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As it is known, a random variable 
can be associated with a measurement interval and,
results, therefore the measure. We introduce the confidence level that can be attr
buted to the occurrence of each single event associated with the variable M in the 
space of all possible measurement results 

So, it is possible to assign the highest confidence level, equal to one by conve
tion, when we have the certainty that 
is minimum, equal to zero by convention, when the values of 

Considering a subinterval 

the confidence level associated with the occurrence of 
From these assumptions, the random variable 

ty distribution, that is a function of random events that represent the probability that 
the measurement belongs to one of the possible subintervals of 
tribution associated with M is all that is known in the measurement interva

According to the GUM [1, 2] we introduce:
{ MEMP − }{

Eq. (1) represents the probability that the measure 
value }{ ME plus or minus a quantity given by the product of the standard uncertainty 

Mu and the coverage factor 
tend to one to have a high value of the occurrence of an event.

The interval: 
E{

represents the confidence interval and it can be i
guarantee a high probability that it contains a large number of possible values of 
Hence a rise of the value of p
is within the interval. 

If the probability dens
luate the confidence level by means of the following expression:
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As it is known, a random variable M characterizing the measurement process 
can be associated with a measurement interval and, consequently, with the quality of 
results, therefore the measure. We introduce the confidence level that can be attr
buted to the occurrence of each single event associated with the variable M in the 
space of all possible measurement results { }maxmin mMmS ≤≤= . 

So, it is possible to assign the highest confidence level, equal to one by conve
tion, when we have the certainty that M belongs to S; vice versa, the confidence level 
is minimum, equal to zero by convention, when the values of M do not belong t

Considering a subinterval [ ]ba mm ,  of S, it is possible to assign a probability to 

the confidence level associated with the occurrence of M in [ ba mm ,

From these assumptions, the random variable M is characterized by a pr
ty distribution, that is a function of random events that represent the probability that 
the measurement belongs to one of the possible subintervals of S. The probability di

is all that is known in the measurement interva
According to the GUM [1, 2] we introduce: 

} { MEMukMEPku MM ≤≤−=≤ }{}{

Eq. (1) represents the probability that the measure M is between its expected 
plus or minus a quantity given by the product of the standard uncertainty 

and the coverage factor k. The parameter p, denoted as confidence level, should 
tend to one to have a high value of the occurrence of an event. 

MM ukMEMukM +≤≤− }{}{   
represents the confidence interval and it can be interpreted as that interval able to 
guarantee a high probability that it contains a large number of possible values of 

p leads to an increase of the number of events in which 

If the probability density function )(mfM  of M is known, it is possible to ev
luate the confidence level by means of the following expression: 
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characterizing the measurement process 
consequently, with the quality of 

results, therefore the measure. We introduce the confidence level that can be attri-
buted to the occurrence of each single event associated with the variable M in the 

 
So, it is possible to assign the highest confidence level, equal to one by conven-

; vice versa, the confidence level 
do not belong to S. 

, it is possible to assign a probability to 
]b . 

is characterized by a probabili-
ty distribution, that is a function of random events that represent the probability that 

. The probability dis-
is all that is known in the measurement interval. 

} puk M =−}  (1) 

is between its expected 
plus or minus a quantity given by the product of the standard uncertainty 

, denoted as confidence level, should 

  (2) 
nterpreted as that interval able to 

guarantee a high probability that it contains a large number of possible values of M. 
leads to an increase of the number of events in which M 

is known, it is possible to eva-
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It is now possible to indicate, explicitly, the measurement result as “uncertainty 
interval” associated with a measurand with an assigned confidence level 

So, if we suppose to know the probability density, its distribution function 
)(mFM  is also known, given by its integral. Therefore, the uncertainty interval with 

confidence level p is defined by the equation:

{mP ≤α

where α is an appropriate value in the range [0, 1]. The extremes of the interval wit
in which M is enclosed takes the name of quantiles of the distribution function 
and we have the following relationship:

As introduced in [3], taking again into account 
servations ( )noo ,...,1  and assuming each observation as a

variable with expected value 

tion ( )1−n  degrees of freedom can be represented by:

2
nχ

being the mean of such variables 

value 0m  and reduced variance 
The uncertainty interval [5] can be introduced by considering the Chi

probability distribution with associated n degrees of freedom. With the pre
confidence level p, this interval is defined as:

{P

where α is a value in the range from zero to 

and 2
αχ +p  are, respectively, the 

tion of 2
νχ  , whose cumulative distribution is given by:

Fν

A −β quantile is an m

ferent values of degrees of freedom 
be obtained more efficiently by means of specific statistic software.
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It is now possible to indicate, explicitly, the measurement result as “uncertainty 
rval” associated with a measurand with an assigned confidence level 

So, if we suppose to know the probability density, its distribution function 
is also known, given by its integral. Therefore, the uncertainty interval with 

ence level p is defined by the equation: 

} mFdmmfmM pM
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α

is an appropriate value in the range [0, 1]. The extremes of the interval wit
is enclosed takes the name of quantiles of the distribution function 

and we have the following relationship: 
( ) { } ααα =≤= mMPmFM   

As introduced in [3], taking again into account n  independent successive o
and assuming each observation as a normally distributed random 

variable with expected value 0m  and standard uncertainty 0u , the chi

degrees of freedom can be represented by: 

( )
2
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eing the mean of such variables noo
n

i
i∑

=
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1
 also normally distributed with mean 

and reduced variance nu2
0 [4]. 

