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Àííîòàöèÿ. Â ñòàòüå ðàññìàòðèâàåòñÿ âëèÿíèå ñëó÷àéíûõ âîçìóùåíèé íà êðèòè÷åñêèå
ÿâëåíèÿ â äèíàìè÷åñêîé ìîäåëè ýëåêòðîõèìè÷åñêîé ðåàêöèè. Êëàññè÷åñêèå òåîðèè
ïðåäïîëàãàþò, ÷òî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîêèíóò ëþáóþ îêðåñòíîñòü
óñòîé÷èâîãî ïðåäåëüíîãî öèêëà, åñëè ê ñèñòåìå äîáàâèòñÿ áåëûé øóì. Èññëåäîâàíî
âîçäåéñòâèå âíåøíèõ âîçìóùåíèé íà ïðåäåëüíûé öèêë, â êàæäîé òî÷êå êîòîðîãî íàéäåíà
÷óâñòâèòåëüíîñòü öèêëà ê øóìó. Áûë âûïîëíåí àíàëèç èíäóöèðîâàííûõ øóìîì ïåðåõîäîâ.

1. Ââåäåíèå

Íåóñòîé÷èâàÿ ðàáîòà ëþáîãî ïðîìûøëåííîãî àãðåãàòà, êàê ïðàâèëî, ñîïðîâîæäàåòñÿ
êàêèìè-òî ïîòåðÿìè. Íåóñòîé÷èâîñòü ðåæèìà ðàáîòû ýëåêòðîõèìè÷åñêîãî ðåàêòîðà
ïðèâîäèò â îäíèõ ñëó÷àÿõ ê åãî îñòàíîâêå èëè ñîêðàùåíèþ ïðîèçâîäèòåëüíîñòè, â äðóãèõ �
ê áðàêó ïðîäóêòà, â-òðåòüèõ � ê âçðûâó è ò. ä. Ïîýòîìó âûÿñíåíèå óñëîâèé óñòîé÷èâîñòè
ìîæíî òðàêòîâàòü êàê ñîñòàâíóþ ÷àñòü çàäà÷è î íàäåæíîñòè, ðàáîòîñïîñîáíîñòè è äàæå
ýêîíîìè÷íîñòè òåõíîëîãè÷åñêîãî ïðîöåññà.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âëèÿíèÿ øóìà â äèíàìè÷åñêîé ìîäåëè
ýëåêòðîõèìè÷åñêîé ðåàêöèè Êóïåðà-Ñëàéòåðà [1], ëåæàùåé â îñíîâå ðàáîòû ýëåêòðîõèìè-
÷åñêèõ ðåàêòîðîâ. Ýëåêòðîõèìè÷åñêèé ðåàêòîð ïðåäíàçíà÷åí äëÿ ýëåêòðîõèìè÷åñêîãî ïðå-
îáðàçîâàíèÿ ðàçëè÷íûõ æèäêîñòåé, òàêèõ, êàê ìîëîêî, ðàñòèòåëüíûå è ìèíåðàëüíûå ìàñëà,
ðàñòâîðû óãëåâîäîâ, àììèàêà, ñïèðòîâ, îðãàíè÷åñêèõ è íåîðãàíè÷åñêèõ óäîáðåíèé è ìíîãèõ
äðóãèõ.

Âàæíûì ìîìåíòîì ïðåäñòàâëåííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ïîâåäåíèÿ ñèñòåìû
ïîä âëèÿíèåì åñòåñòâåííî ïðèñóòñòâóþùèõ ñëó÷àéíûõ âîçìóùåíèé. Â õèìè÷åñêîé ñèñòåìå
ðîëü ñëó÷àéíûõ âîçìóùåíèé ìîãóò ñûãðàòü ðàçëè÷íûå ïðèìåñè, òåïëîâûå êîëåáàíèÿ è
ìíîãèå äðóãèå âíåøíèå ôàêòîðû. Íàëè÷èå ñëó÷àéíûõ âîçìóùåíèé ìîæåò ïðèíöèïèàëüíî
èçìåíÿòü ïîâåäåíèå ñèñòåìû.

2. Äèíàìè÷åñêàÿ ìîäåëü

Â áåçðàçìåðíîì âèäå äèíàìè÷åñêàÿ ìîäåëü ýëåêòðîõèìè÷åñêîé ðåàêöèè ïðåäñòàâëÿåò ñîáîé
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

du

dt
= −kaexp(γθ/2)u(1− θ) + kdexp(−γθ/2)θ + 1− u = f(u, θ), (1)
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β
dθ

dt
= kaexp(γθ/2)u(1− θ)− kdexp(−γθ/2)θ − keexp(α0fE)θ = g(u, θ), (2)

ãäå ïåðåìåííàÿ u � ýòî áåçðàçìåðíàÿ êîíöåíòðàöèÿ Õ ïî ïîâåðõíîñòè (ïîâåðõíîñòíàÿ
êîíöåíòðàöèÿ), β � áåçðàçìåðíàÿ îáúåìíàÿ êîíöåíòðàöèÿ Õ. Áåçðàçìåðíàÿ ïåðåìåííàÿ
θ îòðàæàåò êîëè÷åñòâî àäñîðáèðîâàííîãî íà ïîâåðõíîñòè ýëåêòðîäà âåùåñòâà Õ.

Òàê êàê ïàðàìåòð β ÿâëÿåòñÿ ìàëûì, òî ñèñòåìà (1),(2) ÿâëÿåòñÿ ñèíãóëÿðíî
âîçìóùåííîé.

