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Abstract. The primary objective of this study is to develop a procedure for simplifying the 
mathematical model of a chemical reaction by reducing the number of steps and species in the 
reaction scheme. The procedure is based on the sensitivity analysis of the model functional to 
the change in the model parameters. The application of this procedure makes it possible to 
accelerate and improve the construction of mathematical models for chemical reactions, as this 
does not require the calculation of sensitivity coefficients at various time points or sensitivity 
matrix analysis. The efficiency of using this procedure was demonstrated by comparative 
results of modeling of formaldehyde oxidation in terms of detailed and reduced schemes. 
Computational aspects of the solution of the problems of chemical kinetics by the global 
sensitivity method using the example of the formaldehyde oxidation reaction are presented.

1. Introduction

The problem of parameter identification of the reaction kinetic model has an important scientific
and practical significance and is relevant at the present time [1]. The mathematical model of
any chemical reaction is characterized by a certain set of parameters that can be determined by
a certain error due to inaccurate measurements, the lack of a sufficient number of experimental
data, an incomplete understanding of the reaction mechanism, and so on. Thus, the problem of
parameter determination of kinetic model has a number of solutions.
The Authors of this work are developing a numerical approach for analyzing the parametric
identifiability of the model, which includes criteria for model identification, as well as procedures
for excluding the non-identifiability and reduction of the kinetic model [2]. Identifiability is
understood as the possibility to determine the model parameters with a given accuracy. It is
necessary to identify the model parameters that most influence the description of the process. This
brings about the problem that is aimed at reducing the dimensionality of the model by eliminating
the little influencing parameters, i.e. the problem of reducing the model [3, 4]. Moreover, very
large mechanisms cannot be introduced into complex multi-dimensional computational fluid
dynamics codes for the modeling of the combustion of practical fuels. For this reason, efforts are
been made to employ reduction techniques for the simplification of large mechanisms in order to
keep the essential features of the chemistry in realistic combustor configurations.
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Researchers have proposed many methods for reducing kinetic models. Among them, the first
methods, which refer to time scale separation methods, and which have not lost their relevance,
and modern methods such as the directed relation graphs method (the method targets, first of all,
exclusion of species) and the sensitivity analysis methods [5, 6]. In recent years, sensitivity
analysis of numerical models has gained wide use, which is associated with the advancement of
computer technology and computer modeling [7, 8]. Analysis of sensitivity of a kinetic model to
the variation of rate constants for single steps or the whole set of steps makes it possible to
evaluate how much the function depends on the variation of a particular parameter and which
parameters are crucial for the model and which have little influence on the solution when vary [8,
9, 10, 11, 12] and provides additional information about the model, being able to serve for
verification.
This paper proposes a procedure for simplifying the mathematical model of a chemical reaction by
reducing the number of steps and species in the reaction scheme, which is based on the sensitivity
analysis of the model functional to the change in the model parameters. The model functional
includes summation over the reaction substances, several temperatures, and several time points.
This is the way to obtain a reduced scheme consistent with the detailed scheme for the specified
range of conditions.
Computational aspects of the solution of the problems of chemical kinetics by the global
sensitivity method using the example of the formaldehyde oxidation reaction are presented. The
results of comparison of local, global and total global sensitivity coefficients are shown.

2. Mathematical model

Chemical kinetic equations composed for the description of the hydrogen oxidation reaction
represent a system of ordinary nonlinear differential equations for a model of isothermal non-
stationary reaction not accompanied by a change in the volume of the reaction mixture, occurring
in a closed system according to the law of mass action [13, 14]:

dxi
dt

=
N∑

j=1

Bij(kj

M∏

i=1

(xi)
|αij |

− k−j

M∏

i=1

(xi)
βij ), i = 1, ...,M, (1)

the initial conditions being as follows: xi(0) = xi0.
Here xi are concentrations of the substances, M is the number of substances, N is the number of 
steps, Bij are stoichiometric coefficients, αij are negative elements of Bij, βij are positive elements 
of Bij, wj is the rate of the j-th step, kj, k−j are the rate constants for the forward and reverse 
reaction, respectively, t is time.
The rate constants for reactions were calculated from the Arrhenius equation:

ki = Ai · e
−Ei/RT . (2)

where E is the activation energy, Ai are kinetic parameters, R is the universal gas constant, T 
is temperature.

