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Abstract

Channel estimation and prediction algorithms are developed for use in broadband OFDM data transmission over non-ideal chan-
nels. The scalar complex channel coefficients are described by Gauss—Markov AR models of a given order in state space form
to model the channel fading statistics. On this basis, the conventional Kalman filtering and prediction algorithm (CKFPA) is
presented as a starting point for further development.

A novel numerically stable channel estimation algorithm based on the original KFPA solution, the so-called extended Array
UD Covariance Filter (eUD-CF) algorithm, is developed. The accuracy of the eUD-CF estimator is analyzed by the method
of computational experimentation. The simulation results demonstrate that the developed algorithm can effectively restrain the
CKFPAs instability problem. The aspects of a parallel implementation of the suggested algorithms are also considered.
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Introduction

In the current era of building a better-connected world, there emerged many sophisticated radio and information technologies
and standards. MIMO (Multiple-Input and Multiple-Output) technology is the use of multiple antennas to improve communication
performance. Now it exists in different forms: as multi-antenna MIMO (or single user MIMO), as full multi-user MIMO (MU-
MIMO or network MIMO), and as partial multi-user MIMO (or multi-user and multi-antenna MIMO). MU-MIMO is considered
in recent WiMAX (Worldwide Interoperability for Microwave Exchange) standard as adoptable in the specification by many
communication companies. As a wireless broadband technology, WiMAX is designed to provide 30 to 40 megabit-per-second
data rates, with the 2011 update providing up to 1 Gbit/s for fixed stations.

The physical layer (PHY) of WiMAX is based on the orthogonal frequency-division multiplexing (OFDM) that ensures high-
speed data, video, and multimedia digital communication in applications such as digital television and audio broadcasting. OFDM
has developed into a modern scheme. It is a method of encoding digital data on multiple carrier frequencies based on the idea of
dividing a given data stream with high bit-rate into several parallel low bit-rate data streams. The data streams are then modulated
on separate carriers often known as sub-carriers or tones.

OFDM Fundamentals [1]

The OFDM architecture (with cyclic prefix) is depicted in Fig. 1. On the transmitter (blocks 1 to 5), the input stream comes
as a series of data bits in the time domain. In block 1, it is divided into N parallel sub-streams moving data with reduced
data rates. In block 2, each sub-stream is converted to a required modulation format using one of the several available digital
modulation techniques: PPM — pulse-position modulation also known as pulse-phase modulation, QAM — quadrature amplitude
modulation, QPSK — quadrature phase shift keying, BPSK — binary phase shift keying, or others. The sub-stream converted
data bits are superimposed on the orthogonal subcarriers being a set of N parallel sinusoidal oscillators tuned to N orthogonal
frequencies fy, fi,. .., fv—1. Resulting values X, k = 0,1,...,(N — 1) in the set {Xy, X;,...,Xy-1} are treated in complex domain
(with j= V-1 ) as mapped to the IFFT inputs (to block 3). The IFFT output set of values

g 2mkn g 2mkn
x[n]zZX(k)sin( )—jZX(k)cos( ) n=0,1,....(N-1)
k=0 N k=0 N

is added with cyclic prefix (CP) and then converted from the parallel to serial form s[n] = (xg, Xy, ..., xy—1) treated as a single
OFDM signal symbol s[#n] to be transmitted through the channel at time n. Adding CP in block 4 to each OFDM signal symbol
assists to eradicate the ISI (Inter Symbol Interference) and ICC (Inter Carrier Interference) as long as the duration of the CP is
lengthier than the channel delay spread. The delay spread of a multipath channel is defined as the root-mean-square (RMS) value
of the delay of reflections in the channel which is proportionally weighted to the energy of the reflected waves initiated by the
objects in the channel, the medium between the transmitting antenna and the receiving antenna.

