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Abstract

This paper considers a new algebraic method for analysis and processing of hexagonally sampled images. The method is based
on the interpretation of such images as functions on “Eisenstein fields”. These are finite fields GF(p2) of special characteristics
p = 12k + 5, where k > 0 is an integer. Some properties of such fields are studied; in particular, it is shown that its elements
may be considered as ”discrete Eisenstein numbers” and are in natural correspondence with hexagons in a (p × p)-diamond-
shaped fragment of a regular plane tiling. We show that in some cases multiplications in Eisenstein fields correspond to rotations
combined with appropriate scalings, and use this fact for hexagonal images sharpening, smoothering and segmentation. The
proposed algorithms have complexity O(p2) and can be used also for processing of square-sampled digital images over finite
Gaussian fields.

Keywords: Hexagonal imag ;e processin ;g Eisenstein number ;s finite field ;s rotation ;s sharpenin ;g smootherin ;g segmentation

1. Introduction

Hexagonal sampling (as in Fig. 1) is not new and has been explored by many researchers [1, 2, 3, 4, 5]. Indeed, it is known [1]
that hexagonal lattice has some advantages over the square lattice which can have implications for analysis of images defined on
it. These advantages are as follows:

• Isoperimetry. As per the honeycomb conjecture, a hexagon encloses more area than any other closed planar curve of equal
perimeter, except a circle.

• Additional equidistant neighbours. Every hexagonal pixel has six equidistant neighbours with a shared edge. In contrast, a
square pixel has only four equidistant neighbours with a shared edge or a corner. This implies that curves can be represented
in a better fashion on the hexagonal lattice.

• Additional symmetry axes. Every hexagon in the lattice has 6 symmetry axes in contrast with squares, which have only 4
axes. This implies that there will be less ambiguity in detecting symmetry of images.

In general, the hexagonal structure provides a more flexible and efficient way to perform image translation and rotation without
losing image information [6] and demonstrate the ability to better represent curved structures [7].

Fig. 1. An example of hexagonal image.
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Fig. 2. The Eisenstein field E(5).

A considerable amount of research in hexagonally sampled images processing is taking place now despite the fact that there
are no hardware resources that currently produce or display hexagonal images. For this, software resampling is in use, when the
original data is sampled on a square lattice while the desired image is to be sampled on a hexagonal lattice; in particular, it has
been used to produce examples for the current paper. (Note that for the sake of brevity, the terms square image and hexagonal
image will be used throughout to refer to images sampled on a square lattice and hexagonal lattice, respectively.)

When developing algorithms for image analysis, both in square and hexagonal grid, it is quite common to proceed on the
assumption of continuity of images. Then powerful tools of continual mathematics, such as complex analysis and integral trans-
forms, can be efficiently used. However, its application to digital images often leads to systematic errors associated with the
inability to adequately transfer some concepts of continuous mathematics to the discrete plane. As an example we can point to the
concept of rotation in the plane. Being natural and elementary in the continuous case, it lose these qualities when one tries to define
it accurately on a discrete plane. As a result, formal application of continuous methods to digital images could be complicated by
systematic errors. This raises the issue of the development of methods initially focused on discrete images and based on tools of
algebra and number theory.

One of such methods is considered in this paper. It is based on the interpretation of hexagonal images as functions on “Eisen-
stein fields”. These are finite fields GF(p2) of special characteristics p = 12k + 5, where 0 ≤ k ∈ Z. We show that elements of such
fields may be considered as “discrete Eisenstein numbers” and are in natural correspondence with hexagons in a (p× p)-diamond-
shaped fragment of a regular plane tiling. Hence, functions on Eisenstein fields may be considered as hexagonal images of sizes
(p × p), where p = 5, 17, . . . , 257, . . . , 509, ets. (Note that it is not a limitation since every image can be trivially extended to an
appropriate size.)

