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: x_ Rayleigh Waves
Fig. 1. Rayleigh waves
Perturbations on a surface bounding an elastic half-space can cause the propagation of
waves due to the fact that their amplitude reaches a maximum on the surface and that they
decay rapidly with depth. These waves are of great importance in seismology. Consider the
elastic half-space x;= 0 and assume that the surface wave arrives in the direction of the x;
axis. This kind of wave can arise if the perturbation causing it does not depend on the variable
x3. The independence of the surface wave from the variable x3 is the reason that u; = 0 and
£33 = &3 = &3 =Here we are dealing with a skew deformed state.
The motion recorded in three-dimensional problems with the help of the potentials ¢
and vy in the form

U; = @;+€j Py, Lj, k=123, (1)
will take the following form in the two-dimensional problem:
Uy = @1+, Uy = Q=Y (2)

where ¢ and y are scalar potentials.
The Lame equation is simplified:
ip=0, 5=0; 3)
here
F=Vi-50n  Vi=oi+dfa=12

The solution of the wave equations will be sought in the form
¢ = (xexp[~i(wt = kxz)], ¥ = (x1)exp [~i(wt — kx3)]; 4)
hence it is seen that the harmonic wave is in time and propagate in the x, axis. The phase
velocity, as yet unknown, is. Substituting (4) into (3), we obtain from the latter the ordinary
differential equations ¢ = w/k

ato azy w?
=~ —vid =0, ~—VviY =0, where Ve = (k%2 —5)Y2.(5)
dxi dxi (op

From the general solutions of equations (5) we choose only those that correspond to a
decrease in the amplitude of the wave with depth:

= Ae V1*1 = Be V2¥1 Vo > 0a =1,2. (6)
Adopted here the postulate of extinction waves with depth leads to the assertion

v, (a = 1,2) that the values must be real and positive.
011(0,x5,t) = 0, 012(0,x5,8) = 0, 013(0,x5,t) = 0. (7
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The latter condition is identically satisfied by the assumption of independence of the
deformations of the variable x3 as
011 = 2U&1q + A&k, 01z = 2UE1p, gk = 01Uq + OzUy, )
Then substituting the relations (2) into (8), we obtain
011 = 2U07 @ + AViQ + 210105, 015 = u[20,0,¢ + 35 — 07YP]. ©)
Substituting in (9) the expressions
@ = Aexp[—vix; — i(wt — kx,)], Y = Bexp[—vyx; — i(wt — kx;)]
From the compatibility condition for this system of homogeneous linear equations,
[A(vZ — k?) + 2uvZ](k? + vZ) — 4pvyv,k? = 0. (10)
This solution,
2
(262 = %) —avw,k? =0, or (2—n)? = 4(1— 931 -2 (11)
2
We need to add a few words about the velocity of the Rayleigh waves. We know that
cg < ¢, < cq and that in an unbounded space, longitudinal waves call changes in volume, and
transverse waves - change in shape. The resistance change of the medium volume much larger
than change in shape. Therefore, the phase velocity of longitudinal waves is greater than the
phase velocity of transverse waves. Surface waves propagate near the boundary of the
medium in the region of discontinuity of material constants between the elastic medium and
the atmosphere. Near the boundary, the resistance of the medium to the propagation of waves
is the least, the medium is more pliable. Therefore, the velocity of surface waves is less than
the velocity of spatial (longitudinal and transverse) waves.
Surface waves are also of great importance in ultrasonic studies and in flaw detection
in the study of surface defects of a structure.
The discovery of surface waves by Rayleigh theoretically and later their finding
experimentally is an excellent example of the effectiveness and fruitfulness of theoretical
studies.
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