The transmitted signal symbol s[n] (at time n) is externally influenced by two phenomena: 1) multiplication by the channel
impulse response h[n] often refered to as “channel” and 2) addition of noise v[n], thus resulting in the received signal symbol

ylnl = s[nlhln] + v[n].
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Fig. 1. OFDM Architecture with Cyclic Prefix. Legend: 1 — Serial to Parallel; 2 — Modulation; 3 — IFFT (Inverse FFT); 4 — Add Cyclic Prefix; 5 — Parallel to
Serial; 6 — Channel; 7 — Serial to Parallel; 8 — Delete Cyclic Prefix; 9 — FFT (Fast Fourier Transform); 10 — Frequency Domain Equalizer; 11 — Demodulation; 12
— Parallel to Serial.

At the receiver (blocks 7 to 12), y[n] as a series of values (g, y1, ..., yn-1) acquires the parallel form (in block 7) from which
CP is deleted in block 8. The parallel set of values (rg, r1,...,ry-1) obtained by this means is put through the FFT process (in
block 9) to obtain values

N-1 N-1
Rkl = " rn)sin (2’;\/"") + j; r(n) cos (2’;{”

), k=0,1,...,(N-1)
n=0

in complex domain. Equalization (in block 10) is the process of adjusting the balance between these frequency components within
an electronic signal which may suffer severe attenuation distortion that occurs during transmission when the transmission medium
does not have a flat frequency response (or channel impulse response, CIR) across the bandwidth of the medium or the frequency
spectrum of the signal. In digital subscriber line (DSL) circuits, echoes due to impedance mismatch often cause attenuation
distortion so severe that some frequencies must be automatically mapped out and not used. When a channel has been “equalized,”
the frequency domain attributes of the signal at the OFDM system input are faithfully reproduced at the output.

The need for a good equalizer explains why the channel estimation is a crucial task.

OFDMA Basics [2]

Orthogonal Frequency-Division Multiple Access (OFDMA) is a MU version of the OFDM digital modulation scheme. Multi-
ple access is achieved in OFDMA by assigning subsets of subcarriers to individual users. Each user has access to only a specific
(allocated to the user) portion of the wide OFDM spectrum. This allows simultaneous low data rate transmission from several
users both on the DL (downlink) and UL (uplink) direction. OFDMA, as distinct from OFDM, organizes the time (i.e. symbols)
and the frequency (i.e. sub-carriers) resources into sub-channels for allocation to different users which permits for multiple ac-
cess. The symbol structure of the OFDMA consists of three types of sub-carriers namely: Data Sub-carriers, they are used for the
transmission of information data; Pilot Sub-carriers, they are used for channel estimation and for synchronization purposes; and
Null Sub-carriers, these are used as guard bands and DC (Direct Current) subcarriers.

OFDMA sub-channelization involves the grouping of active data and pilot subcarriers into groups called sub-channels. The
sub-channels are then dynamically allocated for subscribers based on channel condition and data requirements. Sub-channelization
is supported by the WiMAX OFDMA-PHY both in the DL and UL. Using the OFDMA technique, specifically the Scalable-
OFDMA (S-OFDMA), enables a flexible allocation of spectral resources for a wide range of channel bandwidths.

Research territory and a research niche

Channel estimation has attracted the attention of many researchers in the world. In [3], the authors are concerned with modeling
of time-varying wireless long-term fading channels, parameter estimation, and identification from received signal strength data.
Stochastic differential equations (SDEs) are used to model ultrawideband (UWB) indoor wireless channels in [4] and extended
Kalman filter is employed to identify and estimate the channel parameters and states recursively. Paper [5] presents an overview of
ultra-wideband (UWB) propagation channels and discusses measurement techniques and methods for extracting model parameters.
Autoregressive (AR) stochastic models were considered in [6] for the computer simulation of correlated Rayleigh fading channels.
The work [7] was devoted to the channel estimation of the MIMO-OFDM system based on Modified Kalman Filter (MKF). A
comprehensive model for UWB propagation channels presented in [8] is based on a large number of measurement and simulation
campaigns and includes the most important propagation effects in UWB channels; it was accepted as the standardized model by
IEEE 802.15.4a. Authors of [9] have presented a first-order stochastic AR model for a wireless channel, which is based on SDE
modeling of stationary Rayleigh fading wireless channels with “multipath reception” characterization. In [10], estimation of the
channel matrix at the receiver with Extended Kalman Filter (EKF) was introduced for the blind equalization of OFDM signals
that lessens a cost function which is composed of equalized and sliced symbols. An equalizer based on Kalman algorithm was
developed in [11] and put into practice for the parallel OFDM modem “South Wind” (Russia production). Paper [12] investigates
the estimation of time varying channels for UWB impulse radio communication, where the channel parameters considered are the
attenuations and delays incurred by the signal echoes along the different propagation paths. A new form of Kalman filter with
improved numerical properties is presented in [13] and its application communications signal processing is discussed.
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As it can be seen from the literature, central problems in channel estimation are: (a) building a channel model and (b) using
Kalman filtering technique for the model state (and parameters) estimation. Most of the recent studies have focused on a broad
array of issues surrounding the AR channel models as being the best option for finding an adequate solution to the both problems.