The significance of such approach is based on the fact that Eisenstein fields inherit some properties of the continuous complex
field C. In particular, it is well-known that in the complex plane multiplications may be considered as rotations combined with
appropriate scalings. We show that in some respects it is true also for multiplication in Eisenstein fields. Namely, it occurs that
though in general such multiplication do produce considerable distortion of images, in some special cases a resulting image consists
of several fragments, visually similar to the original one rotated and zoomed out. We use the fragments after such Eisenstein
rotation to produce masks for sharpening, smoothering and segmentation of images; the crucial point here is the invertibility of
Eisenstein rotations. All the proposed algorithms have complexity O(p2) and can also be used for square-sampled digital images
processing over finite Gaussian fields [8, 9] or complex discrete tori [10, 11, 12, 13], see also [18, 19].

2. Finite Fields of Eisenstein Integers

Let Z and C be the ring of integers and the complex field respectively, let Zn = Z/nZ be a residue class ring modulo an integer
n ≥ 2, and let GF(pm) be a Galois field with pm elements, where p is a prime and m > 0 is an integer.

In number theory [14, Ch. 1.4] a Gaussian integer is a complex number z = a + bi ∈ C whose real and imaginary parts are
both integers. Further, Eisenstein integers are complex numbers of the form z = a + bω, where a, b ∈ Z and ω = exp(2πi/3) ∈ C
is a primitive (non-real) cube root of unity, so that ω3 = 1 and ω2 + ω + 1 = 0. Note that within the complex plane the Eisenstein
integers may be seen to constitute a triangular lattice, in contrast with the Gaussian integers, which form a square lattice.

Both Gaussian and Eisenstein integers, with ordinary addition and multiplication of complex numbers, form, respectively,
subrings Z[i] and Z[ω] in the field C. Unfortunately, lack of division in these rings significantly restricts its applicability to
image processing problems [15]. So it is natural to look for finite fields, whose properties would be in some respect similar
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to properties of Z[i] and Z[ω]. In fact, it is known that if p is a prime number such that p ≡ 3 mod 4, then the factor ring
C(p) def

== Zp[x]/(x2 + 1) ' GF(p2) is a ”finite complex field”. Its applications in analysis and processing of square sampled digital
images have been considered in [9, 8, 10, 11, 12].

We will use now the similar approach to construct ”finite fields of Eisenstein integers”. Indeed, it easy to show that if p = 12k+5
is a prime, then the polynomial x2 + x+1 is irreducible over Zp but x2 +1 = 0 is not. As an immediate corollary, the next definition
follows.
Definition 1. Let p ≥ 5 be a prime number such that p ≡ 5 (mod 12). Then the finite field

E(p) def
== Zp[x]/(x2 + x + 1) ' GF(p2)

will be called Eisenstein field. Elements of E(p) will be called discrete Eisenstein numbers.
Thus, Eisenstein fields have p2 elements, where

p = 5, 17, 29, 41, 53, 89, 101, 113, 137, 149, 173, 197, 233, 257, . . . .

In particular, there are 44 fields E(p) for 5 ≤ p < 1000, and Fig. 2 demonstrates the smallest field E(5). The area inside the bold
line (as is shown in Fig. 2) will be called the main hexagon of an Eisenstein field. Elements of E(p) are of the form z = a + bω,
where a, b ∈ Zp and ω denotes the class of residues of x, so that ω2 +ω + 1 = 0. The product of a + bω ∈ E(p) and c + dω ∈ E(p)
is given by

(a + bω)(c + dω) = (ac − bd) + (bc + ad − bd)ω,

the addition is straightforward. The number z∗ = a + bω2 = (a − b) − bω ∈ E(p) is conjugate to z, and the product zz∗ =

a2 − ab + b2 ∈ Zp is the norm N(z) of z. (Note that in E(p) the concept of modulus |z| =
√

N(z) is not defined.) It is easy to show
that N(z1z2) = N(z1)N(z2) and N(z) = 0 ⇔ z = 0. Thus, nonzero elements z , 0 have inverses z−1 = z∗N(z)−1, and so division is
defined in E(p).

From now on we assume that the prime p satisfies the condition of Definition 1; moreover, where it cannot lead to misunder-
standing, let us agree to identify residue classes of the field Zp with their natural representatives, omitting the top line above the
class designation.