3. Procedure of the sensitivity analysis of the mathematical model functional
In order to carry out the sensitivity analysis, it is necessary to calculate the sensitivity matrix of
the output parameters to the variation of the input parameters for certain time points of the
reaction [15]. This brings about the problem of how to analyze the obtained sets of matrices. If it is
necessary to elucidate the scheme describing the process over a broad temperature range, the
sensitivity analysis should be performed at different temperatures, because the sensitivity
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coefficients can be considerably different (fig. 1). Interpretation of the obtained results is not
so easy. In [8], calculation of averaged values was proposed for better interpretation, because in
complex models with several input and output parameters, the matrix of sensitivity coefficients
can be too large.
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Figure 1. Local sensitivity analysis of changes in the concentrations of substances to changes
in the rate constants 2 (a) and 22 (b).

In order to eliminate the possible difficulties in analysis of the sensitivity coefficients and to 
enhance the quality of reduction, we propose here the following procedure of sensitivity analysis. 
It is proposed to analyze the sensitivity of the model functional to variation of the rate constants 
(or to the Arrhenius kinetic parameters) where the functional determines how close the values 
calculated using the existing reaction scheme are to those calculated by the scheme obtained by 
perturbation of its parameters at various time points and/or for various temperatures:

Fobj =
I∑

i=1

J∑

j=1

M∑

m=1

(xsh1ijm − xsh2ijm)2, (3)

where xisjhm1 are the concentrations calculated in terms of the initial scheme; xi
s
j
h
m
2 are 

concentrations calculated upon variation (perturbation) of parameters of the scheme.
Sensitivity analysis of the model functional identifies the parameters that make the largest (or 
smallest) contribution to the modeling result [16]. The mathematical model can contain 
parameters the variation of which does not affect the qualitative or quantitative process 
description. The contribution of these parameters to the functional would be minor. Therefore, 
the steps that do not serve for modeling of the kinetic curves of species can be eliminated from 
consideration. The order of the reduced scheme is dictated by the range of conditions 
(temperature, pressure, reaction time) for which the yields of species are to be adequately 
described. The functional includes summation over the reaction substances, several temperatures, 
and several time points. This is the way to obtain a reduced scheme consistent with the detailed 
scheme for the specified range of conditions.
There are global and local methods for analyzing the dependence of the solution of a set of kinetic 
equations on the reaction rate constants [17]. The global sensitivity analysis, unlike the local one, 
elucidates the behavior of kinetic curves over the whole range of parameters, estimates 
quantitatively the effect of particular variables and groups of variables, and identifies
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the significant and insignificant parameters of the model. For calculating the global sensitivity 
coefficients, we chose the method proposed by I. M. Sobol’ [18].
The sensitivity analysis method proposed by I. M. Sobol’ is a total method based on 
decomposition of dispersions. It is fit for studying non-linear and nonmonotonic functions and 
models [19]. The first order sensitivity index Si = Di/D characterizes the contribution of 
dispersion of individual parameter xi to the total dispersion of the function Fobj . The higher the 
value of the index is, the stronger the influence of the xi variable on the Fobj function value. The 
total consideration of the influence of xi variable requires to use the total sensitivity indices Si

tot. 
The total sensitivity indices allow to estimate the impact of a single parameter
on the variance of the model outcome, as well as the impact of all other possible combinations
of parameters. The calculation of Stot

i can be based on the variance D−i that results from the
variation of all parameters, except of xi :

Stot
i = Si +

∑

j 6=i

Sij + ... =
D −D−i

D
. (4)

4. The results of computational experiments

For the formaldehyde oxidation reaction, the scheme used in the Kintecus V 5.20 program was
chosen [20]. A detailed schemes for the formaldehyde oxidation mechanismis a large system that
includes 15 reacting species and 25 steps of the reactions. The steps and the rate constants at
a temperature of 952K are shown in Table 1.
In the study of this reaction, the following types of analysis were carried out:
    1) the global sensitivity analysis of changes in the concentrations of substances to changes in
the rate constants;
2) the global sensitivity analysis of the functional model to changes in the rate constants. In the 
present paper we determined the influence of the rate constants of the steps on the

