Affine registration of point clouds based on point-to-plane approach
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Abstract

The problem of aligning of 3D point data is the known registration task. The most popular registration algorithm is the Iterative Closest Point
(ICP). This paper proposes a new algorithm for affine registration of point clouds by incorporating the affine transformation into the point-to-
plane ICP algorithm. At each iterative step of the algorithm, a closed-form solution for the affine transformation is derived.
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1. Introduction

The ICP (lterative Closest Point) algorithm has become the dominant method for aligning of three-dimensional models based
purely on geometry. The algorithm is widely used for registering the outputs of 3D scanners. The ICP algorithm starts with two
clouds and an initial guess for their relative rigid-body transformation, and then it iteratively refines the transformation by
generating pairs of corresponding points on the meshes. The initial alignment may be done by different methods, such as
tracking scanner position, identification and indexing of surface features [1, 2], “spin-image” surface signatures [3], computing
principal axes of scans [4], exhaustive search for corresponding points [5, 6], or by interactive manner. Since introduction of the
ICP [7, 8], many variations of the algorithm have been introduced on the base of the ICP concept.

The ICP algorithm consists of two main stages:

1. Searching of corresponding points (pairs) in two clouds.

2. Minimizing the error metric (variational subproblem of the ICP).

The stage 2 is the key element [12] of ICP. There are two main approaches for the choice of the error metric. The point-to-
point method [8] uses the distance between corresponding points in two clouds. The point-to-plane method [7] utilizes the
distance between a point in the first cloud and a tangent plane to the second cloud. A solution of the error minimizing problem
is based on the affine transformation that brings the best alignment between points of the two clouds. In the orthogonal case the
closed-form point-to-point solution was proposed by Horn [9, 10]. The computational complexity of the solution is linear with
respect to the number of points.

The traditional ICP algorithm is fast and accurate for the rigid registration between two point clouds but it is unable to handle
with the affine case. A modified algorithm of the standard ICP for composition of scaling, rotation, and translation was proposed
[11]. A generalized ICP version for an arbitrary affine transformation was suggested [12, 13]. These algorithms are based on the
point-to-point approach. A closed-form solution to the point-to-point problem was derived [15-17]. A closed-form solution to the
point-to-plane case for orthogonal transformations is unknown. Instead, iterative methods based on the linear least-squares
optimization for small angles are often used [14]. In the paper we propose a closed-form solution to the point-to-plane problem
for arbitrary affine transformation. The algorithm allows to get the precise solutions of the variational subproblem of the ICP.

2. Formulation of the variational problem

Let P = {p°,...,p*" '} be a source point cloud and Q = {q°,...,q*"'} be a destination point cloud in R3. Suppose that the
relationship between points in P and Q is given in such a manner that for each point p; exists a corresponding point g;. The ICP
algorithm is commonly considered as a geometrical transformation for rigid objects mapping P to Q:

Rp; + t, (1)
where R is a rotation matrix, t is a translation vector, i = 0, ..., n — 1. The S-ICP algorithm uses a slightly different geometrical
transformation given as

RSp; + ¢, 2)
where S is a scaling matrix.

The group of affine transformations in the dimension of three has 12 generators. It means that the affine transformation in the
dimension of three is a function of 12 variables. Let us consider the ICP variational problem for an arbitrary affine
transformation in the point-to-plane case. Denote by S(Q) a surface, that is built on the cloud Q, by T(q") denote a tangent plane
of S(Q) in point g*. Let J (A, T) be the following function:

J(A) =L (< Ap' = ¢'n'>)?, ®)
where <-,-> denotes the inner product, A isa matrix of an affine transformation in the homogenous coordinates:
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ptis a point from the cloud P, n! is the unitary normal for T(g%):
pi'\ /ni\
i— | P i
p \pé / n \né / ®)
1 0

The ICP variational problem can be stated as follows:
argming, J(A) . (6)
3. Closed-form solution to the variational problem

Remark that the function J(A) can be r_ewritten i_n the following way: o
JA) =YL (<Ap' = ¢ nt>)? =EL(<Apin'>—-<q' n'>)? =

=31, <Apint>2-2<Apint ><g'nt>+<qint > @)
The term < g%, n' > is a constant with respect to 4, thus the variational problem (6) takes the form:
Y, <Aphnt>2—2 < Apint >< gl nt > - min,. (8)
Let us rewrite the inner product < A pi,n' > as follows:
<Ap'nt>= (a11pin§ + a;,pini + a13p§n§ + t1ni) + (a21piné + ag,pins + a23p§né + tzné) +
+(az pind + as,pink + azspind + t;nd) + (0). ©)]
J(A) is a function of 12 variables. Let us consider components of the gradient VJ/(A).

3.1. Partial derivatives with respect to t

9 _

2, 12<Apn>n—2n <g¢gn>=0 j=1,..3 (10)

Ly <Apini>nl-nf <¢in'>=3L, <Apini>n/ -3, nl <qg'ni>=0. (11)

The sum X7 1n} < g',n' > is constant with respect to A, denote it by ¢

?zln} <q n'>=g. (12)

The expression (11) takes the form:
Yn,o<Apint> n} =¢, j=1,..3 (13)

Denote by the (PN)! the following matrix:

o

o

Qi i i
piny pin; Pping
i i i
b2y PNy pPang

PN) = pinit = | 7¢71 Ferme Faim 14
Ny =p pint ping pini 0 4
\ nt ni ni 0
Remark
< Ap'nt>=tr(4-(PN)). (15)

It follows from

/anpi +a,ph +appy + b n1

a1p; + a22p2 + ‘123P3 +t;