3. Eisenstein Rotations of Hexagonal Images

Let E(p) be an Eisenstein field and let f (z) : E(p)→ R be any real-valued function on E(p). Due to our geometric interpreta-
tion of Eisenstein fields, we call f (z) a hexagonal gray-level image of size p × p, or just hexagonal image briefly. It is natural to
consider such images on the discrete torus Zp × Zp. The upper left part of Fig. 3 gives an example of such image; the standard
resampling algorithm [1, Sect. 6.1.1] has been used to embed the Lenna image into the Eisenstein field E(509). (Note that only for
the sake of beauty we assume pixels outside the main hexagon of E(509) to be white.)

The algebraic operations in the field E(p) produce transforms of hexagonal images. For example, additions correspond to
circular shifts. To be more precise, define for every 0 , w = a + bω ∈ E(p) the transform Tw : f (z)→ f (z + w). The image Tw[ f ]
is just the original image f (z) shifted by a units along the “real” axis and by b units along the “complex” axis Oω. The transform
Tw[ f ] of an image f will be called its translation by w.

Other transform f (z) → f (wz) produced by multiplication in E(p) is more interesting. Indeed, in the continuous complex
plane, for any fixed 0 , w = reiα ∈ C it is just composition of the rotation by an angle α about the origin O, with the r-scaling.
Unfortunately, in discrete cases rotations and scalings are much more hard to define (see, for example, [16, p. 377] for square
images and [1, p. 97], [6, 7] for hexagonal images). Nevertheless, based on the analogy between C and E(p), one may expect that
some properties of the transform f (z)→ f (wz) could be similar to rotations even in the discrete case.
Definition 2. Let w ∈ E(p) be a nonzero discrete Eisenstein number. The transformation Rw : f (z) → f (wz) of a hexagonal
image f (z) will be called its Eisenstein rotation by w. In the special case w = a + 0ω ∈ Zp it is Eisenstein scaling by a.

We will look now at the transform in more details. Fig. 3 demonstrates some examples of Eisenstein rotations of the Lenna
image over E(509) by

w = 1 + ω = −ω2, w = (1 + 2ω)−1 = −170 + 160ω, w = 1 + 2ω,w = (1 + 5ω)−1 = 121 + 24ω and w = 1 + 5ω

respectively. Note that all the images are on the torus Z509 × Z509, so that opposite sides of diamonds must be considered glued.
These and other examples demonstrate the following properties of Eisenstein rotations.

1. Since E(p) is a field, Eisenstein rotations are invertible: R−1
w = Rw−1 . As a result, transformed image Rw[ f ] keeps all the

information about the original; in fact, the transform Rw is just a permutation of the original’s pixels.
2. In general, Eisenstein rotations do not preserve distances, angles and areas, so that considerable distortions of images may

occur.
3. Nevertheless, when p is large and when w is of the form w = u−1 with a “small” N(u), Eisenstein rotations do behave

similarly to continuous rotations. Namely, then
(a) the resulting image Rw[ f ] consists of N(u) fragments forming a tiling in the torus Zp × Zp;
(b) these fragments visually look like the original image f (z) rotated by some angle and zoomed out at the rate 1/

√
N(u);

(c) the “center” of one of the fragments coincides with the center of the original image (at the origin 0 ∈ E(p)).
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Fig. 3. Examples of Eisenstein rotations of a hexagonal image.

Note that not all of these properties may be considered as rigorous mathematical statements and so some terms above have
been put in quotes. Indeed, the first property immediately implies that all the fragments are composed by distinct pixels of the
original image and so are entirely different as discrete objects. It means that only visual similarity of the fragments occur and so
in general we may talk only about some measure of similarity between them. The six borders of hexagons with the Lenna image
inside are in fact the following disconnected sets of dots in E(p):

X1 =
{
kw + m(ω2w − ω2) : k ∈ Zp

}
, X2 =

{
kw + m(ωw − ω2) : k ∈ Zp

}
, (along the real axis),

Y1 =
{
kωw + m(ω2w − ω2) : k ∈ Zp

}
, Y2 =

{
kωw + m(w − ω2) : k ∈ Zp

}
, (along the Oω axis),

Z1 =
{
kω2w − m(ωw − ω2) : k ∈ Zp

}
, Z2 =

{
kω2w − m(w − ω2) : k ∈ Zp

}
, (along the Oω2 axis),

where m = (p − 1)/2. The discontinuity can be seen in the right-hand side of Fig. 4.
Also, note that finite fields cannot be ordered and so such notions as “large” or “small” are meaningless in Eisenstein fields.