change of calculated concentration of a substance using the total sensitivity indices [21]. High-
order integrals intended to obtain the sensitivity indices were calculated by the Monte Carlo
method in the integration nodes that were generated in n-dimensional unit cube. During the
global analysis, the constant for each step was varied within the interval [ki,min, ki,max], where

ki is the rate constant in Table 1, ki,min = ki −
h
2
· ki and ki,max = ki +

h
2
· ki are the lower and

upper values of the rate constant for i-th step, h is the perturbation value. The perturbation
step in the reduction was 0.05. A variety of rate constants (211 sets) were generated within the
specified interval and the effect of variation of the constants on the functional was evaluated
in terms of variances. We assumed the rate constants to be independent of one another. The
rate constants were assumed to be independent of each other. A quasi-Monte Carlo method was
used to provide the uniform distribution of possible values of the rate constants. Points of the
LPτ sequence proposed by I.M. Sobol served as quasi-random points. The CPU time required
is two-three hours to perform the sensitivity analysis.

Table 2 summarizes the results of sensitivity analysis of the calculated concentrations to the
variation of reaction rate constants. We chose not to present the values of sensitivity indices, but
for clarity presented them as a table, where the steps are numbered in the order of significance
for each species. For example, according to Table 2, at the expense of the main reagent reaction
is formaldehyde the most affected by the variation of the rate constant k2 for the second step
HO2+CH2O → H2O2+HCO, then the rate constant k22 for the step CH2O+O2 → HCO+O2

and so on. Only those steps were numbered for which sensitivity coefficient Stot
i was more than

10−6. Correspondingly, if for all output parameters, the sensitivity to parameters of some step
was below this value, this step was not included in Table 2.

One can see that variation of the constants of the steps of chain propagation cycle and
the degenerate branching of the chain, namely, steps 2, 3, 10, 22, produced the least effect
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Table 1. The detailed schemes for the formaldehyde oxidation mechanism and its parameters.

No. Step ki

1 HCO +O2 → HO2 +CO 6.02 · 1010

2 HO2 + CH2O → H2O2 +HCO 3.43 · 1010

3 H2O2 +M → 2OH +M 4.01 · 106

4 OH + CH2O → H2O +HCO 9.64 · 1013

5 OH +H2O2 → H2O +HO2 3.07 · 1012

6 H2O2 → H2O
−
2

1.05 · 102

7 HO2 → HO−
2

1.05 · 101

8 HO2 +HO2 → H2O2 +O2 1.81 · 1012

9 OH + CO → CO2 +H 1.99 · 1011

10 HO2 + CO → CO2 +OH 7.23 · 108

11 H + CH2O → H2 +HCO 1.63 · 1012

12 H +O2 → OH +O 3.32 · 1010

13 H +O2 +M → HO2 +M 3.63 · 1015

14 HO2 +M → H +O2 +M 2.83 · 105

15 O +H2 → OH +H 1.82 · 1011

17 H +H2O2 → HO2 +H2 7.83 · 1011

18 H +H2O2 → H2O +OH 3.55 · 1012

19 O +H2O2 → OH +HO2 6.02 · 1010

20 HCO → H + CO 4.60 · 10−12

21 OH +H2 → H2O +H 6.02 · 1012

22 CH2O +O2 → HCO +HO2 1.75 · 104

23 H +HO2 → 2OH 3.01 · 1012

24 H +HO2 → H2O +O 3.01 · 1013

25 H +HO2 → H2 +O2 2.71 · 1013

Table 2. Significant steps with sensitivity rankings for each substances.

ki HCO O2 HO2 CO CH2O H2O CO2 H2

k1 2 10 10 9 10 10 10 10
k2 1 1 3 1 1 4 4 6
k3 3 4 1 3 4 3 3 5
k4 8 6 6 8 6 9 6 2
k6 11 11 12
k8 6 7 4 5 8 6 7 9
k9 7 5 5 7 5 8 5 1
k10 5 3 8 11 3 1 1 3
k11 10 9 9 6 9 7 9 7
k12 9 8 7 4 7 5 8
k13 12 11 12 10 11 11 8
k22 4 2 2 2 2 2 2 4
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on the calculated concentrations. In general, the influence of only these steps determines 
the dynamics of the formaldehyde concentration. Only those steps were presented for which 
sensitivity coefficient Sitot was more than 10−3.
In addition to this analysis identifying the most and least influential steps of the process, also the 
analysis of the sensitivity of functional Fobj to the change of the rate constants of steps was 
carried out. Table 3 presents the sensitivity of functional Fobj to variation of the rate constants of 
steps. Functional Fobj characterizes closeness of the measured values to simulated values by 
scheme (Table 1). Values of rate constants of the steps changed over the same range as in previous 
analysis.