The uncertainty interval [5] can be introduced by considering the Chi
distribution with associated n degrees of freedom. With the pre

confidence level p, this interval is defined as: 
{ } ( ) ( )FF pp −=≤≤ ++

22222
ανανανα χχχχχ

is a value in the range from zero to ( )p−1 ; the extremes of

are, respectively, the −α and ( )−+αp  quantiles of the distribution fun

, whose cumulative distribution is given by: 

{ } ,)()(
0

2 ∫=≤=
m

dzzfmPm ννν χ   

βm so that .)( βν =mF  Such quintiles are tabulated for di

ferent values of degrees of freedom ν  corresponding to the respective 
be obtained more efficiently by means of specific statistic software.
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  (3) 

It is now possible to indicate, explicitly, the measurement result as “uncertainty 
rval” associated with a measurand with an assigned confidence level p. 

So, if we suppose to know the probability density, its distribution function 
is also known, given by its integral. Therefore, the uncertainty interval with 

pmFM =− )() α  (4) 

is an appropriate value in the range [0, 1]. The extremes of the interval with-
is enclosed takes the name of quantiles of the distribution function MF , 

  (5) 
independent successive ob-

normally distributed random 

, the chi-square distribu-

   (6) 

also normally distributed with mean 

The uncertainty interval [5] can be introduced by considering the Chi-square 
distribution with associated n degrees of freedom. With the pre-arranged 

p= ,  (7) 

; the extremes of the interval 2
αχ  

quantiles of the distribution func-

  (8) 

Such quintiles are tabulated for dif-

corresponding to the respective β  but they can 
be obtained more efficiently by means of specific statistic software. 
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Table 1 summarizes the results concerning the amplitude of the uncertainty i
terval with α = 0.025 ÷ 0.005 and 
four histograms of 510  random generated observed values for different degrees of 
freedom fitted with Gaussian distribution can be obtained, as shown in Fig. 1. For 
each case, the mean and the standard dev

Table 1. Uncertainty interval amplitude in function of 
v 2

025.0χ  
1 0.000982 
2 0.0586 
5 0.831 
10 3.247 
20 9.951 
50 32.357 
100 74.222 

 
The ratio of two independent chi

tive degrees of freedom, is a random variable 

The probability density function of 

( )21,`; vvmf
Γ

=

 
a) DOF = 1 
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Table 1 summarizes the results concerning the amplitude of the uncertainty i
= 0.025 ÷ 0.005 and ν  = 1 ÷ 100 according to Eq. 

random generated observed values for different degrees of 
freedom fitted with Gaussian distribution can be obtained, as shown in Fig. 1. For 
each case, the mean and the standard deviation are also computed [3, 6].

Table 1. Uncertainty interval amplitude in function of ν  and 
2

975.0χ  2
005.0χ  

5.024 0.0000393 
7.378 0.01 
12.832 0.412 
20.483 2.156 
34.170 7.434 
71.420 27.991 
129.561 47.328 

The ratio of two independent chi-square variables, each divi
tive degrees of freedom, is a random variable 

21
,ννF  defined as follows:
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The probability density function of 
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Table 1 summarizes the results concerning the amplitude of the uncertainty in-
ording to Eq. (7). Consequently, 

random generated observed values for different degrees of 
freedom fitted with Gaussian distribution can be obtained, as shown in Fig. 1. For 

iation are also computed [3, 6]. 
and α  

2
995.0χ  

7.879 
10.597 
16.750 
25.188 
39.997 
79.490 
140.169 

square variables, each divided by its respec-
defined as follows: 

  (9) 

can be represented by: 
)

) 2)``(

12

21 vv +

−

 (10) 
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b) DOF = 5 

c) DOF = 20 

d) DOF = 100 

Fig. 1. Four histograms of 
grees of freedom (DOF) fitted with Gaussian distribution. Mean and standard devi

tion is also computed in eac
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Fig. 1. Four histograms of 510  random generated observed values for different d
grees of freedom (DOF) fitted with Gaussian distribution. Mean and standard devi

tion is also computed in each case. 
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International Scientific Conference

“Advanced Information Technologies and Scientific Computing”
 

It can be observed that the distribution is asymmetric and, in this case, the 
quintiles ( )

21
,ννβm  defined as:

({ 1,` vvFP

This can be verified, considering that 

Therefore it is possible to write the following expression:

The theoretical contribution to assess the uncertainty interval, with relative 
confidence level, in the case of n successive observations is propose
is based on the Chi-square and Fisher distributions and the validity is proved by a 
numerical example. 

Thus, the presented work, confirms the prospects of using the method for u
certainty evaluation of different measurements.
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It can be observed that the distribution is asymmetric and, in this case, the 
defined as: 

) ( )} (
( )

∫=≤
21 `,`

0
1212 ,`,`,``

vvm

vvmfvvmv
β

β

This can be verified, considering that 222
2121 vvvv χχχ +=+  and 

Therefore it is possible to write the following expression: 

( )( )
),(

1
,

21
211 vvm

vvm
β

β =−   

The theoretical contribution to assess the uncertainty interval, with relative 
confidence level, in the case of n successive observations is propose

square and Fisher distributions and the validity is proved by a 

Thus, the presented work, confirms the prospects of using the method for u
certainty evaluation of different measurements. 
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