However, the methods mentioned above as well as other existing channel estimating principles suffer from some limitations
mainly concerning the treatment of the AR model as having, in this application, the lowest order (the order is unity) and the use of
the simplest possible version of Kalman Filter, the so-called “conventional KF,” which is known to be vulnerable to ill-conditioned
data and so numerically inefficient. The steady method upon which the present channel estimation is based, eliminates these
limitations by introducing a numerically efficient Kalman filter algorithm, and also it can be implemented in a parallel fashion for
the OFDMA (multi-user) OFDM system.

The paper is organized as follows. Section 1 creates the mathematical framework for the problem considered by describing
the Gauss—Markov AR model written in the state space concerning channel states and measurements (the receiver inputs). The
mathematical notation used here or hereafter is as is customary in stochastic models and estimation theory, not as is the convention
in radio engineering. In Section 2, the concept of Conventional Kalman filter is briefly introduced intending to the task of channel
estimation. Development results of a novel numerically stable channel estimation algorithm based on the original solution, the so-
called Extended Array UD Covariance Filter (€UD-CF) algorithm, is presented in Section 3. In Section 4, a parallel architecture
implementing the eUD-CF algorithm for channel estimation most efficiently, is given, followed by conclusions in the paper ending.

1. Channel Model for OFDM Links

Consider the Gauss—Markov AR model written in the state space:

X1 = O +Twy, t=0,1,...; )
v = Hxp+v, t=1,2,...
. T .
where combined state vector x, = [xgl)T | | xfm)T] consists of m sub-vectors xgk)T = [xglf)nk bl | xf]f)l | xfk)], k=1,...,m,

corresponding to m different sub-channels; y; is the measurement vector; the process noise w; and the measurement noise v; are
mutually independent random (Gaussian) sequences, i.e., w; ~ N(0, Q;) and v, ~ N(0,R;). Let these noises be independent of
some random initial state xy ~ N (Xo, Po).

Matrices that determine the system (1) have the following block (array) forms:

o, = diag [0, 0P, .- @], T = diag[rV.r?,....1™], 0, = diag[q".q”. - .q"]: .
H, = diag [Ht(l),H,(Z),--- ,H,(m)] , R, = diag [rﬁl),rfz);-- ,r,('")]
where
5 0 1 k = 1,....m
‘DE = m = the number of sub-channels
) GG n = 1,....,N 3)
® ”k‘“ T _1-’ . Or « = the k™ sub-channel dimension
r = [0,---,0,1]", ng-dimensional _ .
" . N = the greatest possible 7y
H,( - [0,---,0, s§ )], ni-dimensional

The following nomenclature (Table 1) gives an insight into variables and parameters used in the channel model:

Table 1. Model nomenclature

Name Meaning Range Dimension
X channel (state of) cr n=yp, n®
[ON channel transition Crmxn nxn

r channel noise input matrix R™™  npXm

W, channel noise cm m

Vi observed signal cn m

H, channel pilot subcarriers Cc™n mxn

vy channel observation noise cm m

0O, channel noise covariance C™m  mxm

R; channel observation noise covariance C™" mxm

Our goal is to estimate the unknown state vector x;, i.e., to calculate, at each discrete time instant ¢, the one-step predicted
estimate £,,—; minimizing the MSE criterion E [(x, = Ry (x, - fcm,])], given the available mesurements Y!™! = [y" | ... |yT 7.
The well-known Kalman filter algorithm [14, 15] is an ideal theoretical tool for solving the linear estimation problem.
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2. Channel Estimation Algorithm Based on Conventional Kalman Filter

Let us formulate the Conventional Kalman Filter (CKF) algorithm for UWB OFDM channel estimation with the above model.
Taking into account the block diagonal structure of system matrices (3), we design the estimation algorithm in the form of m
concurrent CKFs as it is described in the below.