Table 3. The reduced scheme for formaldehyde oxidation reaction.

No. Step Stot
i

22 CH2O +O2 → HCO +HO2 0.627
2 HO2 + CH2O → H2O2 +HCO 0.588
10 HO2 + CO → CO2 +OH 0.311
3 H2O2 +M → 2OH +M 0.199
9 OH + CO → CO2 +H 0.028
4 OH + CH2O → H2O +HCO 0.028
12 H +O2 → OH +O 0.025
8 HO2 +HO2 → H2O2 +O2 0.020
1 HCO +O2 → HO2 + CO 0.006
13 H +O2 +M → HO2 +M 0.003
11 H + CH2O → H2 +HCO 0.002

While investigating the sensitivity of the model functional coefficients to the variation of model 
parameters, we took into account the variation of the squared temperature difference at a 
specified time point and the concentrations for the following species: O2, HO2, CO, CH2O, H2O, 
and CO2. The values found by numerical solution of system (1) at five time points with the 
following initial conditions: CH2O concentration, 1.124 · 10−7mol/cm3; O2 concentration, 2.109 · 
10?6mol/cm3; CO concentration, 4.699 · 10−6mol/cm3; temperature, 952 K were taken as the 
values. On the basis of the results of analysis, the steps were ranked in the order of significance. 
Then the least significant steps were successively excluded until the relative deviation between 
the values calculated in terms of the two schemes exceeded 2%. Table 3 shows the most significant 
steps of the process. It is seen that the value of functional Fobj is greatly affected by parameters of 
steps 2, 3, 10, 22.
The resulting (reduced) scheme consisting of 14 steps and describes the behaviors of all species in 
the same way as the detailed scheme (fig. 2). Thus, 14 steps can be excluded from the 
consideration without a substantial change in the kinetic modeling results.

5. Computational aspects of the problem solution
We indicate some computational aspects of the problem solution. The reduction results for the 
reaction scheme depend on them.
The global method allows us to analyze functions in which there are non-linear interactions 
between parameters. Taking into account the joint interaction of the parameters ki and kj plays an 
important role in the simulation, since the reaction scheme includes steps of the second order. 
Therefore, we calculated the total sensitivity coefficients, which include first and second order 
sensitivity coefficients:
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Figure 2. The temporal profiles of basic substances concentrations (the solid line is the
calculation for the detailed scheme, a dashed line is the calculation for the reduced scheme.

Stot
i = Si +

∑

j 6=i

Sij . (5)

Figure 3 shows a graph of comparative analysis for local and global first-order sensitivity 
coefficients and total global sensitivity coefficients of the formaldehyde concentration to changes 
of some rate constants. We used different approaches to calculate the local and global sensitivity 
coefficients of the first order, nevertheless the results of the analysis showed a similar result. The 
difference between total global sensitivity coefficients and global sensitivity coefficients of the first 
order is explained by the fact that the cumulative change of two rate constants of the steps, 
namely, the variation of parameters 2, 11, 22 steps with other parameters, has a significant effect 
on the description of the process.
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total global sensitivity coefficients of the formaldehyde concentration to changes of some rate

constants.

During the global analysis, the constant for each step was varied within the interval
[ki,min, ki,max], where ki is the rate constant in Table 1, ki,min = ki−

h
2
·ki and ki,max = ki+

h
2
·ki

are the lower and upper values of the rate constant for i-th step, h = 0.05 is the perturbation
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value. It should be noted that the values of the sensitivity coefficients do not strongly depend
on the small value of h (Table 4).

Table 4. Total global sensitivity coefficients for different h.

