤɢɦ, ɟɫɥɢ ɞɥɹ 

ɥɸɛɨɝɨ ݆ = Ͳ, … , ݊ − ͳ ɫɩɪɚɜɟɞɥɢɜɨ ሺ−ͳሻ௝ݕ[௝]ሺݔሻ ൒ Ͳ. Ɋɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (2) ɧɚɡɵɜɚɟɬɫɹ 
ɤɧɟɡɟɪɨɜɫɤɢɦ, ɟɫɥɢ ɞɥɹ ɥɸɛɨɝɨ  ݆ = Ͳ, … , ݊ − ͳ ɫɩɪɚɜɟɞɥɢɜɨ ሺ−ͳሻ௝ݕሺ௝ሻሺݔሻ ൒ Ͳ. 
 ɉɪɢɜɟɞɟɦ ɨɫɧɨɜɧɵɟ ɪɟɡɭɥɶɬɚɬɵ ɞɥɹ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ (1). 

Ɍɟɨɪɟɦɚ 1. ȿɫɥɢ ݕሺݔሻ – ɩɪɚɜɢɥɶɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (1), ɬɨ ɨɧɨ ɤɧɟɡɟɪɨɜɫɤɨɟ,  ɢ 
ɷɬɨ ɪɟɲɟɧɢɟ ɜɦɟɫɬɟ ɫɨ ɜɫɟɦɢ ɫɜɨɢɦɢ ɤɜɚɡɢɩɪɨɢɡɜɨɞɧɵɦɢ ɞɨ ሺ݊ − ͳሻ –ɨɝɨ ɩɨɪɹɞɤɚ 
ɜɤɥɸɱɢɬɟɥɶɧɨ ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ ɩɪɢ ݔ →  +∞. 

ɂɡ ɬɟɨɪɟɦɵ 1 ɫɥɟɞɭɟɬ: 
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Ɉɫɧɨɜɧɚɹ ɥɟɦɦɚ. ȿɫɥɢ ݕሺݔሻ – ɩɪɚɜɢɥɶɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (1), ɬɨ ɨɧɨ 
ɭɞɨɜɥɟɬɜɨɪɹɟɬ ɢɧɬɟɝɪɚɥɶɧɨɦɭ ɫɨɨɬɧɨɲɟɧɢɸ ݕሺݔሻ = ͳݎ଴ሺݔሻ ∫ ሻߦ௡ሺݎሻ|௞ߦሺݕ|ሻߦሺ݌ �ଵሺݔ, ∞+ߦሻ݀ߦ

௫ , 
ɝɞɟ �௜ሺݔ, ሻߦ = ∫ ��+భሺక�,కሻௗక���ሺక�ሻ+∞௫ , ݅ = ͳ, … , ݊ − ͳ, ɚ �௡ሺݔ, ሻߦ ≡ ͳ. 

ɋ ɩɨɦɨɳɶɸ ɨɫɧɨɜɧɨɣ ɥɟɦɦɵ ɦɨɠɧɨ ɞɨɤɚɡɚɬɶ ɫɥɟɞɭɸɳɢɣ ɪɟɡɭɥɶɬɚɬ. 
Ɍɟɨɪɟɦɚ 2. ɋɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɤɨɧɫɬɚɧɬɵ ܥ଴ = ,଴ሺ݊ܥ ݇, ݉∗�, ,଴ܯ … , ௝ܥ     ,௡ሻܯ = ,݊)௝ܥ ݇, ݉∗�, ݉଴, … , ௝݉ , ,଴ܯ … , ݆ ,(௡ܯ = ͳ, … ݊ − ͳ, ɢ ܥ = ,ሺ݊ܥ ݇, ݉∗�, ݉଴, ,଴ܯ … , ௡ሻܯ > Ͳ, ɱɬɨ ɞɥɹ ɥɸɛɨɝɨ ɩɨɥɨɠɢɬɟɥɶɧɨɝɨ ɧɟɬɪɢɜɢɚɥɶɧɨɝɨ 

ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (1) ɫ ɦɚɤɫɢɦɚɥɶɧɵɦ ɢɧɬɟɪɜɚɥɨɦ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ሺͲ, +∞ሻ ɫɩɪɚɜɟɞɥɢɜɨ:  ሺ−ͳሻ௝ݕ[௝]ሺݔሻ ൑ ఈ−ఉ−௝−ݔ௝ܥ , ݆ = Ͳ, ͳ, … , ݊ − ͳ, ݕሺݔሻ ൑ ఈ−ఉ−ݔܥ . 
ɉɪɢɜɟɞɟɦ ɬɟɩɟɪɶ ɪɟɡɭɥɶɬɚɬɵ ɞɥɹ ɪɟɲɟɧɢɣ ɭɪɚɜɧɟɧɢɹ (2). 
ɍɪɚɜɧɟɧɢɟ (2) ɩɨɥɭɱɚɟɬɫɹ ɢɡ ɭɪɚɜɧɟɧɢɹ (1) ɩɨɞɫɬɚɧɨɜɤɨɣ ݎ௝ሺݔሻ ≡ ͳ. ɋɥɟɞɨɜɚɬɟɥɶɧɨ, 

ɢɡ ɬɟɨɪɟɦɵ 1 ɫɥɟɞɭɟɬ, ɱɬɨ ɟɫɥɢ ݕሺݔሻ – ɩɪɚɜɢɥɶɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (2), ɬɨ ɨɧɨ 
ɤɧɟɡɟɪɨɜɫɤɨɟ, ɢ ɜɦɟɫɬɟ ɫɨ ɜɫɟɦɢ ɫɜɨɢɦɢ ɩɪɨɢɡɜɨɞɧɵɦɢ ɫɬɪɟɦɢɬɫɹ ɤ ɧɭɥɸ ɩɪɢ ݔ →  +∞. ɂɡ 
ɨɫɧɨɜɧɨɣ ɥɟɦɦɵ ɫɥɟɞɭɟɬ, ɱɬɨ ɩɪɚɜɢɥɶɧɨɟ ɪɟɲɟɧɢɟ ɭɪɚɜɧɟɧɢɹ (2) ɭɞɨɜɥɟɬɜɨɪɹɟɬ 
ɫɥɟɞɭɸɳɟɦɭ ɢɧɬɟɝɪɚɥɶɧɨɦɭ ɫɨɨɬɧɨɲɟɧɢɸ ݕሺݔሻ =  ∫ ሺߦ − ሻ௡−ଵሺ݊ݔ − ͳሻ! ∞+.ߦሻ|௞݀ߦሺݕ|ሻߦሺ݌

௫  

Ɍɟɨɪɟɦɚ 3. ɋɭɳɟɫɬɜɭɸɬ ɬɚɤɢɟ ɩɨɥɨɠɢɬɟɥɶɧɵɟ ɤɨɧɫɬɚɧɬɵ ܥଵ௝ = ,ଵ௝ሺ݊ܥ ݇, ݉∗, ݉∗, �ሻ, ܥଶ௝ = ,ଶ௝ሺ݊ܥ ݇, ݉∗, ݉∗, �ሻ, ɱɬɨ ɞɥɹ ɥɸɛɨɝɨ  ɩɨɥɨɠɢɬɟɥɶɧɨɝɨ 
ɧɟɬɪɢɜɢɚɥɶɧɨɝɨ ɪɟɲɟɧɢɹ ɭɪɚɜɧɟɧɢɹ (2) ɫ ɦɚɤɫɢɦɚɥɶɧɵɦ ɢɧɬɟɪɜɚɥɨɦ ɫɭɳɟɫɬɜɨɜɚɧɢɹ ሺͲ, +∞ሻ ɫɩɪɚɜɟɞɥɢɜɨ: ܥଵ௝ݔ−ఈ−ఉ−௝ ൑ ሺ−ͳሻ௝ݕሺ௝ሻ ൑ ఈ−ఉ−௝−ݔଶ௝ܥ , ݆ = Ͳ, … , ݊ − ͳ. 
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