Fork = 1,..., mimplement the discrete Kalman Filter ¥ to estimate the unobservable state vector xﬁk) from the noise-corrupted

-1
measurements (Y("))t1 as follows ( = 0, 1,...):

k) _ k) o(k) (k) (k) ) _ =k

K = @ X + Kyl Xo-1 = %o s “4)
® _ 5® pk) 0OH (k! k  _ k) (k) ~(k) (k) _ pgk) pk)  pp()H (k)

Ky =oPPY HO(RY) e =y - HP RY = HPPQ HO + R, (5)

Matrix P

e appearing in the above formulas is the error covariance matrix, i. e.,

0 _ 0 _ o) N[, _ o\
Py, =E {(x, - xr|z—1) (xt - xt\t—l) }’
and it satisfies the difference Riccati equation

k k k)H k (k)T k) p(k k)H k k
P§+)l |t :(I); )Pm*lq)i ) + r( )Qg )F( - K;,I)RE),I)K;,; ’ P(()|1| =H(()) > 0. (6)

Remark 1. At any discrete time instant ¢, one can easily obtain the predicted estimate &,—; = [féﬁ)— Tl | e Ail";_)lT]T

Remark 2. 1t is obvious that the bank of KFs {F; |k = 1,...,m} is ideal for organization of a parallel computing scheme that
can significantly accelerate the process of channel estimation.

Many recent papers were devoted to the solution of various channel estimation problems with the use of Kalman filtering
technique [16, 17, 18, 19]. However, it is well-known that the KF algorithm in its conventional form is numerically unstable due

to the Riccati computational procedure described by equation (6) (see, for instance, the discussion in [20]). Matrix PY has the

-1
physical meaning of variance of the state prediction error, xﬁk) - fcg?_ ,» and therefore has to be nonnegative-definite. As mentioned

in [21], round-off errors may destroy this property thus resulting in a failure of filter ;. The problem of machine round-off errors is
unavoidable due to the limited machine precision of real floating-point numbers. Unfortunately, it is impossible to fully remedy the
problem. However, one can significantly reduce the effect of round-off errors by designing some algebraically equivalent Kalman
filter implementations which may become the desired numerically efficient algorithms. Such solutions are based on variety of
matrix factorization methods as applied to the prediction error covariance matrices involved in the filter equations.

Since the invention of the KF in the 1960s, there has been a keen interest in the development of numerically stable and efficient
KF implementation methods [14]. In this paper we propose, instead of conventional KF, a new numerically efficient extended
array UD covariance filter (eUD-CF) for solving the channel estimation problem.

3. Numerically Stable Channel Estimation Algorithm Based on Extended Array UD Covariance Filter

The main idea of extended array algorithm is that all the quantities of the discrete filter are updated in an array form using
the orthogonal matrix transforms. It means that numerically stable orthogonal transforms are used for updating the corresponding
factors of the state error covariance and state estimate at each iteration step. More precisely, orthogonal operators are applied to
the pre-array (which accommodates the filter quantities available at the current step) to get the post-array in a special form. Then,
the required updated filter quantities are simply read out from the post-array. This feature makes the array algorithms better suited
to the parallel computations and to the very large scale integration (VLSI) implementations [22, 23]. The first information-type
extended array filter was built in [24]. The covariance-type extended array square-root algorithms were constructed in [23].

The special feature of the UD KF methods is that they are based on the modified Cholesky factorization of the state prediction
error covariance matrix P = UDU”, where U is a unit upper triangular matrix, D is a diagonal matrix and D > 0. The first UD
implementation of the KF was Bierman’s sequential algorithm [25].

