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The measurement results make sense if a quantitative assessment of their
accuracy is indicated. Relatively recently, a new quantitative assessment of
measurement accuracy, namely, measurement uncertainty, was standardized [1]-[3].
The methods for uncertainty evaluation are given in [4]. The Monte Carlo method
(MCM) performs random sampling from probability distribution of the input
quantities, and it provides a probability density function for the output quantity as the
final result, from which the coverage interval can be determined.

Monte Carlo method was devised as an experimental probabilistic method to
solve difficult deterministic problems since computers can easily simulate a large
number or experimental trials that have random outcomes.

1. Algorithm of Monte Carlo method for uncertainty estimation. This
method basically consists in randomly generate a number M of Monte Carlo trials in
where the distribution function of the value of the output quantity Y will be
numerically approximated. Then a sample vector of the input quantities can be drawn
repeatedly using random number generators. For each input sample vector the
corresponding value of the output quantity is calculated by measurement model. The
set of the M output sample vectors yields an empirical distribution which can be used
to approximate the correct random distribution of the output quantity. It is
recommended to use M > 10° to estimate a 95% coverage interval for the output
quantity [5].

The following single steps of the Monte Carlo algorithm for uncertainty
estimation, shown in Fig. 1 form the formal procedure described in [5], [6]:

1) Select the number M of Monte Carlo trials to be made.

2) Generate a set of N input parameters {x), ..., xy}, which are random
variables distributed according to a probability density function assigned to each
input parameter. This process should be repeated M times for every input quantity.

3) Calculate the corresponding value of quantity Z under measurement using
the following model:

zp=flxyj, ..., xyp) forj=1,..., M. (1)

From this sample it is possible to estimate the probability density function of z.
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4) Calculate the mean and the standard deviation from output vector {zi, ..., zy}
as the measurement result z for Z and its associated standard uncertainty u(z).
5) Sort the output vector in ascending order and determine a coverage interval
[z1, zy] at coverage probability p [7]:
z; =round((M+1)y) and zy=round((M+1)(1-y)), (2)
where vy is the significance level (y=0.025 for 95% coverage probability) and the
function round(p) is used to represent the nearest integer to 3.
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Fig. 1. Schematic flow graph of uncertainty evaluation using MCM [5]

Two examples for the illustration of uncertainty evaluation demonstrate the use
of Monte Carlo method. There are software applications that are specifically
developed for calculating measurement uncertainties, some of which use the MCM
[8]. But it is possible to implement the MCM in general purpose engineering
calculation media such as MATLAB, with the aid of which all the following
computations were made.

Resistance measurement. In the first example, a resistance measurement
using voltmeter and amperometer method (Figure 2) for small resistances (the value
of the resistance under test R, should be much lesser than R,), in which voltage and
current values recorded by a digital multimeters is considered. This is an indirect
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measurement where the simple model R, = U/l is implemented, where R, is the
electrical resistance of the resistor under test, U is the voltage drop on the resistor and
I is the current measured by amperometer. The measurement was performed under
reference conditions for the instruments. The input resistance of the voltmeter R, = 10
MQ and its value is considered in the calculation. The more accurate model for
resistance indirect measurement is the following:
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Figure 2. The schema for indirect measurement of an electrical resistance

Table 1 provides the probability distribution parameters assigned to the
different input quantities. None of the input quantities are considered to be correlated
to any significant extent. From this data, it is possible to use MCM to obtain an

estimate ﬁ’; , its related standard uncertainty u(R) and the 95% coverage interval.

Table 1. Assigned input quantities and probability distribution
for resistance measurement

Quantity X;| Estimate x; | Probability distribution | Uncertainty contribution u;(z)

U 2467V Uniform 4.581 mV

I 117.624 mA Uniform 68.596 A

The result of measurement for the 20 Q resistance i1s 20.973 €. The
measurement is repeated 150 times without detecting any scatter in the observations.
Thus, uncertainty due to limited repeatability does not give a contribution.

The results of calculation stage that were obtained using 1100 trials are as
follows:

— Standard uncertainty u(R) = 0.3585 Q.

— Expanded uncertainty U(R) =0.717 Q.

— 95% confidence interval = [20.902, 21.0454] Q2.

The MCM approach gives the same value of R, as the conventional standard
method described in the Guide to the Expression of Uncertainty in Measurement
(GUM) [4] though the coverage interval deduced by MCM turned out to be
approximately 14% narrower than that of the GUM method. This difference is due to
the Gaussian approximation made in the GUM method instead of the uniform
distribution assumed by the MCM in this situation.