Nevertheless, under the assumption of large p we may consider a continuous model of E(p), when locally we are treating rep-
resentatives of residue classes as reals and using the ordinary arithmetic instead of modular operations. Based on such model,
the appearance of small copies of the original image may be explained as follows. Note that discrete Eisenshtein numbers allow
matrix representation

E(p) 3 z = a + bω↔ µ(z) =

( a −b
b a − b

)
∈M2(Zp), det µ(z) = a2 − ab + b2 = N(z),
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Fig. 4. The continuous model of the tiling produced by R1+3ω ∈ E(509).

where determinants of matrices are just norms of corresponding Eisenshtein numbers. Thus, N(w) may be considered as the
Jacobian of Eisenshtein rotation Rw. Examples in Fig. 3 demonstrate that the standard interpretation of the Jacobian in continuous
cases as the area distortion factor to some extent may be transferred to finite Eisenshtein fields. Indeed, according to the continuous
model, the area of the image f under the Eisenshtein rotation Rw with N(w) = 1/n must shrinks n times. But Rw just permutes
pixels, so N(w) fragments of f must appear. At the same time, imperfections of the continuous model clearly follows from the fact
that in general total number of pixels p2 is not divisibe by N(w), so that the fragments cannot contain the same number of pixels.

To explain similarity of fragments, consider a small neighbourhood V(z0) of any fixed point z0 ∈ E(p). Then, in the frame of the
continuous model, the norm N(z−z0) = n must also be small for z ∈ V(z0). On the other hand, N

(
w(z−z0)

)
= nN(w) = N

(
wz−wz0

)
and so for N(w) = s/n holds N

(
w(z − z0)

)
= s. In other words,

under the Eisenshtein rotation Rw, the image wz of a point z ∈ V(z0) will be in a vicinity of wz0 if N(w)N
(
z − z0

)
is

“small”.

Example. Let u = 1 + 2ω ∈ E(257) and let w = 1/u = −86 + 85ω ∈ E(257). Then N(u) = 3 and N(w) = 1
3 = 86 (mod 287).

Consider the following neighbourhood of an arbitrary point z0 ∈ E(257):

V(z0) =
{
a + ib − z0 : −2 ≤ a, b ≤ 2

}
.

Let V = V(0). Evidently, 0 is the only fixed point under rotations, and the other 24 points in V have 1, 3, 4, 7 and 12 as their
norms. Let U0 be the set of 9 points with norms 3 or 12. For z = 1 − ω ∈ V with N(z) = 3 we have wz = −1 − ω ∈ V; indeed,
N(wz) = 1. Similarly, for z = 2 − 2ω ∈ V with N(z) = 12 we have N(wz) = 12

3 = 4 and so again wz = −2 − 2ω ∈ V . Other points
in V with images also in V , are −1 + ω, −2 + 2ω, ±(2 + ω) and ±(1 + 2ω).

Now let z = 1 − 2ω ∈ V with N(z) = 7. Then

wz =
z
u

=
zu∗

N(u)
=

(1 − 2ω)(1 + 2ω2)
3

= −86(5 + 4ω) = −430 − 344ω = 84 − 87ω ∈ E(257)

and so wz < V but wz ∈ V(−w) = V(86 − 85ω). In fact, let U−1 be the following set of 8 points:

U−1 =
{
−1, 2, −ω, 2ω, 1 + ω, 1 − 2ω, −2 + ω, −2 − 2ω

}
.

Images of all the points from U−1 are in the neighbourhood V(−w), i.e., wU−1 ⊂ V(−w). Similarly, if U1 = −U−1 contains all the
points from U−1 with opposite signs, then wU1 ⊂ V(w).