Â ðàáîòàõ [2] � [4] áûë ïðîâåäåí äåòàëüíûé àíàëèç äåòåðìèíèðîâàííîé ìîäåëè ñ
ïîìîùüþ ìåòîäîâ òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé è ÷èñëåííûìè ìåòîäàìè, âûäåëåíû
îñíîâíûå òèïû ðåæèìîâ ñèñòåìû [5] � [8]. Áûë âûäåëåí íîâûé òèï ðåæèìà ïðîòåêàíèÿ
ðåàêöèè, ïðè êîòîðîì ìîäåëèðóþùàÿ òðàåêòîðèÿ ñîäåðæèò ó÷àñòîê ìåäëåííîãî äâèæåíèÿ
âäîëü íåóñòîé÷èâîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ ñîîòâåòñòâóþùåé äèôôåðåíöèàëüíîé
ñèñòåìû. Òàêèå òðàåêòîðèè ñèíãóëÿðíî âîçìóùåííûõ ñèñòåì íàçûâàþòñÿ òðàåêòîðèÿìè-
óòêàìè. Ïîêàçàíî, ÷òî äàííûå ðåæèìû ÿâëÿþòñÿ êðèòè÷åñêèìè, òàê êàê èãðàþò ðîëü
ñâîåîáðàçíîãî âîäîðàçäåëà ìåæäó äâóìÿ îñíîâíûìè òèïàìè ðåæèìîâ ïðîòåêàíèÿ ðåàêöèè:
óñòîé÷èâûì öèêëîì (ïîëîæåíèå ðàâíîâåñèÿ) è ðåëàêñàöèîííûìè êîëåáàíèÿìè (ïðåäåëüíûé
öèêë) [7, 9, 10].

Ïîñòàâëåí âîïðîñ âëèÿíèÿ ñëó÷àéíûõ âîçìóùåíèé íà êðèòè÷åñêèé ðåæèì â èññëåäóåìîé
ìîäåëè. Òàê êàê áûëî ïîêàçàíî, ÷òî òàêîé ðåæèì ìîäåëèðóåòñÿ òðàåêòîðèåé-óòêîé, òî
íåîáõîäèìî ïðîâåñòè èññëåäîâàíèÿ òîãî êàê ôîðìà, ðàçìåð è âîçìîæíîñòü åå ñóùåñòâîâàíèÿ
ìåíÿþòñÿ ïîä äåéñòâèåì âîçìóùåíèé.

3. Ñòîõàñòè÷åñêàÿ ìîäåëü

Èññëåäóåòñÿ ìîäåëü ýëåêòðîõèìè÷åñêîé ðåàêöèè òèïà Êóïåðà-Ñëàéòåðà ñ ó÷åòîì ñëó÷àé-
íûõ âîçìóùåíèé. Ïðåäïîëàãàåòñÿ, ÷òî â ñèñòåìå ïðèñóòñòâóåò áåëûé øóì ìàëîé èíòåíñèâ-
íîñòè. Â òàêîì ñëó÷àå ìîäåëü ìîæåò áûòü ïðåäñòàâëåíà â âèäå

du

dt
= −kaexp(γθ/2)u(1− θ) + kdexp(−γθ/2)θ + 1− u+ ε

.
w1, (3)

β
dθ

dt
= kaexp(γθ/2)u(1− θ)− kdexp(−γθ/2)θ − keexp(α0fE)θ + ε

.
w2, (4)

ãäå w1 è w2 � ñêàëÿðíûå ñòàíäàðòíûå íåçàâèñèìûå âèíåðîâñêèå ïðîöåññû, à ε �
èíòåíñèâíîñòü ñëó÷àéíîé ïîìåõè.

Äëÿ àíàëèçà ÷óâñòâèòåëüíîñòè ê øóìó ñòîõàñòè÷åñêîãî ðàâíîâåñèÿ äèíàìè÷åñêîé
ñèñòåìû ïðèìåíÿåòñÿ ìåòîä ôóíêöèè ñòîõàñòè÷åñêîé ÷óâñòâèòåëüíîñòè, îïèñàííûé â
ðàáîòå [11]. Ïîëó÷åííûå ðåçóëüòàòû ãîâîðÿò î òîì, ÷òî ñèòóàöèÿ ìîæåò ñòàòü íåñòàáèëüíîé
íå òîëüêî èç-çà â êîðíå íåïðàâèëüíûõ äåéñòâèé, íî è èç-çà íåáîëüøèõ èçìåíåíèé
îïðåäåëåííûõ ïàðàìåòðîâ. Ïðè òàêèõ èçìåíåíèÿõ ñèñòåìà ìîæåò ïðåòåðïåâàòü ïåðåõîä îò
íåáîëüøèõ êîëåáàíèé, ñîîòâåòñòâóþùèõ áèôóðêàöèè Àíäðîíîâà-Õîïôà, ê êðèòè÷åñêîìó
ðåæèìó, ìîäåëèðóåìîìó òðàåêòîðèåé-óòêîé, ÷òî ñîîòâåòñòâóåò ðåçêèì êîëåáàíèÿì â
ñèñòåìå è íåñòàáèëüíîìó ïðîòåêàíèþ ðåàêöèè.
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Аbstract. The paper deals with the effect of random perturbations on critical 
phenomena in a dynamic model of an electrochemical reaction. Classical theories 
predict that solutions of differential equations will leave any neighbourhood of a 
stable limit cycle if white noise is added to the system. The effect of external 
disturbances on the limit cycle is investigated, the sensitivity of the cycle to noise 
found. An analysis of the noise-induced transitions is performed.

Keywords: singular perturbations, invariant manifold, critical phenomena, canard, 
random perturbation.

Effect of random perturbations on critical phenomena in a 
dynamic model of an electrochemical reaction
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