\ ()
\a31p1 + a32p2 + azsph + t3/ \n3/

= (anpi'ng + ap,pini + agzpini + tlni) + (a21p§n§ + ay,pinh + axpin + tzné) +

< Apint >=<
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+(a31pi'n§ + az,pink + azsping + t3n§) + (0), (16)

and
a;, 4, A3 4 /pi_ni_ piny ping 0\
Qz1 Gz Q3 G |, | pzni pan; pzng O | =
az; Az Q33 i3 pini piny, piny O
0 0 0 1 nj n, ny 0
/allp{ni + appint + appint + tnd \
=| Az pink + azpink + aypink + tynk o o o ) ) (17)
A31P1N5 + Az P3N + Azzpsng + tang
0
|
Let us rewrite (13) taking into account (15) as
Xanjtr(A-(PN)) =¢, j=1,..,3. (18)

Denote by (n;PN)* the following matrices:

Uyl Lol anl Lol anl
pimin;  pinzn; pingn; 0

00900 | e 4 |9 N
|p2n1nj pznzn; pynsn; 0

\I. (19)
)

\pénin} psneny  psnsny 0
ninf  nin}  ninf 0
The following condition holds:
nl tr(A- (PN)") = tr(A- (n;PN)?). (20)

Taking into account (20), we rewrite (18) as
notr(A- (mPN)Y) = ;. (21)

Using the property of the matrix trace, we grrive to , ,
koA (uPNYY) = (S, A+ (0 PNY) = tr (A(SE, (0 PNY) ) = (22)
Denote by M/, j =1, ...,3, the following matrices:

?zl(anN)’ =M, (23)
j j j
my; My, Mgz 0\
j j j
M= | my; My My 0 | (24)
j j j )
msz; Mz, Mg 0/
j j j
my, My, Mz 0
The equation (22) can be rewritten as
tr(A-M/J) = ¢, j=1..3 (25)
m{1 miz mis 0
a1 QA a3 ¢ i i i
A-Mi=| %21 G2z Gz G| a1 Ty Mo 0 | =
z; Q3 Q33 U3 mél méz mé3 0
0 0 0 1 j j j
my, My, M3 0
j j j j
/aumu + a;ymyy + a;zmay + timy, \
= | Agim{y + Ay, + Azmy, + tymy, | (26)
\ a31m{3 + a32mé3 + a33m§3 + t3m‘]L3 /
0
We get the following equations for j =1, ...,3:
(a11m{1 + alZmél + a13m3{1 + tlmil) + (a21m{2 + azzméz + az3méz + tzm‘}tz) +
+(a31m{3 + a32mé3 + a33m§3 + t3mi3) = cj,j =1..3,i=1,..,n (27)
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3.2. Partial derivatives with respect to a

Let us consider the partial derivatives with respect to a;;, i,j = 1, ...,3.
aJ .
2ag — Yho12 <ApF,nk > pinf = 2pinf <q¢fn*>=0, i,j=1,..3k=1,.,n (28)
Ly <ApEnk > pinf —pinf <g*nk>=3L, <Apkn* >pinf -3 pinf <g*,nkF>=0 (29)

The sum Y%_, pfnf < q*,n* > isaconstant with respect to 4, denote it by c;;:

E:1p}(n£( < gk nk>= cij, Lj=1,...3. (30)

The expression (29) takes the form:
he1 <APF K >pinf =y (31)
Taking into account (15), (31) can be rewritten as
repinftr(A- (PN =¢, i,j=1,..,3. (32)

ij

Denote by (pjnfPN¥) the following matrices:

kopkpkpk kpkpk ok o kokokok
prnip;in; pingpjn; pinzpjn; 0

.——/

kokpkok kpkpk ok o kokokok
pznip;n; pzngpjn;  panzpin; 0

kp kpnky —
(pinkPNK) = | (33)
j Kopkopkok o kokpkok kokokok
\p3 nipjn;  P3napin;  p3nzpin; 0/
ko ko k ko ko k ko ko Kk
nipjn nZpjn; nzpjn; 0
The expression (32) can be rewritten as
r_, tr(A-pfnfPN*) = ;. (34)
Denote by MY, i,j = 1, ...,3, the following matrices:
kpkpNKY — pfij
k=1(@jni PN*) = MY, (35)
ij ij ij
my; My, My; 0\
ij ij ij
MU = | my; My my; 0 | (36)
md mY om0
31 32 33 /
ij ij ij
My, My, My 0
ij ij ij
m m m 0
A1y Gz A3 0 / ;1.1 112 31.3 \‘
ami=| %1 2 G o) Ma Moz May O
31 Gz 33 U3 |\md mY, mf o
41 Map Myz
a11mij1 + a12m;j1 + a13méj1 + tlmf}jl
— a21m;]2 + azzmgz + a23m§JZ + tzm;fz . (37)
\ a31m¥3 + a32m;}3 + a33m;}3 + t3mf{3 /
0
Finally, we get 9 equations for i,j =1, ...,3:
(allmill + alZmLZI1 + a13m§]1 + t1m2]1) + (a21m¥2 + azzmgz + a23m§JZ + tzm‘?z) +
+(a31m;]3 + a32m;]3 + a33m;‘]3 + t3mf,,13) =Cyj, L,j=1,...3. (38)

We get the set of 12 linear equations (27), (38) with 12 variables a;, ty, i,j, k = 1,...,3.
Remark

Since J(A) is a convex and bounded function, a solution of the set of equations exists and can be computed by standard
SVD (singular value decomposition) method [18].
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4. Conclusion

In this paper we considered matching and error minimizing steps of the ICP algorithm. A new efficient algorithm for affine
registration of point clouds by incorporating the affine transformation into the point-to-plane ICP algorithm was proposed. At
each iterative step of the algorithm, a closed-form solution for the affine transformation was derived.
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