We may summarize as follows. Let f be a binary image of 5 × 5-square on E(257), with f (z) = 1 for z ∈ V(0), and f (z) = 0
otherwise. Then the Eisenstein rotation Rw[ f ] of f consists of three separate fragments wU0, wU1 and wU−1, localized near the
points 0, w and −w respectively.

4. Hexagonal Images Enhancement Based on Eisenstein Rotations

The fact that Eisenshtein rotations split images into visually similar fragments can be used for sharpening, smoothering and
segmentation of the images. Indeed, as it has been discussed in Section 3, in the frame of the continuous model Eisenstein rotation
Rw[ f ] may be considered as a regular tiling spanned by any two from the vectors v1, v2 and v3, see Fig. 4. Then one can shift any
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fragment to the center and reverse the Eisenshtein rotation afterwards. The result will be similar but not identical to the original
image and can be used to produce a mask for its enhancement [20, Sect. 10.4.1].

To be more precise, assume that a prime p is sufficiently large (say, p ≥ 257), w = u−1 ∈ E(p) and n = N(u) ∈ Z is small (say,
n < 30). Assume that vectors v1 and v2 span the tiling of the torus, and let v = rv1 + sv2, where r, s ∈ Z. Then the translation Tv
circularly shifts fragments of Rw[ f ] (r times along the v1-direction and s times along v2).
Definition 3. The image

Mr,s,w
[
f
]

= f − R−1
w TvRw

[
f
]
, where v = rv1 + sv2,

will be called Eisenstein mask or just mask.
Note that there are precisely n different masks for any fixed w, so that the coefficients r and s cannot be chosen independently

of each other. Also, note that pixels of a mask could be both negative and positive. For example, let p = 509 and let f be the
Lenna image on the Eisenstein field E(509), see Fig. 5(a). The mask M1,−1,w

[
f
]

for w = (2 + ω)−1, v1 = w and v2 = wω is shown
in Fig. 5(e). (The intensity range of the mask is [−164, 218], so that background is gray.) Its modulus

∣∣∣M1,−1,w[ f ]
∣∣∣ in Fig. 5(f)

demonstrates the “pencil drawing” effect.
The transforms

H1
[
f
]

= f + αM
[
f
]

= 2 f − αR−1
w TvRw

[
f
]

and H2
[
f
]

= f + α
∣∣∣M[ f ]

∣∣∣, where M = Mr,s,w and α ∈ R,

may be used to produce different sharpening effects. Results will depend on the parameters w, v and α; in general, rotations by w
with smaller n = N

(
w−1) would produce finely output. For example, Fig. 5(c) is the sum of the original image (at the top) with the

mask M1,−1,2+ω
[
f
]

(just below). The image Fig. 5(b) has been produced by w = 1 + 3ω, α = 1, r = 1 and s = 0.
Different masks can be combined and the image in Fig. 5(d) has been produced as f + M, where

M =
∣∣∣M1,0,w[ f ]

∣∣∣ +
∣∣∣M0,1,w[ f ]

∣∣∣, with w = 1 + 3ω and n = 7.

is the sum of absolute values of two masks. We may observe quite a coarse effect more suitable for segmentation purposes.
Finally, the transform

R−1
w

(∑
r,s

αrsTrv1+sv2

)
Rw

can be used for smoothering of images.
All the proposed methods can be realized with complexity O(p2) and may be used also for the processing over finite Gaussian

fields of square-sampled digital images.

5. Conclusion

This paper proposes an algebraic method for the processing of hexagonally sampled images, based on their representation as
functions on special finite fields, called ”Eisenstein fields”. Some properties of such fields are studied; in particular, it is shown
that its elements are in natural correspondence with hexagons in a (p× p)-diamond-shaped fragment of a regular plane tiling. The
concept of Eisenstein rotation is introduced and some its properties are studied. Based on Eisenstein rotations, some methods for
sharpening, smoothering and segmentation of hexagonal images are proposed. However, apart from of this work, there remain
issues such as the detailed study of properties of the introduced transformations, the study of possibilities of its generalizations, as
well as the details of its practical applications including estimation of image processing quality in the presence of noise. Authors
hope to return to the study of these issues in the further papers.
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