DC power measurement. In the second example, an indirect DC power
measurement using voltage and current values recorded by digital multimeters is
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considered. For DC voltages and currents, power is simply the voltage across a pure
resistance multiplied by the current through this element: P = UI.

Connection of the instruments and the resistor for DC power measurement is
the same as the connection for the resistance measurement (Figure 2). If we consider
the input resistance of the voltmeter R,, the model will have the form:

p=ur-Y*. (4)

V

None of the input quantities are considered to be correlated to any significant
extent.

The digital multimeters were used for this measurement. The input resistance
of the voltmeter is R, = 10 MCQ. Table 2 provides the probability distribution
parameters assigned to the different input quantities. The result of DC power
measurement is 2.160 W.

Table 2. Assigned input quantities and probability distribution
for DC power measurement

Quantity X;| Estimate x; | Probability distribution | Uncertainty contribution u(z)

U 1475V Uniform 0.08 V

| 146.468 mA Uniform 0.29 mA

The results of calculation stage that were obtained using 1100 trials are the
following:

— Standard uncertainty u(R) = 0.0111 W.

— Expanded uncertainty U(R) = 0.0222 W.

— 95% confidence interval = [2.1380, 2.1824] Q.

In this example the distribution of the output quantity is trapezoidal. Difference
in the 95% coverage interval established by MCM and GUM i1s minimal.

Conclusions. Monte Carlo method is practical numerical method for
evaluating uncertainty of measurement in practice. Evaluation of measurement
uncertainty of indirect measurements by Monte Carlo method and its relation to the
GUM has been described. The implementation in MATLAB of the MCM has been
illustrated by two application examples.

Hence, the described MCM 1is well suited for uncertainty calculation and
should be applied in cases where the assumptions defined in the standard method of
the GUM cannot be successfully applied.
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A.K. Anumypanos, A.1O. Terukos, [1LI1. Hypakos

I[TPUMEHEHHME KEIICTPAJIBHOT'O AHAJIN3A 1 JTEKOMITO3UIIMA
HA SMITUPUYECKUE MOJIbI B 3AZJAYAX OBHAPYXXEHMA 1 OLEHKU
[TCUXOOMOILIMOHAJIBHBIX PACCTPOUCTB YEJIOBEKA I10 PEYHA

(ITenzeHckuit rocy1apCTBEHHBI YHUBEPCHTET)

B ocHoBe oOOHapyKeHHsi W OILIEHKH TICHXOAMOIMOHAIBHBIX PAacCCTPOMCTB
4eli0oBeKa MO PEYH JICKHUT BAKHOE MPABHIO: MATO(PU3MOIOTHYECKUE MEXaHU3MBI
Pa3BUTHS TCUXUYECKHUX PACCTPOHCTB CTPOSATCA HA NPUHLIMIAX B3aUMOJCHCTBHS
HEPBHOM M peucoOpasyrolei CUCTEM OpPraHU3Ma; PacCTPOIICTBA HEPBHOM CHUCTEMBI
AKTUBUPYIOT KacKajJ MEXaHU3MOB, BIMSIOIMX HAa (PYHKIMOHAI  OpraHoB
pedeobOpasytomieit cucreMbl. M3 naHHOTO mpaBuia MOXHO CHENaTh BBIBOJ, 4TO
IICUXO0IMOUMOHAJILHBIE PACCTPOMCTBA «3alIM(ppPOBaHb) B PEUEBBIX CUIHAJIAX B BHJIC
MHQOPMATHUBHBIX MapaMeTpoB [1].

ToyHoCTh OOHApY)KEHHUS W OLCHKH ICHUXOAMOLIMOHAJIBHBIX PACCTPONCTB
HAMPSIMYIO 3aBHCHT OT KauyecTBa TpeABAPUTEITHHONH 00pabOTKH M TMOCIETYIOIIEro
aHanu3a UHGOPMATUBHBIX MMAapaMETPOB pedeBbIX curHaioB. KoppektHas oOpaboTka
peun ompenenseTcs TOYHOCTBIO M3MEPEeHUS HWHPOPMATHBHBIX XapaKTEPHUCTHK
(aMIUIMTYJHO-BPEMEHHbIX, CHEKTPAIbHO-4YACTOTHBIX M KeNcTpajbHbIX). [naBHOM

OpUYMHOM  OOJBIIMX  HOrPEIIHOCTEH  OpH  HM3MEPEHHMH  MH()OPMATUBHBIX
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