Recently, a new extended array UD covariance filter (eUD-CF) was proposed in [26]. Its benefits are as follows:

1) robustness of computations against round-off errors,
2) lack of square-root operation,
3) avoiding the matrix inverse operation on each iteration of algorithm,
4) a compact and convinient extended array form of the UD filter.
Let us reformulate the algorithm eUD-CF adjusting it to the specific model structure (1) and (2).

First, we use the modified Cholesky decomposition of covariance matrix Py,—1 = Up,_, Dp,_, vt

Pt where U is a unit upper
triangular matrix and D is a diagonal matrix. Second, we introduce the following notations:

zt = (UP,\HDP”,_])_I )’em,] and bt = - (UR(,_,DR{,V,)_I é;.

-1
Finally, given the measurements (Y“‘))tl for k = 1,...,m, then the new eUD-CF algorithm intended to estimate the unobservable

state vector x§k> takes the following form.
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Algorithm 1. Extended array UD Covariance Filter (eUD-CF)

0. InrriaL pATA: 29 = 0 Po-p = Il > 0. Calculate the modified Cholesky factors {Ury,_,, Dr,_, }-
Set UQ0 =1, DQo = Qo, Ur, =1, Dg, = Ry.
1. RecursIveLy uppate {Up,,,,, Dp,,,,} and Z;; as follows (z > 0):
1.1. For{Up,_,, Dp,_}, {Ur, = I,Dg, = R}, {Ug, = I, Dg, = O}, 2 construct
a pair of the pre-arrays {A;, D,}:

L]0 g I (UrDR)"
Dt = diag{DQ,, Dp,IH . DR,}, ﬂt = F,UQ, (D,Upm_l 0 . (7)
0 H,Up,_, U,

1.2. Apply the modified weighted Gram-Schmidt (MWGS) orthogonalization of the columns of A,
with respect to the weighting matrix 9, to obtain a pair of the post-arrays {ﬂj, Z)j}:

Loz, b
DZ— = dlag{(*)’ DPr+1|r’ DRe.z}’ ﬂj = 0 UP:+1|1 KPJ URe,t
0 0 Ug,,

such that AY = A,'BY and A/ DA, = A, D, (A7), where B, is the MWGS-UD

transformation that produces the block upper triangular matrix A,* and diagonal matrix D,;
() is a value of no interest.

Remark 3. In our algoritm description, we omit the superscript *) for simplicity of notation.
Remark 4. At any discrete time instant ¢, one can easily obtain the predicted estimate

2t|t—1 = (UPt‘,_lDP,h_])’Z\t' (8)
The practical implementation scheme of eUD-CF algorithm is very simple. It consists of only 3 steps:

@ Fill in the block pre-arrays with the input data.
® Perform the MWGS-UD transformation.
® Extract the required output data from the block post-arrays.

The eUD-CF implementation scheme is shown in Fig. 2.

MWGS-UD

&y sy

post-arrays

pre-arrays

Lo J=t | ot WrDn) "
o

i @

Input: pre-arrays {A¢, D:} Output: post-arrays { A}, DJ}
Fig. 2. The eUD-CF implementation scheme.

In what follows, we discuss the accuracy of the designed eUD-CF estimator presented in Algorithm 1. It has the main property
to improve accuracy and robustness of the computations for a finite-precision computer arithmetics. To check this fact, we consider
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the set of ill-conditioned test problems from [14].

Examplel. (SET OF ILL-CONDITIONED TEST PROBLEMS )

Consider the state-space model (1) with {F, G, H, Q, R} given by

1 00 0
¢ 0 11 1

®={0 1 0|.G=|0.0=[1]. R:[ 2],}1:[ ]

0 0 1 0 0 o 1 1 1+6

with xo ~ N (0, I3)

where I3 denotes the 3 X 3-identity matrix. To simulate round-off we assume that 8% < Eroundeoffs DUL & > Eroundooff WHETe Eround.off
denotes the unit round-off error', i.e., the machine precision limit.