No. Step h = 0.02 h = 0.5 h = 0.1

22 CH2O +O2 → HCO +HO2 0.627 0.656 0.666
2 HO2 + CH2O → H2O2 +HCO 0.588 0.618 0.629
10 HO2 + CO → CO2 +OH 0.311 0.311 0.309
3 H2O2 +M → 2OH +M 0.199 0.200 0.198
9 OH + CO → CO2 +H 0.028 0.028 0.028
4 OH + CH2O → H2O +HCO 0.028 0.027 0.027
12 H +O2 → OH +O 0.025 0.026 0.026
8 HO2 +HO2 → H2O2 +O2 0.020 0.019 0.019
1 HCO +O2 → HO2 + CO 0.006 0.006 0.006
13 H +O2 +M → HO2 +M 0.003 0.003 0.003
11 H + CH2O → H2 +HCO 0.002 0.002 0.002

The accuracy of calculating global sensitivity coefficients depends on the number of sets of
constants generated within the interval [ki,min, ki,max]. 210 - the optimal number of points at
which the values of the sensitivity coefficients are constant (fig. 4).
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Figure 4. Dependence of total global sensitivity coefficients on the number of generated sets 
N.

Also, undoubtedly, the results of reduction depend on the criterion for choosing the steps. Values 
of global sensitivity coefficients are normalized and can take values between 0 and 1. The reduced 
reaction scheme includes only those steps for which the sensitivity coefficient is greater than a 
certain value. Thus, it is possible to determine the degree of simplification of the scheme and, 
accordingly, the accuracy of f the description of the reaction by the reduced scheme. In this paper 
the steps were ranked according to the descending values of the functional. The criterion for 
reduction was as follows: the least significant steps were successively excluded
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until the relative deviation between the values calculated in terms of the of detailed and reduced
schemes exceeded 2%.

6. Conclusion

Thus, we developed a procedure for constructing reduced schemes of chemical reactions
predicting the concentrations and the major yields of reactions to the desired accuracy and
distinguished by moderate requirements to computing resources. The obtained data on the
sensitivity of the functional may be useful for optimization of solution of the inverse chemical
kinetics problem. Using this procedure, the kinetic scheme of formaldehyde oxidation reaction
was investigated that includes 15 reacting species and 25 steps of the reactions. The analysis
established the key steps of the formaldehyde oxidation reaction affecting the overall dynamics.
The reduced scheme for formaldehyde oxidation scheme was established, that describes the same
behavior of the principal reaction species under atmospheric pressure as the detailed.
The paper presents computational aspects of the solution of the problems of chemical kinetics by
the global sensitivity method using the example of the formaldehyde oxidation reaction.

7. References

[1] Hofmann, B. Trends in Matematics / B. Hofmann, A. Leitao, J.P. Zubelli. – Basel: Springer, 2018. – 
214 p.
[2] Nurislamova, L.F. Mechanism reduction of chemical reaction based on sensitivity analysis: 

development and testing of some new procedure / L.F Nurislamova, I.M. Gubaydullin // Journal of 
Mathematical Chemistry. – 2017. – Vol. 55(9). – P. 1779-1792. 
[3] Tomlin, A.S. Mathematical tools for the construction, investigation and reduction of combustion 
mechanisms /A.S. Tomlin, T. Turanyi, M.J. Pilling // Comprehensive chemical kinetics. – 1997. – Vol. 
35. – P. 293-437.
[4] Miles, S.O. Simplification of mathematical models of chemical reaction systems / S.O. 
Miles, M.L. Mavrovouniotis // Chemicals Reviews. – 1998. – Vol. 98(2). – P. 391-408.
[5] Lu, T.F. Linear time reduction of large kinetic mechanisms with directed relation graph: N 
heptane and isooctane / T.F. Lu, C.K. Law // Combustion and Flame. – 2006. – Vol. 144. – P. 24-46.
[6] Saltelli, A. Sensitivity Analysis for Chemical Models / A. Saltelli, M. Ratto, S. Tarantola, F. 
Campolong //Chemical Reviews. – 2005. – Vol. 205(7). – P. 2811-2828.
[7] Tomlin, A.S. Mechanism reduction for the oscillatory oxidation of hydrogen sensitivity and quasi-
steady state analyses / A.S. Tomlin, M.J. Pilling, T. Turanyi, J.H. Merkin, J. Brindley // Combustion 
and Flame. – 1992. – Vol. 91. – P. 107-130. 
[8] Turanyi, T. Sensitivity analysis of complex kinetic systems. Tools and applications / T. 