The above set of ill-conditioned problems demonstrates how a problem that is well conditioned, as posed, can be made ill-
conditioned by the filter. It is often used in the Kalman filtering community for observing the influence of round-off errors on
various KF implementations. The difficulty is in matrix inversion R, ,. After processing only the first measurement y;, the matrix
R.o = HIIgH T + R becomes singular in machine precision, i.e., as § = &ound-ofr- This yields the failure of the conventional Kalman
filter.

10 , , :
—6— eUD-CF
—— CKF
10° .
10° | .
-
o
<
10—107 i
10,157 i
log,(e) = -52 sqrt(e)
| [
10—20 2 ‘ 1! ‘ 1 ‘
107 10" 107" 10° 10°

3
Fig. 3. Degradation of the conventional KF Riccati equation with problem conditioning (AP is a relative error between calculated (numerical) Pyjp and exact
(symbolic) Pyp).

We perform the only one iteration of conventional Kalman filter (CKF) and eUD-CF algorithm 1 for various values of ¢ while
0 — Eround-off- Figure 3 in the below illustrates how the conventional Kalman filter (CKF) and the new eUD-CF method perform on
the variably ill-conditioned problem of Example 1 as the conditioning parameter § — 0. Both solution methods were implemented
as MATLAB m-files and in the same double precision setting.

For this simple example, the accuracy of the eUD-CF method appears to degrade more gracefully than the conventional Kalman
Filter as 6 — &round-oft, the machine precision limit. The eUD-CF based solution still maintains about nine digits (= 30 bits) of
accuracy at 6 & /€round-oft> When the CKF has essentially no bits of accuracy in the computed solution.

4. The New eUD-CF based Channel Estimation Framework

In this section, we propose a new channel estimation framework with m concurrent eUD-CF algorithms. The general scheme,
which is diagrammatically shown in Fig. 4, is composed of a bank of blocks with MWGS-UD transforms, each filled in with its
own subsystem matrices (Dﬁk), e, ;k), H,(k), Rﬁk). Each k-th eUD-CF algorithm, k = 1,...,m calculates its own estimate 251()
independently of the other filters. Thus, the system (1) state estimate X, is constructed as follows:

t= (0 08 )al 1 (g o )

This framework can be naturally implemented on a set of parallel processors because of its inherent parallel structure.

lComputer round-off for the floating-point arithmetic is often characterized by a single parameter &round-off, the latter defined in different sources as the largest
number such that either 1 + &round-off = 1 01 1 + Eround-off/2 = 1 in machine precision.
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(.o P )

1=1> = Py’ Proip2

<2£1)’ Uﬁ)l!lz-l’D 5’1:\)1-1) Jefxlzzl
| evp-cr R O I ELl I
y%
(52 U, o D5
(Ui, D) 2
o e e of = o e
(Ui, D)
(" Up D) R
| | eup-cF, = & = (U, 0p) ) 2"
s

Fig. 4. The eUD—CF based multi-sub-channel estimation framework.

Conclusions

The Kalman filter computations are intrinsically recursive thereby disembarrassing itself of any necessity to keep the past
measurements in memory as time goes on. This feature is a well known one of great virtue. It makes using KF in practical
implementations the most feasible option as compared with some other filtering methods. On the flip side, this useful feature
may be reduced to zero if one tries to implement the Kalman filter in its originally developed form, the so-called “conventional
KF algorithm.” The divergence of KF estimates occurs while performing the covariance Riccati iterations embedded into the KF
algorithm.

This paper demonstrates how one can apply the newest—divergency free—implementations of the Kalman filtering process
for dealing with the OFDM channel impulse response estimation problem. Out of many candidates in the science of Kalman filter
numerics developed in more recent times, it singles one of such implementations called the extended array UD Covariance Filter
(eUD-CF). Its powerful features are as follows:

. The channel estimating results are robust against the round-off errors.
. The computations do not contain the most time-consuming square-root operation.
. The Riccati iterations are free of matrix inverse operations.

. The compact and regular orthogonal array form of algorithm poses the best option for parallel computations in the OFDMA
multi-sub-channel organization.

AW N =
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