Turanyi // Journal of Mathematical Chemistry. – 1990. – Vol. 5. – P. 203-248.
[9] Saltelli, A. Sensitivity analysis for chemical models / A. Saltelli, M. Ratto, S. Tarantola, F. 
Campolongo //Chemical Reviews. – 2005. – Vol. 105. – P. 2811-2828.
[10] Shi, Y. Automatic chemistry mechanism reduction of hydrocarbon fuels for HCCI engines 
based on DRGEP and PCA methods with error control / Y. Shi, H.-W. Ge, J.L. Brakora, R.D. Reitz // 
Energy Fuels. – 2010. – Vol. 24(3). – P. 1646-1654.
[11] Xia, A.G. Mechanism reduction for the formation of secondary organic aerosol for 

integration into a 3-dimensional regional air quality model: alpha-pinene oxidation system / 
A.G. Xia, D.V. Michelangeli, P.A. Makar //Atmospheric Chemistry and Physics. – 2009. – Vol. 9. – P. 
4341-4362.
[12] Lu, T. Toward accommodating realistic fuel chemistry in large-scale computations / T. Lu, 
C.K. Law //Progress in Energy and Combustion Science. – 2009. – Vol. 35(2). –  P. 192-215. 

Математическое моделирование физико-технических процессов и систем L.F. Nurislamova, I.M. Gubaydullin et al.

V Международная конференция и молодёжная школа «Информационные технологии и нанотехнологии» (ИТНТ-2019) 149



Acknowledgments

This work was supported by the Russian Foundation for Basic Research (Project No. 
18-07-00341).

[15] Boivin, P. An explicit reduced mechanism for air combustion / P. Boivin, C. Jimenez, A.L. 
Sanchez, F.A. Williams // Proceedings of the Combustion Institute. – 2011. – Vol. 33(1). – P. 517-523.
[16] Nurislamova, L.F. Few-Step Kinetic Model of Gaseous Autocatalytic Ethane Pyrolysis and Its 
Evaluation by Means of Uncertainty and Sensitivity Analysis / L.F. Nurislamova, O.P. 
Stoyanovskaya, O.A. Stadnichenko, I.M. Gubaidullin, V.N. Snytnikov, A.V. Novichkova // Chemical 
Product and Process Modeling. – 2014. – Vol. 9(2). – P. 143-154. 
[17] Saltelli, A. Sensitivity analysis practices: Strategies for model-based inference / A. Saltelli, 
M. Ratto, S. Tarantola, F. Campolongo // Reliability Engineering System Safety. – 2006. – Vol. 
91(10-11). – P. 1109-1125.
[18] Sobol’, I.M. Global sensitivity indices for nonlinear mathematical models and their Monte 
Carlo estimate / I.M. Sobol’ // Mathematics and Computers in Simulation. – 2001. – Vol. 55(1-3). – P. 
271-280. 
[19] Sobol’, I.M. Sensitivity estimates for nonlinear mathematical models / I.M. Sobol’ // 

Mathematical Modelling and Computational Experiments. – 1993. – Vol. – P. 407-414.
[20] The Kintecus simulation software [Electronic resource]. – Access mode: http://

www.kintecus.com (21.01.2019).
[21] You, X. Process informatics tools for predictive modeling: Hydrogen combustion / X. You, A. 
Packard, M. Frenklach // International Journal of Chemical Kinetic. – 2012. – Vol. 44(2). – P. 101-116. 

Математическое моделирование физико-технических процессов и систем L.F. Nurislamova, I.M. Gubaydullin et al.

V Международная конференция и молодёжная школа «Информационные технологии и нанотехнологии» (ИТНТ-2019) 150

[13] Nurislamova, L.F. Kinetic Model of Isolated Reactions of the Catalytic Hydroalumination of 
Olefins / L.F. Nurislamova, I.M. Gubaydullin, K.F. Koledina // Reaction Kinetics, Mechanisms and 
Catalysis. – 2015. – Vol. 116. – P. 79-93.
[14] Nurislamova, L.F. Kinetic model of the catalytic hydroalumination of olefins with 
organoaluminum compounds /L.F. Nurislamova, I.M. Gubaydullin, K.F. Koledina, R.R. Safin // 
Reaction Kinetics, Mechanisms and Catalysis. – 2016. – Vol. 117. – P. 1-14.




